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PREFACE. 


TN  publishing  the  following  work,  the  Author’s  principal 

intention  has  been  to  explain  those  difficulties  which 
may  be  encountered  on  first  reading  the  Principia,  to  illus- 
trate the  advantages  of  Newton’s  methods  by  shewing  the 
extent  to  which  they  may  be  applied  in  the  solution  of 
problems,  and  to  prepare  the  student  for  engaging  in  the 
study  of  the  higher  branches  of  mathematics  by  exhibiting 
in  a geometrical  form  some  of  the  processes  employed  in 
the  Differential  and  Integral  Calculus,  and  in  the  Analyti- 
cal investigations  in  Dynamics. 

The  Author  has  endeavoured,  in  preparing  the  version 
of  the  first  three  Sections  of  the  Principia,  to  adhere  closely 
to  the  original  form  in  the  first  Section  and  in  the  begin- 
ning of  the  second ; and  in  the  cases  in  which  sentences 
have  been  interpolated  or  the  form  of  the  demonstration 
changed,  such  changes  and  interpolations  have  been  marked 
by  brackets. 

In  the  second  and  third  sections  these  indications  of 
deviation  from  the  original  form  have  been  discontinued. 
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PREFACE. 


In  the  first  section  in  which  the  Lemmas  are  estab- 
lished, which  are  the  basis  of  Newton’s  investigations, 
although  it  is  generally  advisable  not  to  deviate  from  the 
original,  yet  in  some  cases  his  demonstrations  are  pur- 
posely expressed  very  concisely,  and,  in  the  fifth  Lemma, 
he  is  contented  with  simply  giving  the  enunciation,  so 
that  in  these  cases  it  is  considered  that  no  distinctness 
has  been  lost  by  the  interpolations  which  have  been 
made. 

Throughout  the  Problems  and  Theorems  which  depend 
upon  the  sixth  proposition,  the  variations  have  been  re- 
placed by  equations.  By  this  method  of  treating  the 
subject,  now  commonly  adopted  in  treatises  professing  to 
be  versions  of  these  Sections  of  the  Principia,  it  is 
believed  that  clearer  ideas  of  the  meaning  of  each  step 
of  the  demonstrations  are  obtained  by  the  student. 

The  Author  desires  to  make  his  acknowledgments  of 
the  great  assistance  which  he  has  derived  in  the  prepara- 
tion of  the  Notes,  from  the  study  of  Whe well’s  Method  of 
LimitSi  from  which  the  Articles  49  to  56  have  been  almost 
entirely  taken : he  has  also  made  use  of  several  editions  of 
Newton,  and  especially  of  Carr’s.  He  takes  this  opportu- 
nity of  thanking  several  of  his  friends  who  have  kindly 
given  him  their  assistance  in  preparing  his  papers  for  the 
press,  and  in  verifying  the  results  of  the  Problems. 
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The  principal  portion  of  the  Problems  have  been  selected 
from  the  papers  set  in  the  examinations  for  the  Mathe- 
matical Tripos  and  in  the  course  of  the  College  examina- 
tion, especially  in  those  of  St  John’s  College. 

The  Author  has  been  influenced  in  this  selection  by  his 
desire  practically  to  bring  before  the  student  the  great 
advantages  which  undoubtedly  arise  from  a judicious  use 
of  geometrical  methods. 

It  is  only  necessary  to  add,  that  care  has  been  taken 
that  no  problems  be  introduced  which  are  not  capable  of 
solution  by  methods  given  in  the  work. 


Cambridge, 

October  25,  1854. 


ERRATA. 


Page  30.  1 — 


99 


180. 


XV.  2,  the  force  ex 


vertical  ordinate 


(arc)' 


NEWTON’S  FIRST  BOOK 

CONCERNING  THE  MOTION  OF  BODIES. 


SECTION  I. 

On  the  Method  of  Prime  and  Ultimate  Ratios, 

LEMMA  I. 

Quantities,  and  the  ratios  of  quantities^  which,  in  any  finite 
time,  tend  constantly  to  equality^  and  which,  before  the 
end  of  that  time,  approach  nearer  to  each  other  than  by 
any  assigned  difference,  become  ultimately  equal. 

If  not,  let  them  become  ultimately  unequal,  and  let  their 
ultimate  difference  be  D.  Hence,  [since,  throughout 
the  time,  they  tend  constantly  to  equality,]  they  cannot 
approach  nearer  to  each  other  than  by  the  difference  D, 
contrary  to  the  hypothesis,  [that  they  approach  nearer 
than  by  any  assigned  difference.  Therefore,  they  do 
not  become  ultimately  unequal,  that  is,  they  become 
ultimately  equal.] 


Variable  Quantities, 

1.  The  Quantities,  of  which  Newton  treats  in  this  Lemma, 
are  variable  magnitudes,  described  by  a supposed  law  of  con- 
struction, the  variation  of  these  magnitudes  being  due  to  the 
arbitrary  progressive  change  of  some  element  of  the  construc- 
tion employed  in  the  statement  of  the  law. 
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When,  in  the  progressive  change  of  this  element,  it  receives 
the  last  value  which  is  assigned  to  it  in  any  proposition,  the 
hypothesis  is  said  to  arrive  at  its  ultimate  form. 


Thus,  if  ABP  be  a semicircle,  ACB  its  diameter,  BP  any  arc, 
PM  the  ordinate  perpendicular  to 
ACBi  as  the  arc  BP  gradually  dimi- 
nishes, is  a variable  magnitude, 
continually  increasing,  and  BP  is  the 
element  of  the  construction,  to  the  arbi- 
trary change  of  which  the  variation  of 
AM  is  due;  and  if  BP  may  be  made 
as  small  as  "we  please,  AM  approaches  to  AB 
approaches  its  ultimate  form. 


MO  JSrJB 
and  the  hypothesis 


Again,  if  ABC  be  a triangle,  and  AB  hQ  divided  into  a number  of 
equal  portions,  Aa^  ahj  hc^.,.  and  a C 

series  of  parallelograms  be  inscribed 
upon  those  bases,  whose  sides  aa^ 

C7, . . . are  parallel  to  BC  and 
terminated  in  AC^  the  sum  of  the 
areas  of  the  parallelograms  will  be 
a variable  magnitude,  defined  by 
that  construction,  and  changing  in  a 
progressive  manner,  if  the  number  of  parts  into  which  AJ5  is  divided 
is  continually  increased.  In  this  case  the  number  of  parts  is  the  vari- 
able element  of  the  construction.  In  the  ultimate  form  of  the  hypo- 
thesis, it  will  be  shewn  (Lemma  II.)  that  the  sum  of  the  parallelograms 
is  the  area  of  the  triangle,  when  the  number  is  increased  indefinitely. 

2.  The  variation  of  a magnitude  is  contmuous,  when  in  the 
passage  from  any  one  value  to  any  other,  throughout  its  change, 
it  receives  every  intermediate  value,  without  becoming  infinite. 
When  this  is  not  the  case  the  variation  is  discontinuous. 


According  to  the  hypothesis  in  the  last  illustration,  the  number  of 
parts  into  which  Ail  is  divided  being  exact,  the  magnitude  varies  dis- 
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continuously,  i.  e.  the  sum  of  the  areas  does  not  pass  through  all  the 
intermediate  values  between  any  two  states  of  the  progress. 

If  the  hypothesis  be  changed,  equal  portions  being  set  off  com- 
mencing from  and  Aa  remaining  over  and  above  after  ha,  the  last 
of  the  portions  for  which  there  is  room,  these  equal  portions  could  be 
made  to  diminish  gradually,  and  the  sum  of  the  areas  would  vary 
continuously. 


Tendency  to  Equality. 

3.  Quantities  are  ultimately  equal,  when  they  are  ulti- 
mately in  a ratio  of  equality. 

4.  Quantities,  which  always  finite,  throughout  the 

change  of  the  hypothesis,  by  which  they  are  described,  tend 
continually  to  equality,  when  their  difference  continually  dimi- 
nishes. 

Thus,  if  BQ  be  an  arc,  always  half  of  BP,  in  fig.  1,  and  QN  the 
corresponding  ordinate ; as  BP  continually  diminishes,  AM  and  AN 
remain  finite,  and  their  difference  continually  diminishing,  they  tend 
continually  to  equality. 

5.  Quantities,  which  may  become  indefinitely  small,  as  the 
hypothesis  is  indefinitely  extended,  tend  continually  to  equality, 
when  the  ratio  of  their  difference  to  either  of  them  continually 
diminishes. 

To  illustrate  this  tendency  to  equality,  we  observe  that  BM  and 
BN  have  a difference,  which  tends  continually  to  become  SBN,  the 
ratio  of  which  to  either  is  finite,  so  that,  although  both  tend  to  be- 
come indefinitely  small,  as  the  hypothesis  tends  to  its  ultimate  form., 
BM  and  BN  do  not  satisfy  the  condition  requisite  for  a tendency  to 
equality. 

Draw  the  chords  BP,  BQ,  these  are  equal  to  the  arcs  when  they 
are  diminished  indefinitely,  as  wdll  be  shewn. 

And  (chord  BPy  = AB . BM, 

(chord  BQy=^AB.BN; 


4 


NEWTON. 


BM  : BN  ::  (chord  BP^  : (chord  Bqj, 

(arc  BPY  : (arc  BQtf, 

::  4 : 1; 

MN  ; BN  ::  3 : 1. 

Observations  on  the  Lemma. 

We  will  now  proceed  to  examine  the  force  of  the  other 
important  terms  employed  in  the  statement  of  the  first  Lemma. 

6.  The  expression  “ in  any  finite  time  ” (tempore  quovis 
finite),  signifies  what  has  been  called  the  indefinite  extension  of 
the  hypothesis,  from  some  definite  state  to  its  ultimate  form*. 

The  law  of  the  variation  of  the  magnitudes  under  con- 
sideration is  obtained  by  the  examination  of  their  construction 
while  the  element,  to  which  the  change  is  due,  is  at  a finite 
distance  from  its  final  value,  and  the  finite  time  is  the  supposed 
time  occupied  in  the  passage  from  this  definite  to  the  ultimate  state. 

In  the  first  illustration  (Art.  l),  it  denotes  the  progressive  diminu- 
tion of  BPi  from  being  a finite  magnitude  to  tlie  point  of  evanescence. 

In  the  second,  the  progress  from  any  finite  number  of  equal  portions 
to  an  indefinite  number. 

7.  The  expression,  which  constantly  tend  (qum  con- 
stanter  tendunt),  signifies  that  from  the  commencement  of  the 

' finite  time  to  the  limit  of  the  extension  of  the  hypothesis,  the 
differences  continually  diminish. 

To  illustrate  this  mode  of  expression,  let  BC  be  a quadrant  of  a 
circle  whose  bounding  radii  are  OB, 

OC,  and  let  BDA  be  a straight 
line  cutting  the  arc  BDC  and  the 
radius  OC  in  D and  A,  and  let  OP 
be  a radius  revolving  from  OC  to 
OB,  and  cutting  BA  in  Q,  E the 
bisection  of  the  arc  -BJD,  OP  and  Oq 
twice  tend  to  equality,  viz.  from 

• Vide  Whewelfs  Doctrine  of  Limits. 


jp// 
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OC  io  OD  and  from  OE  to  OB^  and  once  from  equality  from  OD  to 
OE;  it  is  only  from  OE  to  OB  that  OP"  and  OQ"  tend  to  equality 
continually^  during  the  progress,  and  it  is  from  such  a position  OE 
that  the  finite  time  must  be  considered  to  commence. 


8.  Before  the  end  of  that  time,”  (ante  finem  temporis,) 
implies  that  however  small  the  given  difference  may  be,  a less 
difference  than  that  difference  is  arrived  at,  while  the  distance 
from  the  ultimate  state  is  finite,  however  near  to  the  final  state 
it  may  be  necessary  to  proceed. 

Thus,  if,  in  the  last  figure,  the  angle  BOD  be  60®,  the  radius  one  inch, 

and  the  given  difference  — or  ^ qqqqq  inch,  the  difference 

is  less,  if  the  revolving  radius  be  2'  or  1 ' from  the  ultimate  position ; 
and  so  on,  however  small  the  difference  which  is  chosen. 


9.  In  the  proof  of  the  Lemma,  if  the  ultimate  difference  be 
D,  the  quantities  cannot  approach  nearer  than  by  that  given 
difference;  otherwise,  they  would,  in  one  part  of  the  progression, 
have  been  tending  from  equality  in  order  to  arrive  ultimately  at 
that  difference,  contrary  to  the  statement  of  the  proposition  in 
the  words,  “ ad  sequalitatem  constanter  tendunt.” 


The  nature  of  the  proof,  which  is  more  difficult  than  may  at  first 
sight  appear,  can  be  illustrated  as  follows,  by  examining  the  effect  of 
the  omission  of  some  of  the  points  in  the  statement  of  the  Lemma. 

Draw  Oy,  Ox  at  right  angles,  AB  any  straight  line  meeting  Oy  in 


A,  CED  a curve  touching 
AB 'm  E and  meeting  Oy  in 
C,  CD'  another  touching  a 
straight  line  parallel  io  A B 
in  (7,  MQPP'  a common 
ordinate. 

As  OM  diminishes  until 
it  becomes  indefinitely  small, 
MQPP'  moves  up  to  Oy. 


y 


J) 

1 

p 

& 

o 


'M. 


OC' 
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In  both  curves,  the  ordinates  MQ  and  MP  or  MP'  have  an  ulti- 
mate difference  CA,  equal  to  D suppose. 

Omit  the  word  “ constanter,”  and  the  curve  CED  is  admissible  in 
a representation  of  the  approach  of  the  quantities. 

For  the  ordinates  approach,  before  the  end  of  the  time,  nearer  than 
by  any  assignable  difference,  viz  at  Ej  but  the  condition  of  continual 
tendency  to  equality  is  not  satisfied. 

Omit  the  words  “ante  finem  temporis,  &c.”  and  CD'  is  sufficient. 

For,  in  this  case,  they  tend  continually  to  equality,  but  before  the 
end  of  the  time  they  do  not  approach  nearer  than  by  any  assignable  dif- 
ference, and  they  are  ultimately  unequal. 

In  the  case  of  the  dotted  line  ARF  touching  AB  Sbt  A,  sill  the  con- 
ditions are  satisfied.  QM  and  RM  tend  continually  to  equality,  and 
their  difference  may  be  made  less  than  any  given  difference  before  OM 
vanishes. 


Limit  of  a variable  quantity, 

10.  When  a variable  quantity  tends  continually  to  equality 
with  a certain  fixed  quantity,  and  approaches  nearer  to  this  quan- 
tity than  by  any  assignable  difference,  as  the  hypothesis  deter- 
mining its  variation  is  approaching  its  ultimate  form,  this  fixed 
quantity  is  called  the  Limit  of  the  variable  quantity. 

The  tests  are, — that  there  should  be  a tendency  to  equality ; — 
that  this  tendency  should  be  continued  from  some  finite  condi- 
tion;— and  that  the  approach  should,  during  the  progression  to  the 
ultimate  form,  be  nearer  than  by  any  assignable  difference. 

Thus,  as  is  mentioned  in  the  Scholium  at  the  end  of  the  sec- 
tion, the  variable  quantity  does  not  become  equal  to,  or  surpass 
the  limit,  before  the  arrival  at  the  ultimate  form. 

Limiting  ratio  of  variable  quantities. 

11.  If  two  quantities  continually  diminish  or  increase,  and 
the  ratio  of  these  quantities  tends  continually  to  equality  with 
a certain  fixed  ratio,  and  may  be  made  to  differ  from  that  ratio 
by  less  than  any  assignable  difference,  as  the  hypothesis  deter- 
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mining  their  variation  is  indefinitely  extended ; this  fixed  ratio 
is  called  the  limiting  ratio  of  the  varying  quantities. 

Ultimate  ratio  of  vanishing  quantities. 

12.  When  the  ultimate  form  of  the  hypothesis  brings  the 
quantities  to  a state  of  evanescence,  they  are  called  vanishing 
quantities ; and  the  limiting  ratio,  or  the  limit  of  the  ratio,  is 
the  ultimate  ratio  of  the  vanishing  quantities. 

The  expression,  “ Vanishing  quantities,”  does  not  imply  that 
the  quantities  are  indefinitely  small  while  under  examination,  but 
only  that  they  will  he  so  in  the  ultimate  form ; which  observa- 
tion implies  that  the  ratio  of  the  vanishing  quantities  is  not  an 
equivalent  expression  with,  the  ultimate  ratio  of  the  vanishing 
quantities,  the  former  being  taken  “ ante  finem  temporis.” 

“ Ultimm  rationes  illae  quibuscum  quantitates  evanescunt,  re- 
vera  non  sunt  rationes  quantitatum  ultimarum.”  See  Scholium, 
at  the  end  of  the  section. 

Thus, 

Let  GC,  FG  be  two  straight  lines  intersecting  AB  in  G3  F,  ADE, 
MPQ,  perpendicular  to  AB. 


e 


Let  a,  /?  be  the  areas  AMPD^  AMQ.E, 

a : 13  ::  AD + MP  : AE+MQ, 

and  let  MPQ  be  supposed  to  move  up  to  ADE,  tlien,  in  the  ultimate 
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form  of  the  hypothesis,  a and  /3  vanish,  and  are  called  vanishing  quan- 
tities from  this  circumstance. 

Also,  the  ultimate  ratio  of  the  vanishing  quantities  is  : AE. 

Whereas,  since  MP  : MQ  is  not  equal  to  AD  ; AE,  the  ratio  of 
the  vanishing  quantities  AD  + MP  : AE  + MQ  is  different  from 
AD  : AE, 

Prime  Ratios, 

IS,  If  the  order  of  the  change  in  the  form  of  the  hypo- 
thesis be  reversed,  or  the  varying  quantities  be  tending  from 
equality,  having  started  into  existence  from  the  commence- 
ment of  the  time,  the  quantities  are  called  nascent  quantities ; 
and  the  ratio  with  which  they  commence  existence  is  called  the 
prime  ratio  of  the  nascent  quantities. 


Application  of  Lemma  I,  to  the  investigation  of  certain  Limits, 


1.  Limit  of 
mately  vanishes. 


1 -f  .2? 

2 — 0? 


, as  os  gradually  diminishes,  and  ulti- 


Sx 


i ~i~  X 1 

Since  the  difference  between  — — and  - is  ^ . 

2-x  2 2(2  — x) 


, this  difference 


continually  diminishes  as  x gradually  diminishes,  and,  by  diminishing 
X sufficiently,  may  be  made  less  than  any  assignable  difference. 

Hence,  tends  continually  to  equality  with  - , if  we  commence 

/O  X At 

from  some  value  of  x less  than  2,  and  the  difference  may  be  made  less 
than  any  assignable  quantity  ante  finem  temporis^  therefore  ^ is  tlie 
limit  required. 

2,  Limit  of , when  x increases  indefinitely. 

5 + 3x  ^ 


Since  the  difference  ^ ^ . 

5 + 3x  3 3(5+2x) 


which  continually  di- 


minishes as  X increases,  and  may  be  made  less  than  any  assignable  dif- 
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ference ; therefore,  as  before,  - satisfies  all  the  conditions  of  being  a 

O 


limit  of 


2 

5 + 3a; 


Tangents  are  drawn  to  a circular  arc,  at  its  middle  point, 
and  at  its  extremities.  Shew  that  the  area  of  the  triangle 
formed  by  the  chord  of  the  arc,  and  the  two  tangents  at  the 
extremities,  is  ultimately  four  times  that  of  the  triangle  formed 
by  the  three  tangents. 

Let  C be  the  middle  point  of  the  arc,  AB  the  chord,  FA,  FB,  BCE 
the  three  tangents, 

^FBE  : ^FAB  ::  FC^  \ FG\ 

Now  FC{FC-^  2CO)  = FA^ 

= FO.FG; 

.*.  FC  : FG  ::  FO  : FC+2CO; 

.*.  since  FC  vanishes  in  the  limit, 

FC  : FG  ::  CO  : 9.CO  ultimately; 

FG  — 2FC  ultimately, 
and  A FDE  : a FAB  ::  1 : 4. 


- /y 

— 1 

4.  Limit  of — , when  os  differs  from  1 by  an  indefi- 

nitely  small  quantity,  m being  any  number,  rational  or  integral, 
positive  or  negative. 

1st,  where  w is  a positive  whole  number 


x — \ 


+ x^^+,..+  x+  1, 


which  may  be  made  to  differ  from  m by  less  than  any  assignable  differ- 
ence by  taking  x sufficiently  near  to  unity  ; 

1 


m is  the  limit  of 


x-l 


Sndly,  Let  m = , p,  q,  and  r being  positive  whole  numbers, 

and  let  x-y'\ 
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a?”*-! 


X 

-1 

— 

1 

yP- 

? 

' y'- 

1 

1 

y- 

1 - 

-(y-i 

y 

y" 

-1 

f- 

■ 1 

1 

y- 

1 

.v-i 

.y-1 

This  may  be  made  to  differ  from  by  a quantity  less  than  'any 

assignable  quantity  by  taking  and  sufficiently  near  to  unity ; 

.*.  m or  ^—7^  is  the  limit  required. 


When  we  divide  the  numerator  and  denominator  by  — 1,  is  not 
equal  to  1,  the  time  chosen  being  ante  Jinem  temporis,  while  the  differ- 
ence is  finite : as  in  the  directrix  in  the  Scholium  referred  to  above ; 
“ Cave  intelligas  quantitates  magnitudine  determinatas,  sed  cogita  sem- 
per diminuendas  sine  limite.” 


5.  Limit  of 
increased. 


+ 2^  + 3P  -f 


+ pP 


, when  n is  indefinitely 


Since  this  sum  is  the  arithmetic  mean  of  the  n fractions 


therefore,  for  all  positive  values  of  integral  or  fractional,  it  lies 
between 


its  ultimate  value  lies  between  0 and  1. 


This  being  an  important  limit,  we  will  Investigate  it  first  for  the 
particular  case  in  which  p is  integral  and  positive,  and  then  generally, 
when  p is  any  positive  quantity. 
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Let  + +nP. 

Then  S^+i  = V + 2^  + + n^+  (n  + ly ; 

If  therefore  we  assume  that 

S„  = A + Bn^  + + Ln  + M, 


An  + 1 1^+'  + 5 w + l]^  + +L(w+1)  + A/, 

(n-hiy  = A (nVlY^  - + ^(w+ljp --n^)+ 

+ &c. 


= J {(p  + l)nP+  (;?  + l).f  + } 

/L 

+ B{jp  inF~^  ^ p ) + 

+ &c. 

we  obtain,  by  equating  coefficients,  p equations  for  determining  the 

p constants  A,  By L,  &c.  which  reduce  the  equation  to  an  identity. 

The  first  of  these  equations  is 

l = {p^l)A; 


^ + 1 


. BnP  + 


and 


,p+i 


1 B C 

r H "1 2 

p + 1 n n 

1 


the  number  of  the  terms  following  — ^ ^ being  finite. 

Hencej  if  n be  increased,  we  may  make  the  difference  between 

, 1 

and  

p + 1 

diminish  until  it  becomes  less  than  any  assignable  quantity ; 

“Tj  is  the  limit  required. 

Next,  let  p be  any  positive  quantity,  and  let  I be  the  limit  of 

F+  2^+ +7iP 
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F + 2^’  + ......  -f  wP  = + JB/ + C9i^  + 


where  p + 1,  f3j  y ......  are  in  descending  order,  and  C, 

constant. 


and 


Cn'>  + 


lP+l 


vanishes,  when  n is  made  infinitely  large. 


V + 2P+ +n  + l]p  = ln  + 1*1^+'  + Bn  + 1 1^  + 

n -\-lY  = l{n  + + B{n  + \Y  - n^)  + ... 


(x+ir_i 

■’■  - • 1^1  _i 


p+i  1 

1+--1 

n 


.’.  observing  that,  when  n is  increased  indefinitely, 


H---1 

n 


. r r ./3(l  + 6)i?w^  + 7(l  +OC'w^+ 

...  1 = (p  + 1)  Z + limit  of 1 1 ; 

where  e,  e',...  vanish  ultimately.  If  now  be  the  greatest  of 
quantities  e,  e',... 


> r.  e £n^  + -aCK’'  + 

/3  (1  + 6)  Bn  + ••—  jg  jggg  ^ X 1 


P+1 


1V 


y 3 


are  each  < 1 ; 


1 = (p  + 1)  ^ ultimately ; 
1 


p + 


y is  the  limit  required. 
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Cor. 


V 


- is  evidently  the  limit  of  the  sum 
+ 1 


+ n—l\^ 


,r+i 


Since 


vanishes  in  the  limit. 


6.  Limit  of  (cos  9)  , when  9 is  indefinitely  diminished. 
Let  u = (cos  ; 

a®  c«2 

log  (u)  = - log  (cos  6)  = — log  (1  - sin"  d) 


Cc  bill  U X - . , 2 


Now 


sin  6 


^ = 1 ultimately,  (Lemma  YII.) 


and 


sin 


log  (1  - sin"  6) 


- _ (1  + 1 sin"  d + i sin^  d + 

/W  O 


•) 


and  the  series  in  this  bracket  is  greater  than  1,  and  less  than 

1 


1 + sin"  d + sin'*  d + or 


sec"  dj 


1 - sin"  V 

and  the  difference  between  1 and  sec"  d = tan"  d vanishes  in  the  limit ; 
^ log  (1  - sin"  d)  = 1 ultimately ; 


sin' 


.•.  log  (w)  = — ultimately ; 

u = e 2 which  is  the  limit  required. 
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I. 

* 

^ 1.  Are  the  limits  of  the  ratios  : x equal  in  any  of  the 

three  equations, 

< (l)  ^2)  aoo  — (3)  = av  - 

when  w is  indefinitely  diminished? 

2.  Find  the  limit  of  ^ — ■ , 

1 + 3cr 

(1)  when  X is  indefinitely  diminished, 

(2)  when  X is  indefinitely  increased. 

3.  Find  the  ultimate  ratio  of  the  vanishing  quantities 
ax  + hx^y  hx  + ax^^y  when  x is  made  indefinitely  small. 

4.  BACy  hAc  are  two  triangles,  in  which  ABy  Ah  and 
ACy  Ac  are  coincident  in  direction,  and  BCy  he  intersect  in  P; 
prove  that  if  the  areas  of  the  triangles  are  equal,  as  By  C and 
h,  c approach,  each  to  each,  P is  ultimately  in  the  point  of  bisec- 
tion of  BC, 

5.  If  the  angle  A in  the  last  construction  be  a right  angle, 
and  the  hypothenuses  BCy  he  be  equal,  shew  that  the  ultimate 
ratio  of 

Ac  - AC  : AB  --  Ah  is  AB  : AC, 

and  that  PB  : PC  ::  AC^  : AB\ 

6.  If  in  the  right-angled  triangles  ABCy  Ahc  the  perimeters 
be  equal,  shew  that  the  ultimate  ratio  of  the  vanishing  quantities 

Bh  : Cc  is  AC  + BC  : AB  + BC, 

7.  Also  shew  that  the  ultimate  ratio  of  the  areas 

BPh  : CPc  is  {BC  + AC)  {BC  - AB) ; {BC  - AC)  {BC  + AB), 
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8.  Tangents  are  drawn  to  a circular  arc  at  its  middle  point, 
and  at  its  extremities,  and  the  three  chords  are  drawn.  Find 
the  limit  of  the  ratio  of  the  triangles  contained  bj  the  three 
tangents  and  the  three  chords  when  the  arc  is  indefinitely  dimi- 
nished ; shew  that  it  is  1 : 2. 

9.  In  the  last  construction  shew  that  one  of  the  triangles 
contained  by  two  tangents  and  a chord  is  eight  times  either  of 
the  two  other  triangles,  when  the  arc  is  indefinitely  diminished. 

10.  AjPQ  is  a parabola,  FM,  QN  ordinates  to  the  axis  ^ 
AMN,  with  centres  M and  N and  radii  PM,  QN  two  circles 
are  drawn,  shew  that  when  N approaches  indefinitely  near  to 
M,  the  distance  of  the  point  of  intersection  oF  the  two  circles 
from  PM  is  ultimately  equal  to  the  semi-latus  rectum. 


11.  JPQ,  ABC  are  two  straight  lines  which  are  inter- 
sected by  two  fixed  lines  BP,  CQ,  prove  that  as  APQ  moves  up 
to  ABC,  PC  and  QB  intersect  in  a point  whose  ultimate  position 
divides  BC  in  the  ratio  oi  A B : AC. 


12.  ABC,  APQ  are  drawn  to  cut  a circle  from  an  external 
point  A,  BU,  CT  are  tangents  at  B and  C to  the  circle,  meeting 
APQ  in  U,  T\  shew  that  the  ultimate  ratio  oi  PU  : QT  is 
AB^  : AC^ 


13.  AB,  AC  are  two  right  lines ; ACi,  AC2,  AC^,  •*.  AC^ 
are  set  oif  on  in  the  proportion  of  1,  2,  3,,,,n,  xS'  is  a fixed 
point,  and  the  right  lines  CiS,  C^S,,..  CnS cni  AB  in 

Shew  that  if  AG^  be  very  large  compared  with  the  distance 
of  S from  AB,  the  limiting  ratio  of 

: A 1 is  w + 1 : - 1. 
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14. 

creased. 


Find  the  limit  of 


when  n is  indefinitely  in- 


15.  Find  the  limit  of  - Zg  (1  + w)  when  n is  indefinitely 
diminished. 

LEMMA  II. 

If,  in  any  figure  AacE,  hounded  by  the  straight  lines  Aa,  AE 
and  the  curve  acE,  any  number  of  parallelograms  Ab, 
Be,  Cd,  ^c.  be  inscribed,  upon  equal  bases  AB,  BC,  CD, 
^c.,  and  having  sides  Bb,  Cc,  Dd,  ^c.  parallel  to  the  side 
Aa  of  the  figure;  and  the  parallelograms  aKbl,  bLcm, 
cMdn,  be  completed;  then,  if  the  breadth  of  these 
parallelograms  be  diminished,  and  the  number  increased 
indefinitely,  the  ultimate  ratios  which  the  inscribed  figure 
AKbLcMdD,  the  circumscribed  figures  AalbmcndoE,  and 
the  curvilinear  figures  AabcdE,  have  to  one  another,  are 
ratios  of  equality. 


For  the  difference  of  the  inscribed  and  circumscribed 
figures  is  the  sum  of  the  parallelograms  Kl,  Lm,  Mn, 
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DOf  that  is,  (since  the  bases  of  all  are  equal)  a paral- 
lelogram whose  base  is  Kb,  that  of  one  of  them,  and 
altitude  the  sum  of  their  altitudes,  that  is,  the  paral- 
lelogram ABla.  But  this  parallelogram,  since  its 
breadth  is  diminished  indefinitely,  [as  the  number  of 
parallelograms  is  increased  indefinitely,]  becomes  less 
than  any  assignable  parallelogram,  therefore  (by  Lem- 
ma I),  the  inscribed  and  circumscribed  figures,  and, 
a fortiori,  the  curvilinear  figure,  which  is  intermediate, 
become  ultimately  equal. 

LEMMA  III. 

The  same  ultimate  ratios  are  also  ratios  of  equality,  when  the 
breadths  of  the  parallelograms  AB,BC,  CD,....  are  unequal, 
and  all  are  diminished  indefinitely. 


ee-  1/ 


For,  let  AF  be  equal  to  the  greatest  breadth,  and  the 
parallelogram  a/ be  completed.  This  parallelogram 
will  be  greater  than  the  difference  between  the  inscribed 
and  circumscribed  figures.  But,  when  its  breadth  is 
diminished  indefinitely,  it  will  become  less  than  any 
assignable  parallelogram.  [Therefore,  a fortiori,  the 
difference  between  the  inscribed  and  circumscribed 
figures  will  become  less  than  assignable  areas.  Hence, 
by  Lemma  I,  the  ultimate  ratios  of  the  inscribed  and 
NEWT.  c 
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circumscribed  and  the  curvilinear  figure  (which  is  inter- 
mediate) will  be  ratios  of  equality.] 

Cor.  1.  Hence  the  ultimate  sum  of  the  vanishing  paral- 
lelograms coincides  [as  to  area]  with  the  curvilinear 
figure. 

Cor.  2.  And,  a fortiori^  the  rectilinear  figure  which  is 
bounded  by  the  chords  of  the  vanishing  arcs  a 6,  6 c,  cd, 
&c.  ultimately  coincides  [as  to  area]  with  the  curvilinear 
figure. 

Cor.  3.  As  also  the  rectilinear  circumscribed  figure,  which 
is  bounded  by  the  tangents  of  the  same  arcs. 

Cor.  4.  And  these  ultimate  figures,  with  respect  to  their 
perimeters  acE,  are  not  rectilinear,  but  curvilinear  limits 
of  rectilinear  figures. 


14.  The  Propositions  concerning  limits  of  Quantities  and 
their  ratios  state,  (l)  the  hypothesis  by  which  the  quantities 
are  defined,  (2)  the  manner  in  which  the  hypothesis  approaches 
its  ultimate  form,  and  (3)  the  ultimate  property  when  the  hypo- 
thesis is  thus  indefinitely  extended. 

The  strength  of  the  proofs  lies  in  the  examination  of  the 
quantities,  while  the  hypothesis  is  in  a finite  state,  before  arrival 
at  the  ultimate  form,  and  the  deduction  of  properties  by  which 
the  relations  of  the  quantities  can  be  pursued  accurately  to  the 
ultimate  state. 

In  the  statement  of  the  Lemmas  II,  and  III,  the  hypothetical 
constructions  give  the  manner  of  describing  the  parallelograms;  the 
extension  of  the  hypothesis  towards  its  ultimate  form  is  the  continual 
increase  of  the  number  of  parallelograms  in  infinitum;  the  limiting 
property,  is  the  equality  of  the  ratio  of  the  sums  of  the  parallelograms 
and  the  curvilinear  area. 

In  the  proof  of  the  Lemmas,  the  continual  decrease  of  the  parallelo- 
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grams  Al  ox  Af,  shews  that  the  conditions  of  ultimate  equality  of  two 
quantities  are  all  satisfied,  viz.,  that  the  sums  of  the  two  series  of 
parallelograms  tend  continually  to  equality,  and  that  they  approach 
nearer  to  each  other  than  by  any  assignable  difference,  “ante  finem 
temporis,”  while  the  number  of  the  parallelograms  remains  finite. 

Volumes  of  Revolution. 

15.  In  a manner  exactly  similar  to  Lemma  11,  it  may  be 
shewn,  that,  if  Aa  be  perpendicular  to  AE,  and  the  whole 
figure  revolve  round  AE  as  an  axis,  the  ultimate  ratios  which 
the  sums  of  the  volumes  of  the  cylinders,  generated  respectively 
by  the  rectangles  Ah,  Be,,,,  and  aB,  hC,...  and  the  volume  of 
revolution  generated  by  the  curvilinear  area  AEa  have  to  each 
other,  are  ratios  of  equality. 

The  figure  represents  the  cylinders  generated  by  the  in- 
scribed rectangles. 


I Thus,  the  difference  of  the  cylinders  generated  hj  Ah  and 
I aB  is  the  annulus  generated  by  the  rectangle  ah,  and  the 
I difference  of  the  two  series  of  cylinders  which  have  each  the  same 
I height,  AB  = BC  = ...  is  the  sum  of  such  annuli,  and  is  easily 
seen  to  be  the  cylinder  generated  by  aB,  which,  since  the  height 
continually  diminishes,  may  be  made  less  than  any  assignable 
I volume,  and  the  conditions,  that  the  two  series  may  have  the 
I same  limit,  are  satisfied,  and  hence  also  the  volume  of  revolution, 
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which  is  greater  than  one  sum  and  less  than  the  other,  is  ulti- 
mately in  a ratio  of  equality  to  either  sum. 

The  same  argument  applies,  if  the  revolution  be  only 
through  a certain  angle  instead  of  being  complete:  in  which 
case  the  cylinders  are  replaced  by  sectors  of  cylindrical  volumes. 

Sectorial  Areas. 

16.  The  Lemmas  may  be  extended  to  sectorial  areas. 
Thus,  if  SABCF  be  a sectorial  area,  and  the  angle  ASF  be 
divided  into  equal  portions  ASB, 

BSC, and  the  circular  arcs  Ab', 

aBc,  bCd\ be  drawn  with  center 

S;  then,  since  the  difference  of  the 
two  series  of  circular  sectors  is  the  sum 

of  the  areas  ah',  he, it  is  equal 

to  the  difference  of  the  greatest  and 
least  of  the  sectors,  viz.  AGHV  and  the 

two  areas  S Ah' Be and  SaBhC 

tend  continually  to  equality  as 

the  number  of  angles  is  increased,  and 
their  magnitudes  diminished,  and  the 
ratios  which  these  areas  have  to  each  other  and  to  the  area 
SABF  are  ultimately  ratios  of  equality. 

Similarly  for  Lemma  III. 

Surfaces  of  Revolution. 

17.  The  following  proposition  is  the  extension  of  the  prin-; 
ciples  of  the  Lemmas  to  the  determination  of  a method  for  : 
finding  the  area  of  a surface  of  a solid  of  revolution. 

CD  is  a plane  curve  which  generates  a surface  of  revolution 
by  its  revolution  round  AB  a,  line  in  its  plane. 

CD  is  divided  into  portions  of  which  PQ  is  one,  PM,  QNi 
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perpendicular  to  JB.  Pp,  Qq  are  drawn  parallel  to  AB,  and 
each  equal  to  PQ  in  length,  pm,  qn  perpendicular  to  AB, 
The  surface  generated  bj  CD  shall  be  the  limit  of  the  sum 
of  the  cylindrical  surfaces  gene- 
rated by  such  portions  as  Pp  or 
Qq.  For,  the  cylindrical  surfaces 
generated  by  Pp  and  Qq  are  one 
less,  and  the  other  greater  than 
that  generated  by  PQ. 

But  these  surfaces  are  respec- 
tively ^ttPM  . Pp  and  27r  QN.  Qq^ 
and  their  difference  is 

^ir  {QN-  PM)  PQ, 

A- 

the  ratio  of  this  difference  to  the  surfaces  themselves  is 


QN  - PM : PM,  or  QN, 
which  ratio  is  ultimately  less  than  any  given  ratio. 

Hence  the  sums  of  the  surfaces  generated  by  the  lines  cor- 
responding to  Pp  and  Qq  have  the  ratio  of  their  difference  to 
either  sum  in  a ratio  less  than  the  greatest  ratio  QN  - PM : PM 
which  may  be  made  less  than  any  finite  ratio.  Therefore  the 
sums  of  the  cylindrical  surfaces,  and  the  curved  surface,  which  is 
intermediate  in  magnitude,  are  ultimately  in  a ratio  of  equality. 


I General  Extension. 

I 18.  If  any  magnitude  A be  divided  into  a series  of  magni- 

I tudes  AiAo A,^  and  two  series  of  quantities  a^a.^ an  and 

j 6162 found  such  that 

a\  ^ A I ^ , 

a,  > Az  > 62, 

I ^ ^ » 

and  : fli,  a,  — h^  : are  ratios,  each  of  which  be- 


I 
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comes  less  than  any  finite  ratio,  when  the  number  is  increased ; 
then  ^1  + ^2+ + an,  bi  + + + and  A are  ulti- 

mately in  a ratio  of  equality.  For,  let  1:1  be  equal  to  the 
greatest  of  the  ratios  ai  — bi  : ai,  &c. 

.-.  + ^2  - &2  + : ax  + ^2  + 

is  a ratio  less  than  1:1,  and  may  therefore  be  made  less  than 
any  assignable  ratio  by  increasing  the  number.  Therefore  the 

two  series  ax  + ^2  + bx  + 62  + tend  continually 

to  equality,  and  the  difference  may  be  made  before  the  end  of 
the  time  less  than  any  assignable  magnitude ; therefore  the 
three  magnitudes  are  ultimately  in  a ratio  of  equality. 

19.  Cor.  1.  “ Omni  ex  parte has  not  been  adopted  from 
the  text  of  Newton,  because  it  requires  limitation,  for  the  peri- 
meters do  not  coincide  with  the  perimeter  of  the  curvilinear  area. 

In  the  figure  for  Lemma  II,  the  perimeter  of  the  inscribed 
series  of  parallelograms  is 

AK  + Kb  + bL  + Lc+ +EA  = 2AK+  2AE, 

and  the  limit  of  this  perimeter  is  2Ja  + 2AE. 

The  perimeter  of  the  other  series  of  parallelograms  being 
also  2Aa  + 2JE  is  constant  throughout  the  change,  and  has 
properly  no  limit. 

20.  Cor.  2.  The  perimeter  of  the  figure  bounded  by  the 

chords  ab,  be, ultimately  coincides  with  that  of  the  curvi- 

linear figure.  This  coincidence  is  discussed  under  Lemma  V. 

21.  Cor.  S.  The  same  is  true  for  the  figure  formed  by  the 
tangents. 

22.  Cor.  4.  Instead  of  propterea”  it  would  be  advisable 
to  state,  as  in  Whewell’s  Doctrine  of  Limits,  that,  if  a finite 
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portion  of  a curve  be  taken,  and  if  many  points  be  taken  in  the 
curve,  so  as  to  form  a polygon,  the  sides  of  which  are  chords, 
taken  in  order,  of  portions  of  the  curve,  and  if  the  number  of 
those  points  be  increased  indefinitely,  the  curve  is  the  limit  of  the 
polygon. 


Application  to  the  determination  of  certain  areas,  volumes,  S^'C. 

1.  Area  of  a parabola  bounded  by  a diameter  and  an 
ordinate. 

Let  AB,  BC  be  the  bounding  abscissa  and  ordinate.  Complete  the 
parallelogram  ABCD. 

Let  AD  be  divided  into  n equal 
portions,  of  which  suppose  AM  to 
contain  r and  AZA  to  be  the  (r  + 1)*, 
draw  MP,  NQ  parallel  to  AB,  meet- 
ing the  curve  in  P,  Q,  and  Pn  pa- 
‘ rallel  to  MN ; the  curvilinear  area 
^ ACD  is  the  limit  of  the  sum  of  the 
I series  of  parallelograms  constructed, 
as  PA,  on  the  portions  corresponding  to  MN, 
i By  the  properties  of  the  parabola, 

I PM  : CD  ::  AM^  : AD^ 

I ::  P : w®, 

I and  MN  ; AD  ::  1 : n; 

I /.  PM.MN  : AD. CD  ::  P : 

I parallelogram  PA  : parallelogram  A PCD, 

i ::  P ; 

i p 

I parallelogram  PA  = ^ ^ parallelogram  ABCD ; 


the  sum  of  the  series  of  parallelograms 

1^+2^+ +w— ll  ...  A nr' 'n 

3 X parallelogram  ABLD, 
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and 


P + 2^+ +W-1?  1 


when  the  number  is  increased  indefinitely, 

proceeding  to  the  ultimate  form  of  the  hypothesis, 

the  curvilinear  area  ACD  = ^ of  the  parallelogram  A BCD. 

2 

the  area  ABC  = -oi  the  parallelogram  ABCD. 

«!> 

Con.  1.  If  we  had  inscribed  the  series  of  parallelograms  in  ABC, 
AB  being  divided  into  n portions,  we  should  have  arrived  at  the  result 

12  + 22  + + 7?  _ lli 


for  the  ratio  of  the  series  to  the  parallelogram  ABCD,  which  might 

2 

thus  have  been  shewn  to  be  ultimately  - . 

CoR.  2.  If  -BC  had  been  divided  into  n equal  portions,  the  paral- 
lelogram corresponding  to  PN  would  have  been 

— 5 — X parallelogram  ABCD, 


and  the  ratio  of  the  area^BC  to  the  parallelogram  ABCD,  the  limit  of 
+ + 


l"  + 2^+ + 1 1 2 

of  1 - ^ = 1 - - = 


3 3 


2.  Volume  of  a paraboloid. 

Let  AKH  be  the  area  of  a para- 
bola cut  off  by  the  axis  AH  and 
an  ordinate  HK,  which  by  its  revo- 
lution round  the  axis  generates  a para- 
boloid. 

Let  AH  hQ  divided  into  n equal 
portions,  and  PRNM  the  parallelo- 
gram on  MN  be  the  r~+  l]^  ,* 


M 
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PM^  : HK^  ::  AM  : AH, 

::  r : n, 

MN  : AH  ::  1 : n; 

PM\MN  : HK\AH  ::  r : n\ 

Cylinder  generated  by  PN  : cylinder  by  AHKL  ::  r : n^. 


Cylinder  generated  by  PN  = ^ ^ cylinder  by  AHKL  ; 


the  sum  of  the  cylinders  inscribed  = 


1+2  + 


(n-l) 


X circumscribed  cylinder, 
and  when  n is  indefinitely  increased, 


1 + 2 + 


w — ll 


- ultimately, 

IV  Ai 

and  the  paraboloid  is  the  limit  of  the  series  of  inscribed  cylinders ; 
the  volume  of  the  paraboloid  is 

i X the  cylinder  on  the  same  base  and  of  the  same  altitude. 

/it 

3.  Volume  of  a spherical  segment. 

Let  AHK  generate  by  its  revolution  round  the  diameter  AB,  the 
spherical  segment  whose  height  is  AH, 

Divide  A H,  as  before, 

AM=-AH, 

n 

andPM‘'=AM.MP 

^AM.{AB-AM) 

= -AH.AB--iAH\ 

n 7r- 

Volume  of  cylinder  generated  by  PN 


A H 

= 7rPi/^i/ V=  TT  . — . PJ/^ 
n 
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whence,  as  before,  the  limit  of  the  sum 

which  is  the  volume  proposed. 

Cor.  1.  If  AH  =\-AB  - AC^  the  segment  is  a hemisphere  whose 

At 

volume 

_ 2 7r^O* 

3 

2 

= - X cylinder  on  the  same  base  and  of  the  same  altitude. 

Cor.  2.  liAH  = 2AC, 
the  volume  of  the  whole  sphere 

= 4,^AC^(aC 

4i'nAC^ 

""  S ’ 

4.  Area  of  the  surface  of  a right  cone. 

As  an  illustration  of  the  method  of  finding  surfaces  given  above, 
suppose  AHK  a right-angled  triangle,  which  revolves  round  AH,  a side 
containing  the  right  angle,  AK  generates  a conical  surface. 

Let  MN  be  the  r + l]*  portion  of  AH,  after  division  into  n equal 
portions,  MP,  iVQ  ordinates  parallel 
to  HA,  P/?,  Q,q  each  equal  to  PQ  and 
parallel  to  AH. 

The  areas  generated  by  Pp  and  Qq 
respectively  are 

2 7r.PM.Pp,  and  2 TT.  Q A. Q^, 


K 
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and  PM  : HK  ::  AM  : AH  ::  r : n, 

QN  : HK  ::  AN  ; AH  ::  (r  + 1)  : n, 


PQ  : AK  ::  MN  : AH  ::  1 : n ; 

'Jf*  “1“  1 • 

the  areas  are  ^ .^ttHK .AK^  and  2 ttLIX. AiiT respectively  ; 
and  the  conical  surface  is  intermediate  in  magnitude  to 


27r. AK,HKx 


1 + 2 + +(w-l) 


1 A TTT7  1 + 2 + + W 

and  2Tr.AK.HKx 2 ; 

each  of  which  have  for  their  limit  ttAK.HK  which  is  therefore  the 
area  of  the  conical  surface. 

Although  not  related  to  the  method  of  limits,  the  reader  may  notice 
the  following  method  of  obtaining  the  conical  surface  by  development. 

If  a circular  sector  KAK'he  cut  out  and  the  bounding  radii  AK, 
AK'  placed  in  contact  so  that  the  boundary  KLK'  forms  a circle. 

The  figure  is  conical,  and  wdiT  is  the  slant  side,  HK  in  the  last 
figure  is  the  radius  of  the  circular  base  whose  length  is  KLK'. 


The  area  of  the  conical  surface  : ttAK^ 

::  sector  KLK'  : complete  circle  KLK'K 
2TrHK  : 2'jrAK 
::  ttHK.AK  : ttAK^; 

.'.  irHK.AK  \B  the  area  of  the  conical  surface. 


5.  Mass  of  a rod  whose  density  varies  as  the  power  of 
the  distance  from  the  extremity. 

t/ 

Let  -4^  be  the  rod,  and  let  MN  be  the  r + portion,  when  its 
length  is  divided  into  7l  equal  parts. 
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p .AM”"  the  density  at  or  the  quantity  of  matter  contained  in  an 
unit  of  length  of  the  rod  supposed  of  the  same  substance  as  the  rod  at 
the  point  M. 

The  quantity  of  matter  in  MJV  is  intermediate  between 

p.AM”".M]>^,  and  pAN”".MN, 

the  ratio  of  the  difference  of  these  to  either  of  them  being  less  than  any 
assignable  ratio  when  n is  indefinitely  increased ; 

and  since  AM  = — A B. 

n ’ 

n 

the  mass  of  the  whole  rod  is  the  limit  of 


+ n—\ 


m + 

1 

m+'i 


of  the  mass  of  a rod  of  uniform 


density  equal  to  that  of  the  rod  AB  at  B^ 

6,  Center  of  gravity  of  the  volume  of  a hemisphere. 

Let  CAB  be  a quadrant  which  by  its  revolution  round  the  radius 
OA  generates  the  hemisphere. 

Let  MB  be  the  rectangle  which  gene- 
rates the  r + inscribed  cylinder ; 

CM=^^xCA; 

n 

MN  = -xCA. 

^ J.  M IL 

The  mass  of  the  cylinder  generated  by  MR  is  proportional  to 
irPM\MN 
= 7r(C^^-CM=)MA 
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CA 

n 


.*.  the  mass  of  the  series  of  inscribed  cylinders  is  proportional  to 


V + 2' 


+ 


ttCA^; 


the  mass  of  the  hemisphere  is  proportional  to 
3 o 

Again,  the  moment  of  the  mass  of  the  cylinder  generated  by  MR 
with  respect  to  the  base  of  the  hemisphere  is  proportional  to 

which  differs  from  ttQ.N^ .MN .CM  by  a quantity  which  vanishes  com- 
pared with  it,  and  is  therefore  ultimately  proportional  to 

the  moment  of  the  hemisphere  is  proportional  to 

Q-1)^CAS  ori.C^- 

the  distance  of  the  center  of  gravity  of  the  volume  of  the  hemisphere 
from  C 

_ moment  with  respect  to  the  base 

mass 

j ttCA^  „ 

= i -tcA. 


7.  Area  of  an  equiangular  spiral,  between  bounding  radii 
SA,  SL. 


so 
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Let  ABC  he  the  polygon  whose  curvilinear  limit  is  the  equiangular 
spiral,  (see  Appendix,)  in  which 

/ SAB  = a SBC= = a. 

Draw  SY  perpendicular  to  AB. 

Then, 

SB^=  SA^+  AB^- ^AB.AY, 
and  ASAB  = iAB.SY 
= \AB.A  Y tana 

Similarly  ASBG  = i tan  a [SB^  - SC^  + BC\ 
and  ASGD  = i tan  a - SD^  + CD^), 

area  ASL  = i tan  a {SA^- SU+  AB^+  BG^+ ). 

But  BC  : AB  ::  GB  : BC  ::  ::  A : 1, 

where  A : 1 is  a constant  ratio,  A < 1 ; 

AB^+BG^+ : AB^  ::  l +a^  + A"+ : 1, 

::  1 : 1 - A%* 

AB^  + BC^  + vanishes  in  the  limit, 

and  the  curvilinear  area  = J (SA’^-SL^)  tan  a. 


II. 

1.  Illustrate  the  terras  “ terapore  quovis  finite”  and  ‘‘  con- 
stanter  tendunt  ad  sequalitatem”  employed  in  Lemma  I,  by 
taking  the  case  of  Lemma  III,  as  an  example. 

2.  Shew  from  the  course  of  the  proof  of  Lemma  II,  that 
the  ultimate  ratio  of  vanishing  quantities  may  be  indefinitely! 
small  or  great. 

3.  Shew  that  the  ratio  of  the  area  of  the  parabolic  curve,' 
in  which  PAPoc  AM,  to  the  area  of  the  circumscribing  paralle- 
logram, of  which  one  side  is  a tangent  to  the  curve  at  is  3 : 4.' 


4.  Prove  that  the  areas  of  parabolic  segments,  cut  off  by  focal 
chords,  vary  as  the  cubes  of  the  greatest  breadths  of  the  segments  | 
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5.  Shew  that  the  volume  of  a right  cone  is  one-third  of 
he  cylinder  on  the  same  base  and  of  the  same  altitude. 

6.  Find  the  center  of  gravity  of  the  volume  of  a right 
one,  by  the  method  of  Lemma  II. 

7.  AHK  is  a parabolic  area,  the  axis  and  HK  an 
rdinate  perpendicular  to  the  axis.  AHKL  the  circumscribing 
ectangle.  Shew  that  the  volumes  generated  by  the  revolution 
f AHK  round  AH,  KL,  AL  and  HK  are  respectively  ^ , 

- and  of  the  cylinder  generated  by  the  rectangle. 

8.  Find  the  mass  of  a rod  whose  density  varies  as  the  dis- 
ince  from  an  extremity.  Find  also  its  center  of  gravity,  and 
hew  that  it  is  ^ of  its  length  from  the  extremity. 

9.  Find  the  mass  of  a circle  whose  density  varies  as  the 

power  of  the  distance  from  the  center. 

10.  Find  the  volume  of  the  solid  of  revolution  generated 

y the  curve  in  which  a . PM^  — . AM  - AM^,  round  the  line 

long  which  AM  is  measured,  PM  being  perpendicular  to  AM, 

11.  Find  the  area  of  a hyperbola  intercepted  between  the 
urve,  an  asymptote,  and  two  ordinates  parallel  to  the  other 
symptote. 

Shew  that,  if  OAB  be  the  first  asymptote,  AD,  ^(7  the  bound- 


ig  ordinates,  O the  center,  the  area  required  is  OA  , AD 


OB 


7* 


it 

ij 


12. 


'0| 

iG- 

i 

jal 


In  the  curve  A CD,  in  which  BE  is  an  ordinate  per- 

T 


ji  JL  a 
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pendicular  to  AD,  and  FC  is  the  greatest  value  of  BE,  and 

BE  : FC  ::  sin  ^ J Shew  that  the  area  ABE  varies 

as  HG,  where  GK  is  the  ordinate  equal  to  BE  of  the  circle  CH, 
whose  center  is  F,  and  radius  FC. 

13.  In  the  curve  of  the  last  problem,  shew  that  the  ratio 
of  the  area  ACD  to  the  triangle,  whose  sides  are  AD,  and  the 
tangents  AT,  DT  Sit  the  extremities,  is  8 : tt^ 


14.  In  the  curve  AFC,  the  area 
contained  between  the  curve  and  the 
abscissa  OB  and  rectangular  ordinate 
BC  is  AO  (BC  — AO),  the  relation  be- 
tween any  ordinate  FM  and  abscissa 
OM  being 


OM  : OA  ::  log 


PM 

~dA 


1 5.  Shew  that  the  center  of  gravity  of  a paraboloid  of  revo 
lution  is  distant  from  the  vertex  two-thirds  of  the  length  of  the 
axis. 

16.  Shew  that  the  abscissa  and  ordinate  of  the  center  oi 
gravity  of  a parabolic  area,  contained  between  a diameter  AE^ 
and  ordinate  BC,  are  fAB  and  §BC,  respectively. 

17.  The  limiting  ratio  of  a hyperboloid  of  revolution 
whose  axis  is  the  transverse  axis,  to  the  circumscribing  cylinders 
is  1 : 2,  when  the  altitude  is  indefinitely  diminished,  and  1 : 3 
when  it  is  indefinitely  increased. 

18.  The  volume  of  a spheroid  is  one- third  of  the  circum 
scribing  cylinder. 
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LEMMA  IV. 


^ in  two  figures  AacE,  PprT,  there  he  inscribed  {as  in 
Lemmas  II,  III)  two  series  of  parallelograms ^ the  number 
in  each  series  being  the  same,  and  if,  when  the  breadths  are 
diminished  indefinitely,  the  ultimate  ratios  of  the  parallelo- 
grams in  one  figure  to  the  parallelograms  in  the  other  be 
the  same,  each  to  each;  then,  the  two  jigures  AacE,  PprT 
are  to  one  another  in  that  same  ratio, 

a 


P T 

or,  as  the  parallelograms  are  each  to  each,  [they  being 
ultimately  in  the  same  ratio,]  so,  componendo,  is  the  sum 
of  all  to  the  sum  of  all,  and  so  the  figure  AacE  to  the 
figure  PprT,  for,  by  Lemma  III,  the  former  figure  is 
to  the  former  sum,  and  the  latter  figure  to  the  latter 
sum  in  a ratio  of  equality,  q.e.d. 


or.  Hence,  if  two  quantities  of  any  kind  whatever,  be 
divided  into  any,  the  same,  number  of  parts ; and  those 
parts,  when  their  number  is  increased,  and  magnitude 
diminished  indefinitely,  assume  the  same  given  ratio 
each  to  each,  viz.  the  first  to  the  first,  the  second  to  the 
second,  and  so  on  in  order,  the  whole  quantities  will  be 
to  one  another  in  the  same  given  ratio.  For,  if,  in  the 
figures  of  this  Lemma,  the  parallelograms  be  taken  each 
to  each  in  the  same  ratio  as  the  parts,  the  sums  of  the 
t)arts  will  be  always  as  the  sums  of  the  parallelograms : 

NEWT.  D 


NEWTON. 


34, 

and,  therefore,  when  the  number  of  the  parts  and  paral- 
lelograms is  increased,  and  their  magnitude  diminished 
indefinitely,  the  two  quantities  will  be  in  the  ultimate 
ratio  of  parallelogram  to  parallelogram,  that  is,  (by  hypo- 
thesis) in  the  ultimate  ratio  of  part  to  part. 


23,  The  general  proposition  contained  in  the  Corollary  may 
be  proved  in  the  following  manner : 

Let  B be  two  quantities  of  any  kind,  which  can  be 

divided  into  the  same  number  n of  parts,  viz.  

and  bz,  63 respectively;  such  that,  when  their; 

number  is  increased  and  their  magnitudes  diminished  indefinitely; 
they  have  a constant  ratio  L : 1 each  to  each,  so  that 

\ 61  ii  L (1  tti)  ; 1, 

^2  • bz  L CI2)  • j 

where  ai,  02, vanish  in  the  ultimate  form  of  the  hypothesise 

.*.  di  + ciz  + I + 

is  a ratio  which  is  intermediate  between  the  greatest  and  least  0 
these  ratios,  each  of  which  is  ultimately  Z : 1. 

A : B ::  L : 1, 

or  A and  B are  ultimately  in  the  ultimate  ratio  of  the  parts,  j 

Application  of  Lemma  lY  to  the  comparison  of  certain  areaSy  and  tl 
determination  of  certain  volumesy  massesy  Sfc, 

1.  Area  of  an  ellipse.  \ 

Let  ACa  be  the  major  axis  of  an  ellipse,  BC  the  semiminor  axii 
A Da  the  auxiliary  circle,  and  let  parallelograms  be  inscribed  wlior 
sides  are  common  ordinates  to  the  two  curves.  j 

Let  PMNBy  QMNU  be  any  two  corresponding  parallelogram!  , 


LEMMA  IV. 


35 


1'  ’he  ratio  of  these  parallelograms  is  PM  : QM  or  BC  : AC. 


Hence,  by  Lemma  IV, 

area  of  ellipse  : area  of  circle  ::  BC  : AC 

::  ttAC.BC  : irAC% 
but  area  of  circle  = tt A C^. 
area  of  ellipse  = -nAC  .BC. 


Cor.  Area  of  a sector  of  an  ellipse. 

If  JS  be  a focus  of  the  ellipse,  and  SP,  SQ  he  joined, 
ASPM  : ASQM  ::  BC  i AC, 
and  area  APAf  : areaAQM  ::  BC  : AC, 
area  A/SP  : area  AaSQ  ::  BC  : AC, 
but  area  = ASCQ  + sector  ACQ 

= iSC.QM  + iAC.^icAQ; 
iiTea.ASP  = ^{SC.PM+BC.^TcAQ}. 


SI 


2.  In  the  following  proposition  it  is  asserted  that  when  a 
herd  PQ  is  drawn  to  a curve  from  a point  P,  as  Q moves  up 
0 P,  PQ  assumes  as  its  limiting  position  that  of  the  tangent  at 
which  is  deducible  from  the  idea  of  a tangent  being  in  the 
iirection  of  the  curve  at  the  point  of  contact. 

Area  of  a parabolic  curve  cut  off  by  a diameter  and  an  ordi* 
late  to  the  diameter. 


lOi 

Dl 


Let  AB,  BC  be  the  diameter  and  ordinate,  AD  the  tangent  at  A, 
7D  parallel  to  AB,  P,  Q points  near  each  other,  PM,  QN  and  Pm, 
parallel  respectively  to  AD  and  AB. 


d2 
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Let  QP  produced  meet  BA  in  T,  complete  the  parallograms 
TMPS,  TNQU. 


jy  a 


Then  since  QP  is  ultimately  a tangent  2XP3  AT  = AM  ultimately, 
and  the  parallelogram  PC/ is  ultimately  double  of  the  parallelogram  P«, 
and  the  complements  P/V,  P V are  equal ; 

the  parallelogram  P/V,  Pn  are  ultimately  in  the  ratio  2:1. 

Hence,  in  the  curvilinear  areas  J. PC,  J.CP,  two  sets  of  parallelograms' 
can  be  inscribed  which  are  ultimately  in  the  ratio  2:1,  each  to  each ; . 
area  ABC  is  ultimately  double  of  area  A CD, 

2 

and  is  - of  the  parallelogram  ABCD, 

' J - - 

3.  Volume  of  paraboloid,  by  Lemma  lY. 


Let  AH  he  the  axis,  AHKL  the  circumscribing  parallelogram 
P/V,  Pn  inscribed  in  the  portions  AHK,  AKL. 


Volume  generated  by  P/V 
= ttP/W  ^ /kf V = TT  . P/kC . P V. 

Volume  generated  by  Pn 
= TT  Q .AM-  'ivPM^ . AM 
= irAM.{QN+PM).mn 
= 7r(QV+P/l/).Pw; 


TV 

TIL 


n 

N- 


vol.  by  P/V  : vol.  by  Pn  PM.PN  : (Q/V+P/li)  Pn 

i:  PM*9.Pn  : (Q/V+P/kC)  Pn  ultimately 
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and  QN  + PM  — 2 PM  ultimately  ; 
vol.  by  PN  = vol.  by  Pw,  ultimately ; 
by  Cor.,  Lemma  IV, 

Yolume  generated  by  AHK  — volume  generated  by  AKL^ 
volume  of  paraboloid  = ^volume  of  circumscribing  cylinder. 

4.  Center  of  gravity  of  a paraboloid. 

Since  the  volumes  generated  by  PN  and  Pn  are  ultimately  equal, 
le  moment  of  the  volume  generated  by  PN  with  respect  to  the  tangent 
lane  at  A, 

: moment  of  that  generated  by  Pn, 

::  distance  of  the  center  of  gravity  of  PN, 

: distance  of  center  of  gravity  of  Pn  ultimately  ; 
i.e.  ::  AM  : \Pm  ultimately,  ' 

::  2 : 1 ; 

the  moment  of  volume  generated  by  AHK 
; that  of  the  volume  generated  hj  A KL 
::  2 : 1, 

ad  the  moment  of  the  paraboloid 
2 

= - moment  of  the  cylinder 

= I volume  of  cylinder  x ; 

2 

•*.  = - volume  of  paraboloid  y.  AH ; 

O 

2 

.*.  distance  of  center  of  gravity  of  the  paraboloid  from  A =-AH. 

O 

5.  Area  of  a cycloid. 

Let  P,  P'  be  two  points  very  near  each  other  in  a cycloid,  Q,  Q 
orresponding  points  in  the  generating  circle,  p,  p'  in  the  evolute,  E,  R' 
he  intersections  of  the  base  with  normals  Pp,  P'p',  T,  S the  intersection 
►f  BQ'  and  P'p'  with  PQ. 


38 


NEWTOK. 


Then  pB,  = PB  = 5Q,  (see  Appendix), 


and  triangle  p'BB'  ; triangle  p'PS  ::  1 : 4,  ultimately.  I 

Also  BQT^p'RR',  ultimately, 

BQ,  BT  being  equal  and  parallel  to  pi2,  p'R ; i 

ABQT  : A p'PS  ::  1 : 4,  ultimately,  j 

and  ABQT  : trapezium  PBR'S  1 : 3,  ultimately, 

and  the  sanrn  being  the  ultimate  ratio  of  all  the  inscribed  triangles,* 
and  trapeziums,  whose  sums  are  ultimately  the  areas  of  the  semicircle ! 
and  semicycloid ; * 

by  Cor.,  Lemma  lY, 

area  of  semicircle  : area  of  semicycloid  ::  1 : 3, 
area  of  the  cycloid  = 3 times  the  generating  circle.  ! 

6.  Center  of  gravity  and  mass  of  a rod  whose  density  varies^ 
as  the  distance  from  an  extremity.  i 


LEMMA  IV. 


39 


Let  AB  be  the  rod,  MJV  a small  portion  of  it,  density  at 
Moo  AM, 

Construct  on  AB  as  axis  an  isosceles  tri- 
igle  CAD,  whose  base  is  CD^  and  draw 
MR^  QNS  parallel  to  CD ; then  PRj  QS, 

D are  proportional  to  the  densities  at  M, 
f and  B ; 

the  mass  of  MN  is  proportional  to  a 
jctangle  intermediate  to  rectangles  PD,  MN 
ad  QS,  MN  which  are  ultimately  in  a ratio 
f equality ; 

. the  mass  of  MN  is  ultimately  proportional  to  the  area  of  the  rect- 
ngle  PP,  MN ; 

ad  the  moment  of  MN  with  respect  to  the  line  CD  is  proportional 
a the  moment  of  the  same  rectangle,  since  their  distance  is  the  same  ; 

by  the  Lemma,  the  moment  of  the  whole  rod 

: the  moment  of  the  triangle  with  respect  to  CD 
::  the  mass  of  the  rod  : the  area  of  the  triangle; 

. the  distances  of  the  centers' of  gravity  of  the  rod  and  triangle  from 
70  are  the  same,  and  the  center  of  gravity  of  the  rod  is  at  a distance 
AB  from  B. 

Also,  the  mass  of  MN  being  proportional  to  the  area  PRN, 

he  mass  of  the  rod  is  proportional  to  the  area  of  the  triangle  A CD, 
ir  \AB.CD;  the  mass  of  the  rod  : mass  of  a rod  of  uniform 
tensity  equal  to  that  at  P,  and  of  length  AD, 

::  iAD.CD  : AD.CD 
::  1 ; 2. 

7.  Center  of  gravity  of  a circular  arc. 

Let  0 be  the  center  of  a uniform  circular  arc  ABC,  OB  the  bisecting 
•adius,  aBc  a tangent  at  D,  OD  parallel  to  ac,  and  A a,  Cc  parallel  to 

OB, 
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Let  QR  be  the  side  of  a regular 
polygon  described  about  the  arc,  P 
the  point  of  contact  QR,  Rr  per- 
pendicular to  ac^  PM  to  OB^  and 
since  OP,  OB  are  perpendicular  to 
QP,  qr, 


A 


qr  ; QP  ::  OM  : OP 


::  OM  : OB; 


since  OM^  OB  are  the  dis- 
tances of  the  centers  of  gravity  of 
QR  and  qr  from  OD,  and  QR.  OM 
=»  qr . OB 3 tlie  moments  of  QP  and  qr 
with  respect  to  OB  are  in  a ratio  of 


C ^ 


equality,  and  the  same  is  true  of  every  side  of  the  circumscribing  polygon; 

by  Cor.,  Lemma  lY,  the  moment  of  the  arc,  which  is  ultimately 
that  of  the  polygon,  is  equal  to  the  moment  of  ac  = ac.  OB  = chord  A C , 
radius  OB; 

the  distance  of  the  center  of  gravity  of  the  arc  from  0 


radius  x chord 


arc 


IIL 


1.  Find  the  volume  of  a hemisphere,  by  comparing  thei 
volumes  generated  by  the  quadrantal  sector,  and  the  portion  of, 
the  circumscribing  square  which  is  the  difference  between  the 
square  and  the  quadrantal  sector. 

2.  Shew  that  the  area  of  the  sector  of  an  ellipse  contained 

between  the  curve  and  two  central  distances,  varies  as  the  angle 
of  the  corresponding  sector  of  the  auxiliary  circle.  | 

• 3.  Find  the  volume  of  a paraboloid  by  comparison  with  the  ! 

area  of  a triangle  whose  vertex  and  base  are  those  of  the  gene-| 
rating  parabola,  ; 
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4.  Find  the  center  of  gravity  of  the  paraboloid  by  reference 
to  the  same  triangle. 

5.  Find  the  mass  of  a straight  rod,  whose  density  varies  as 
the  square  of  the  distance  from  the  extremity,  by  comparison 
mih.  a cone  whose  axis  is  the  rod. 

6.  Find  the  volume  of  a paraboloid  generated  by  the  revo- 
lution of  a cubical  parabola,  in  which  FM^  ©=  JM^  by  means  of 
i cone  on  the  same  axis. 

7.  Shew  that  the  orthogonal  projection  of  any  plane  area 
on  another  plane  is  the  given  area  x the  cosine  of  the  inclina- 
tion of  the  two  planes. 


Prove  that  pqsr  being  the  projection  of  the  inscribed  parallelogram 
PQSB 

pqsr  ; PQSB  ::  cos  BAC  : 1, 
and  deduce  the  proposition  by  Lemma  TV. 

LEMMA  y. 

All  the  homologous  sides  of  similar  figures  are  proportional^ 
whether  curvilinear  or  rectilinear^  and  their  areas  are  in 
the  duplicate  ratio  of  the  homologous  sides. 

[Similar  curvilinear  figures  are  figures  whose  curved  boun- 
daries are  curvilinear  limits  of  corresponding  portions 
of  similar  polygons. 
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Let  SABCD sahcd be  two  similar  polygons  of 

w'hich  SA,  AB,  BC, ....  are  homologous  to  sa,  ah,  he,.,,, 
respectively. 

Then  (Euclid  vi.,  Def.  l) 


D 


AB  ; SA  ::  ah  : sa\ 

alternando,  AB  : ah  SA  : sa. 

Similarly,  BC  : he  ::  AB  : ah  ::  SA  : sa, 

CD  : ed  ::  BC  : he  ::  SA  : sa, 


componendo, 

AB  + BC  4*  CD  + ♦».  * ah  4*  he  + ed  "I*  ...  !!  SA  ! sa, 

Now  this,  being  true  for  all  similar  polygons,  will  be  true 
in  the  limit,  when  the  number  of  the  sides  AB,  BC,  ... 
and  ah,  he,  ...  are  increased,  and  their  lengths  di- 
minished indefinitely;  if,  therefore,  AE,  ae  be  curves  i 
which  pass  through  the  angular  points  A,  B,  and  i 
a,h,  ...  of  the  polygons,  these  curves  are  the  curvilinear  | 
limits  of  AB  + BC  + ...  and  + 6c  + ...  and  are  the  | 


ig  'iff  k b: 
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boundaries  of  similar  curvilinear  figures : and  therefore 
the  curved  line  : the  curved  line  ae 
::  SA  : sa  SE  ; se. 

Igain,  (Euclid  vi.  20), 

polygon  SABC  : polygon  sahc  ...  :: 
and  this  being  true  always,  is  true  in  the  limit ; 

(Lemma  III,  Cor.  2), 

curvilinear  area  SAE  : curvilinear  area  sac 
::  SA^  ; 

::  AE^  : ae^ 

::  SE^  : 

Q.  E.  D.J 


24.  In  order  to  deduce  the  properties  of  similar  curves, 
t is  premised  as  before  mentioned  under  Cor.  4,  Lemma  III, 
hat,  if  a finite  portion  of  a curve  be  taken,  and,  if  a polygon  be 
ascribed  in  the  curve,  the  sides  of  which  are  chords  taken  in 
>rder,  of  portions  of  the  curve ; and  the  number  of  sides  of  the 
)olygon  be  increased  indefinitely,  and  the  magnitudes  at  the 
,ame  time  diminished  indefinitely,  the  curve  is  the  limit  of  the 
)erimeter  of  the  polygon.  See  Whewell’s  Doctrine  of  Limits* 

It  is  not  assumed  that  each  chord  is  equal  to  the  corres- 
)onding  arc  ultimately : this  is  afterwards  proved  for  a con- 
inuous  curve  in  Lemma  VII. 

Criteria  of  Similarity* 

25.  From  the  definition  of  similar  curve  lines,  that  they 
ire  curvilinear  limits  of  homologous  portions  of  similar  polygons, 
)r  from  the  test,  that 

(l)  “ One  curve  line  is  similar  to  another  when  if  any 

polygon  be  inscribed  in  one,  a similar  polygon  can  be  inscribed 
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in  the  other,”  other  tests  of  similarity  can  be  deduced,  which 
are  more  convenient  in  practice : 

(2)  “ If  two  curves  be  similar,  and  any  point  S be  taken 
in  the  plane  of  one  curve,  another  point  s can  be  found  in  the 
plane  of  the  other,  such  that,  any  radii  SP,  SQ  being  drawn  in 
the  first,  radii  sp^  sq  can  be  drawn  in  the  second,  having  the 
properties  that 

Z psq  = z PSQy 
and  sp  : sq  ::  SP  : SQP 

(3)  ‘‘If  two  curves  be  similar,  and  in  the  plane  of  one 

curve  any  two  lines  OX,  OF  be  drawn,  two  other  lines  oxy  oy 
can  be  drawn  in  the  plane  of  the  other  curve,  inclined  at  the  j 
same  angle,  having  the  property  that  the  abscissa  and  ordinate 
OMy  MP  of  any  point  P in  the  first  being  taken,  the  abscissa  j 
and  ordinate  om,  mp  of  a corresponding  point  p in  the  second  i 
will  be  proportional  to  the  former,  viz.,  I 

om  : mp  ::  OM  : MPP 

And  the  converse  propositions  can  also  be  deduced,  that  if  ; 
these  proportions  hold,  the  curves  will  be  similar.  | 

{ 

In  order  to  illustrate  the  first  test,  (t). 

Let  the  arcs  of  two  circles,  AB^  ah  have  the  same  center  C,  and  the  i 
bounding  radii  be  coincident  in  direction. 

Let  A DEB  be  any  polygon  inscribed 
in  AB  and  let  CD^  CE  cut  ah  in  d,  e;  join 
ad,  de,  eh ; these  are  parallel  to  AD,  DE, 

EB,  respectively, 

and  ad  I de  \ eh  ::  AD  : DE  : EB, 

.*.  adeh  is  similar  to  ADEB ; 

and  the  arcs  ah,  AB  are  similar. 
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Deduction  of  criteria  of  Similarity. 

26.  " Test  (2)  If  ABCD  abed,,.,  be  corresponding 
)ortions  of  similar  polygons,  AB^  BC,  ...  ah,  he,  ...  being  ho- 
nologous  sides,  and  J./S',  BS,  ...  be  drawn  to  any  point  S, 
jonstruct  the  triangle  sah  equiangular  with  SAB  and  join  sh, 
...  (See  fig.  p.  42) 

Then  sh  : SB  ::  ah  : AB 
::  he  : BG, 
and  z SBC  = Lshc;' 

\ SBC,  she  are  similar  triangles, 

i and  sc  : SC  ::  sh  : SB, 

sa  : >8!^  ; 

j.nd  similarly  for  sd,  se,  &c. 

Hence  if  two  polygons  are  similar  and  any  point  be  taken 
in  one,  another  point  can  be  found  in  the  other,  such  that  the 
cadii  drawn  to  corresponding  angular  points  are  proportional  and 
jontain  the  same  angles. 

If  we  now  increase  the  number  of  sides  indefinitely  and 
diminish  their  magnitude,  the  same  property  holds  with  respect 
to  the  curvilinear  limit  of  the  polygon. 


27.  The  converse  proposition  may  be  thus  proved. 

If  the  angles  ASB,  BSC,  ...  be  equal  to  the  angles  ash, 
hsc,  ... 

and  SA  : SB  : SC  ...  ::  sa  : sh  : sc 
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the  triangles  ASB^  ash,  &c.,  are  similar, 

and  AB  : ab  ::  SB  : sh  BC  : he, 

AB  : BC  i CD  ...  ::  ah  x he  : cd  ... 

or  the  parts  of  the  polygons  are  similar  which  are  bounded  by  i 
corresponding  radii. 

Hence  proceeding  to  the  ultimate  form  of  the  hypothesis,  I 
the  similarity  of  the  curves  which  are  the  curvilinear  limits  of  I 
the  corresponding  portions  of  the  polygons  is  proved.  ! ^ 

The  third  test  immediately  follows.  ^ 

Centers  of  Similitude* 

28.  If  two  similar  curves  are  so  situated  that  a point  can  i 
be  found,  such  that  the  radii,  drawn  from  that  point,  either  in 
the  same  or  in  opposite  directions,  are  in  a constant  ratio,  such  : 
a point  is  called  a center  of  similitude. 

If  the  radii  are  measured  in  the  same  direction,  the  point  is 
a center  of  direct  similitude,  and  of  inverse  similitude  if  they  ! 
are  in  opposite  directions. 

It -is  easily  shewn  that  there  can  only  be  one  center  of 
similitude  of  one  kind. 

Properties  of  similar  Curves,  and  application  of  tests  of  Similarity,  yj, 

1.  Similar  conterminous  arcs,  which  have  their  chords  coin-  ict 
cident,  have  a common  tangent. 


Let  APB,  Aph  hQ  similar  conterminous  arcs,  ABh  the  line 
of  their  chords,  h being  supposed  ultimately  to  move  up  to  B, 
AQq,  APp  any  straight  lines  meeting  the  curves  in  Q,  q and  P,p 
respectively ; 
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AQ  : Aq  ::  AP  : Ap\ 

AP,  Ap  are  similar  portions  of  the  curve ; 
by  Lemma  Y, 

arc  AP  : arc  Ap  ::  AP  : Ap 
AB  : Ab; 

.%  arcs  AP,  Ap  vanish  simultaneously, 

)r  when  AP  assumes  its  limiting  position  AD  for  APB  it  is 
ilso  the  limiting  position  for  Apb,  i.  e»  the  curves  have  a com- 
non  tangent. 

2.  To  find  the  center  of  direct  and  inverse  similitude  of 
;wo  circles. 


Let  S be  the  intersection  of  two  common  tangents  to  the 
jircles  which  intersect  in  the  produced  line  Cc  joining  their 
Jenters, 

CQ,  cq  radii  to  the  points  of  contact, 

SpP  a line  through  S cutting  the  circles  in  p,  P, 

Cq  is  parallel  to  CQ, 
and  CS  : cS  ::  CQ  : cq 
CP  : cp  ; 

CS  : CP  cS  : cp, 

and  CPS,  cpS  being  each  greater  or  each  less  than  a right 
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angle,  and  CSP  being  common  to  the  triangles  CPS^  cpS,  they 
are  similar,  (Euclid  vi.  7.) 

SF  : Sp  ::  SC  ; Sc\ 

S is  the  center  of  direct  similitude. 

Similarly,  the  intersection  of  two  common  tangents  which 
cross  between  the  circles  is  a center  of  inverse  similitude. 

3.  To  find  the  condition  of  similarity  of  two  conic  sections, 
considering  each  as  the  locus  of  a point  whose  distances  from  a 
fixed  point  and  a fixed  straight  line  are  in  a constant  ratio. 

Let  the  conic  sections  be  placed  so  that  their  directions  are  parallel 
and  foci  coincident,  SpP^  any  ^ 
line  through  the  focus  meeting 
them  in  pP^  SaAD  perpendi- 
cular to  the  directrix  DQ  of 
AP,  PQ  perpendicular  to  DQ, 
join  SQ  and  let  pq,  parallel 
to  PQ,  meet  it  in  q,  draw  qd 
perpendicular  to 

Then  SD  i Sd  ::  . ajvx, 

::  Sp  : SP, 

if  the  curves  be  similar ; 

and  Sp  : SP  is  a constant  ratio, 

Sd  : SD  is  a constant  ratio, 
and  dq  is  a fixed  straight  line  for  all  positions  of  p, 
and  ^mcQ  pq  : Sp  ::  PQ  : SP ; 

.*.  pq  : Sp  is  SL  constant  ratio ; 

qd  is  the  directrix  of  aj),  and  the  constant  ratio  being  the  same 
in  both,  the  eccentricities  are  the  same. 

4.  All  parabolas  are  similar. 

For,  using  the  last  figure, 

- Sp  : SP  ::  pq  : PQ, 
and  SP~PQ,  Sp=^pq, 
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a I is  the  directrix  of  ap, 

and  Sp  : SP  ::  Sq  : SQ, 

::  Sd  : SD, 

::  Sa  : SA  ; 

the  parabolas  ap,  AP  are  similar. 

5.  Cycloids  are  similar. 

Let  two  cycloids  APC^  Ape  be  placed  so  that  their  vertices  are  the 
s le,  and  their  axes  coincident  in  direction,  and  describe  circles  on  the 
a <s  AB,  Ah,  Draw  AqOi  cutting  the  circles  in  q,  Q. 


Then,  since  the  segments  Aq,  AQ  are  similar, 

arc  Aq  : arc  AQ  ::  Aq  : AQ, 

j d if  mqp^  MQP  be  ordinates  to  the  cycloids, 

arcs  Aq,  AQ  = qp,  QP  respectively ; 
qp  : QP  ::  Aq  : AQ, 
and  ApP  is  a straight  line. 

Also  Ap  : AP  ::  Aq  : AQ, 

1*  ::  Ah  : AB,  2b  constant  ratio ; 

a condition  of  similarity  is  satisfied. 

Obs.  In  this  position  of  the  cycloids  the  point  A is  o,  center  of 
( jct  similitude. 


^EWT. 
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Application  of  the  properties  of  similar  curves  to  construct  curves 
which  satisfy  given  conditions. 


6.  To  construct  a cycloid  which  shall  have  its  vertex  at 
a given  point,  its  base  parallel  to  a given  straight  line,  and  which 
shall  pass  through  a given  point. 

Let  A be  the  given  vertex,  AB  perpendicular  to  the  given  line, 
P the  given  point. 

1 i« 

In  AB  take  any  point  h,  and  with  the  generating  circle,  whosefi 
diameter  is  Ab^  describe  a cycloid  Ape,  join  AP  intersecting  this?^ 
cycloid  in  p. 

Take  AB  a fourth  proportional  to  Ap,  AP,  and  Ab,  AB  is  thej 
diameter  of  the  generating  circle  of  the  required  cycloid. 

For,  Ap  : AP  ::  Ab  : AB, 

.*.,  since  all  cycloids  are  similar,  P is  a point  in  the  cycloid  whose ^ 
axis  is  AB. 


7.  Instruments  for  copying  plans  on  an  enlarged  or  rej 
duced  scale  are  founded  upon  the  proportion  of  similar  figures! 
as  the  Pantagraph  and  the  Eidograph : as  also  the  method 
dividing  the  plans  into  squares.  '' 


The  Pantagraph  is  an  instrument  for  drawing  a figure  similar  to  ij 
given  figure  on  a smaller  or  larger  scale,  one 
of  its  forms  is  as  in  the  figure ; 

AD,  EF,  GC  and  AE,  DG,  FG 
are  two  sets  of  parallel  bars,  joined  at  all 
the  angles ; at  P is  a point,  which  serves  to 
fix  the  instrument  to  the  drawing  board,  at 
A is  Si  point,  which  is  made  to  pass  round 
the  figure  to  be  reduced  or  enlarged ; at  C is 
a hole  for  a pencil  pressed  down  by  a weight 


and  which  traces  the  similar  figure,  altered  in  dimensions  in  the  ratio 


BC  : AB,  or  BF  : AD. 
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le  similarity  of  the  figure  traced  by  the  pencil  is  a consequence  of  con- 
lual  similarity  of  the  triangles  ABDj  BFC. 

By  changing  the  positions  of  the  pegs  at  F and  G the  figure  de- 
ified by  C may  be  made  of  the  required  dimensions. 

8.  Volume  of  a cone  whose  base  is  a plane  closed  figure 
any  form. 

Let  Fbe  the  vertex,  AB  the  base,  VH  perpendicular  to  the  base 
>m  V : let  VH  be  divided  into  n 
ual  portions  of  which  MN  is  the 
fl]";  and  let  PQ,  be  the  section 
rough  M parallel  to  AB. 

Let  A he  the  area  of  AB. 

Then  if  VPA  be  any  generating 

le, 

PM  : AH  ::  Fif  : VH ; 

PQ  is  similar  to  AB^  and  M,  H are  centers  of  similitude, 
and  area  PQ  : area  AB  ::  F : 

MN  : VH  : : \ : n ; 
area  PQ.  MN  : A . VH  ::  F : F; 
volume  of  cylinder  whose  base  is  PQ  and  height  MN 
F 


xA.  VH; 


volume  of  cone  = A . VH  x limit  of 


1£ 

+ n-l\ 


J of  the  cylinder  whose  base  is  A B and  height  VH. 


IV. 


1.  Apply  a criterion  of  similarity  to  shew  that  segments 
’ a circle  which  contain  the  same  angle  are  similar. 

2.  From  the  definition  of  an  ellipse,  as  the  locus  of  a point 
le  sum  of  whose  distances  from  two  fixed  points  is  constant, 
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shew  that  ellipses  are  similar  when  the  eccentricities  are  the 
same. 


S.  Prove  that  the  center  of  an  ellipse  is  a center  of  inverse 
similitude  to  two  opposite  equal  portions  of  the  circumference  of 
the  ellipse.  j 

4.  Employ  the  properties  of  similar  figures  to  inscribe  a I 

square  in  a given  semicircle.  ] 

5.  Shew  that  all  the  spirals  of  Archimedes,  in  which  the  l| 

radius  vector  varies  as  the  angle,  are  similar.  | 

6.  Find  the  condition  of  similarity  of  equiangular  spirals.  11 

7.  If  A be  the  vertex  of  a conical  surface,  G the  center  ofj 
gravity  of  the  base,  H that  of  the  volume  of  the  conical  figure,! 

JH  = ^AG, 

8.  Find  the  center  of  gravity  of  a right  cone  on  a circular- 

base.  j 

9.  Deduce  the  position  of  the  center  of  gravity  of  a cir- 
cular sector  from  that  of  a circular  arc ; shew  that  the  distance; 

- , . ^ radius  x chord 

from  the  center  is  4 • • 

arc  , I 

10.  Shew  that  arcs  of  catenaries  are  similar,  whose  horizon-  ^ 
tal  abscissae  from  the  lowest  points  are  proportional  to  the  ten-1 
sions  at  the  extremities. 

1 .11 
i le 

(,  ill 

; i 

I )f 


11.  All  Lemniscates  are  similar. 
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any  arc  ACB  given  in  position  he  subtended  by  a chord 
AB,  and  if  at  any  point  A,  in  the  middle  of  continued  cur- 
vature, it  be  touched  by  the  straight  line  AD  produced  in 
both  directions,  then,  if  the  points  A,  B,  approach  one  another 
and  ultimately  coincide;  the  angle  BAD  contained  by  the 
chord  and  tangent,  will  diminish  indefinitely  and  ultimately 
vanish. 


31%  if  that  angle  does  not  vanish,  the  arc  A CB  will  contain 
with  the  tangent  AD  an  angle 
equal  to  a rectilineal  angle, 
and  therefore,  the  curvature 
at  the  point  A will  not  be  con- 
tinuous, which  is  contrary  to 
the  hypothesis  that  A was  in 
the  middle  of  continuous  curvature. 


Definitions  of  a tangent  to  a curve. 

29.  (l)  If  a straight  line  meet  a cun/e  in  two  points 

, B,  and  if  B move  up  to  A,  and  ultimately  coincide  with  A, 
B in  its  limiting  position  is  a tangent  to  the  curve  at  the 
)int  A. 

If  two  portions  of  a curve,  BA,  and  AB,  cut  one  another  at  a finite 
igle  in  A,  there  are  two  tangents,  AD,  AD’,  which  are  the  limiting 
)sitions  of  straight  lines  AB  and  AE  when  B and  E move  up  to  A 
ong  the  different  portions  AE  and  AB  oi  the  curve  respectively, 
nd  similarly  if  there  be  a multiple  point  in  A in  which  several  branches 
’ the  curve  cut  one  another  at  finite  angles. 

(2)  The  tangent  is  the  direction  of  the  chord  of  the 
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polygon,  of  which  the  curve  is  the  curvilinear  limit,  when  the 
number  of  sides  are  increased  indefinitely. 

This  is  founded  on  the  same  idea  of  a tangent  as  definition  (l), 

(3)  The  tangent  to  a curve  at  any  point  is  the  direction  of 
the  curve  at  that  point. 

In  order  to  apply  geometrical  reasoning  to  the  tangent  by  employing 
this  definition,  we  are  obliged  to  explain  the  notion  of  the  direction  of 
a curve,  by  taking  two  points  very  near  to  one  another,  and  asserting 
that  the  direction  of  the  curve  is  the  limiting  position  of  the  line  join-j 
ing  these  points  when  the  distance  becomes  indefinitely  small,  which 
reduces  this  definition  to  the  preceding.  ; 

Ohservations  on  the  Lemma.  || 

30.  “ Curvatura  Continua,”  if  we  consider  curves  as  the  cur-  ii 

vilinear  limits  of  polygons,  requires  the  curves  to  be  limits  of  ii 
polygons  whose  angles  continually  increase  as  the  number  of  the  ii 
sides  increase,  and  may  be  made  to  differ  from  two  right  angles j 
by  less  than  any  assignable  angle  before  the  assumption  of  thq 
ultimate  form  of  the  hypothesis.  ! 

If,  however,  as  we  increase  the  number  of  sides  and  diminisll 
their  magnitude,  one  of  the  angles  remains  less  than  two  right- 
angles  by  any  finite  difference,  the  curvature  of  the  curvilinearl 
limit  is  discontinuous,  and  the  form  is  that  of  a pointed  arch ; ir 
which  the  two  portions  cut  one  another  at  a finite  angle. 

A curve  may  be  of  continued  curvature  for  one  portion  be-  k 
tween  two  points,  while  for  another  its  curvature  changes  “ pei  )oi 
saltum.’’ 

Thus,  if  ABC  be  a curve  forming 
at  ^ a pointed  arch,  it  may  be  of  con- 
tinued curvature  from  B to  A and  from 
C to  B,  though  not  from  C to  A. 

In  this  case  the  tangents  in  passing 
from  C to  A assume  all  positions  interme- 
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; ( .te  to  CT,  Bt,  and  Bt\  TA,  but  at  B they  pass  from  Bt  to 
j!'  without  assuming  the  intermediate  positions. 

j 31.  ‘‘In  medio  curvaturae  continue,”  implies  that  the 
] int  A in  the  enunciation  of  the  Lemma  is  not  such  a point  as 

I in  the  last  figure,  but  in  passing  from  a point  on  one  side 
A to  another  on  the  other  side,  the  tangents  pass  through  all 
B intermediate  positions. 

The  curvature  is  supposed  to  be  in  the  same  direction  in  the 
;ure  of  the  Lemma,  which  in  all  curves  of  continued  curvature 
possible,  if  B be  taken  sufficiently  near  to  A at  the  commence- 
Bnt  of  the  change  in  the  construction. 

If  the  point  A be  not  “ in  medio  curvaturae  continuae,”  two 
ngents  AB,  AD'  may  be  drawn  at  A to  the  two  parts  of  the 
irve,  and  the  curve  BCA  makes  a finite  angle  with  one  of  the 
ngents  AD'. 

But,  even  in  this  case,  the  angle  between  the  chord  and 
lat  tangent  which  belongs  to  the  portion  of  the  curve  con- 
dered,  continually  diminishes  and  ultimately  vanishes. 


Definition  of  the  subtangent. 

32.  The  part  of  the  line  of  abscissae  intercepted  between 
le  tangent  at  any  point  and  the  foot  of  the  ordinate  of  that 
oint  is  called  the  subtangent. 


' Methods  of  finding  tangents  to  curves. 

I 33.  Let  OM,  MP  be  the  abscissa  and  ordinate  of  a point 
’ in  a curve,  and  let  Q be  a point  near  P,  ON,  NQ  its  abscissa 
nd  ordinate. 
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Let  QPU  meet  OF  the  line  of  abscissae  in  U ; then,  if  PR 
parallel  to  OM  meet  QN  in  i?  ; | 

PM  : MU  ::  QR  : PR  \ 

::  QN-  PM  : ON  - OM. 

Now  as  Q approaches  to  P,  the  limiting  position  of  QPU  is 
that  of  the  tangent  at  P,  (Lemma  VI.)  viz.  tPT, 

and  PM  : MT  is  the  limiting  ratio  of 
QN  - PM  : ON  - OM. 

This  ratio  determines  the  position  of  the  tangent  at  P,  andj 
if  the  ordinates  be  perpendicular  to  the  abscissae,  is  the  trigono- 
metrical tangent  of  the  angle  made  by  the  tangent  with  the  linej  pi 
of  abscissae. 


MT  is  the  subtangent. 


Illustrations. 

1.  In  the  common  parabola,  in  which 

PM^  : QN^  ::  OM  : ON; 

.*.  QN^-PM^  : PM^  ::  ON  - OM  : OM, 
and  QN  - PM  : PM  ON  - OM  i MT, 
QN  + PM  : PM  ::  2 : 1,  ultimately, 
QN^  - PM^  : PM'  ::  2 {ON  - OM)  : MT, 
.*.  MT  = 2 OM, 
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2.  Surface  of  a segment  of  a sphere. 


Let  AKH  be  the  portion  of  a circle  which  generates  by  revolution 


oiind  AH  the  spherical  segment,  0 the 
enter  of  the  circle,  PQ  the  chord  of  a 
mall  arc,  PM,  QN  perpendicular  to 
iH. 

Let  AOCD  be  the  rectangle  cir- 
urnscribing  the  quadrant,  and  gene- 
ating the  circumscribing  cylinder. 

Produce  MP,  iYQ,  HK  to  CD  in 
),  q,  h.  Since  PQ  is  in  its  limiting 
)osition  a tangent  at  P,  PQ  is  ulti- 
nately  perpendicular  to  the  radius  OP 
;nd  pq  to  MP ; 


A.  S!  a<M  Nnv 


: PQ  : pq  ::  OP  : PM,  ultimately, 

|md  the  surfaee  generated  by  PQ  is  ultimately  27rPM.PQ  (Art.  17), 
— OP  . pq  = surface  generated  by  pq. 

The  same  is  true  for  each  side  of  the  inscribed  polygon,  when  the 
lumber  is  indefinitely  increased. 

.•.  the  surface  generated  by  AK  or  the  surface  of  the  spherical  seg- 
nent  is  equal  to  the  surface  of  the  circumscribed  cylinder  cut  off  by  the 
)lane  of  the  base  of  the  segment. 

CoR.  1.  Hence  also,  the  surface  of  any  belt  of  a sphere  cut  off  by 
.wo  parallel  planes  is  equal  to  the  corresponding  belt  of  the  cylindrical 
lurface. 


Cor.  2.  The  moment  of  the  belt  generated  by  PQ  with  respect  to 
he  plane  of  contact  of  the  sphere  and  cylinder,  generated  by  OP,  is 
evidently  ultimately  equal  to  that  of  the  belt  generated  by  pq ; 

\ the  moment  of  any  belt  generated  by  K'K  is  equal  to  that  of  the 
jorresponding  belt  by  k'k ; 

the  centers  of  gravity  of  the  two  belts  are  coincident,  viz.  in  the 
bisection  of  HH\  or,  the  distance  of  the  center  of  gravity  of  a spherical 
)elt,  contained  between  parallel  planes  is  half-way  between  the  two 
fianes. 
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Cor.  3.  A spherical  sector  is  generated  by  the  revolution  of  a 
sector  A OP. 

The  volume  of  the  spherical  sector  is  equal  to  the  limit  of  the  sum  of 
a series  of  pyramids  whose  vertices  are  in  0,  and  the  sum  of  whose  bases 
is  ultimately  the  area  of  the  surface  of  the  segment, 

and  the  volume  of  each  pyramid  is  J base  x altitude ; 

volume  of  the  spherical  sector  is,  by  Art.  18, 

J area  of  the  surface  of  the  spherical  segment  x radius 

= ^ . Stt  .ad  . Dp.  AO 


— .AM.AO^ 

3 


QttAO^ 

3 


rs  POA. 


Cor.  a.  If  we  suppose  each  of  the  pyramids  on  equal  bases,  they 
may  he  supposed  collected  in  their  centers  of  gravity,  whose  distances 
are  ^ AO  from  0 ultimately,  and  they  form  a mass  which  may  be  dis- 
tributed uniformly  over  the  surface  of  a spherical  segment  whose  radius 
is  f ^0,  viz.  that  generated  by  ar,  whose  center  of  gravity  is  in  the 
bisection  of  am ; 

.*.  the  distance  of  the  center  of  gravity  of  the  spherical  sector  from  0 
= 1 {Oa  + Om) 

= ^Oa(l  +COS  rOa) 

= I 0 J . cos"  i POA. 

If  the  angle  POA  become  a right  angle,  the  distance  of  the  corre- 
sponding sector  which  becomes  the  hemisphere  is  f OA. 

3.  If  SY  be  the  perpendicular  on  the  tangent  PF  at  P in 
a curve,  F will  trace  out  a curve,  and  if  FZ  be  a tangent  to  the 
locus  of  F,  SZ  perpendicular  to  it, 

sr^  = sp.  sz. 

Let  P'  be  a point  near  P, 

S Y'  perpendicular  on  P'P, 

SZ  perpendicular  on  Y'  Y. 

Since  angles  *SFP,  SYP  are  right  angles, 
a semicircle  on  SP  passes  through  F,  Y'; 

.’.  the  angles  SY'Y,  SPY,  in  the  same  seg- 
ment, are  equal. 


\ ibi 

lit 

il 


i] 
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j and  the  right  angles  SZY',  SYP  are  equal  ; 

the  triangles  SPY,  SY'Z  are  similar, 

I and  SZ  : SY'  ::  SY  : SP, 

ut,  ultimately,  as  P'  moves  up  to  P,  P'PY'  becomes  the  tangent  at  P, 

I and  Y'YZ  that  at  Y to  its  locus, 

j and>SF'=^F; 

SZ.SP  = SY\ 

Q.  E.  D. 

V. 

1.  In  the  curve  in  which  the  abscissa  varies  as  the  cube  of 
he  ordinate,  shew  that  the  subtangent  is  three  times  the 
bscissa. 

2.  In  the  logarithmic  curve  in  which  the  abscissa  varies  as 
he  logarithm  of  the  ordinate  shew  that  the  subtangent  is 
onstant. 

3.  If  P F a tangent  to  an  ellipse  at  P meet  the  auxiliary 
lircle  at  F,  and  ST  he  perpendicular  to  the  tangent  at  Y,  ST 
'aries  inversely  as  HP, 

4.  AB  h the  diameter  of  a semicircle  AQB,  in  which  AM 
s taken  equal  to  BN,  QN  is  an  ordinate,  AQ  meets  the  ordinate 
;orresponding  to  AM  in  P,  the  locus  of  P is  the  cissoid,  shew 
!;hat  the  subtangent  at  P : AM  ::  2 AN  : 2AN  + AB, 

5.  In  the  Lemniscate  if  aS'  F be  perpendicular  to  the  tan- 
gent at  Q,  SA  being  the  greatest  value  of  SQ  shew  that 

SQ^==SY.SAK 

Apply  illustration  3,  and  the  properties  proved  in  the  Appendix. 

6.  In  the  catenary,  if  the  line  of  abscissae  be  at  a vertical 
distance  from  the  lowest  point  equal  to  the  length  of  the  string 
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whose  weight  is  the  tension  at  the  lowest  point  A,  shew  that  the 
sub  tangent  at  any  point  P : horizontal  distance  of  P from  A 

::  the  tension  at  P : the  tension  at  A. 


LEMMA  VII. 
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^ any  arc,  given  in  position,  he  subtended  hy  the  chord  AB, 
and  at  the  point  A,  in  the  middle  of  continued  curvature, 
a tangent  AD  he  drawn,  and  the  subtense  BD,  then,  when  ' 
B approaches  to  A and  ultimately  coincides  with  it,  the 
ultimate  ratio  of  the  arc,  the  chord,  and  the  tangent  to  one 
another  is  a ratio  of  equality. 

For  whilst  the  point  B approaches  to  the  point  A,  let  AB,  ;( 
AD  be  supposed  always  to  be  produced  to  points  h and  d \ 
at  a finite  distance,  and  hd  be  drawn  parallel  to  the  sub- 
tense BD,  and  let  the  arc  Ach  be  always  similar  to  the  | 
arc  ACB,  and  having,  therefore,  ADd  for  its  tangent  b 
at  A.  j! 


I 


But,  when  the  points  B,  A coincide,  the  angle  hAd  by  the 
preceding  Lemma,  will  vanish,  and  therefore,  the  straight  | 
lines  Ah,  Ad  which  are  always  finite  and  the  arc  Ach  j jj 
which  lies  between  them  [and  is  of  continuous  curvature,]  i 
will  coincide  ultimately,  and  therefore  will  be  equal.  j 

Hence  also,  the  straight  lines  AB,  JDand  the  intermediate  j 
arc  ACB  which  are  always  proportional  to  them,  will 
vanish,  and  have  an  ultimate  ratio  of  equality  to  one  I 
another.  t 
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li 

I: 

|0R.  1.  Hence,  if  through  B,  BF  be  drawn  parallel  to  the 
tangent,  always  cutting  any  straight  line  AF  passing 
I through  A in  F,  this  BF  will  have  ultimately  to  the 
vanishing  arc  ACB  a ratio  of  equality,  since,  if  the  paral- 
lelogram AFBD  be  completed,  it  has  always  a ratio  of 
equality  to  AD. 


OR.  2.  And  if,  through  B and  A be  drawn  many  straight 
lines  BE,  BD,  AF,  AG  cutting 


the  tangent  AD  and  BF,  parallel  — 


to  it ; the  ultimate  ratio  of  all 
the  abscissae  AD,  AE,  BF,  BG 
and  of  the  chord  and  arc  AB  to 
one  another  will  be  a ratio  of  equality. 


G- 

/ 

jbX 

\ 

OR.  3.  And,  therefore,  all  these  lines  in  every  argument 
concerning  ultimate  ratios  may  be  used  indifferently  one 
for  the  other. 


34.  The  subtense  of  the  angle  of  contact  of  an  arc  is 
straight  line  drawn  from  one  extremity  of  the  arc  to  meet,  at 
finite  angle,  the  tangent  to  the  arc  at  the  other  extremity. 

This  subtense  is  the  secant  defining  the  limited  line  called, 
L the  Lemma,  “ the  tangent.’’ 

The  chord  is  called  by  Newton  ‘‘  the  subtense  of  the  arc,” 
36  Lemma  XL 

Observations  on  the  Lemma. 

35.  In  the  construction  for  this  Lemma,  BD  must  be  a 
ibtense,  ^.  e.  inclined  throughout  the  change  of  position  at  a 
fiite  angle  to  the  tangent  or  chord,  for,  otherwise,  the  angles 
fAD  and  ABD  being  both  small,  the  ultimate  ratio  of  the 
lord  to  the  tangent  might  be  any  finite  ratio  instead  of  being 
ae  of  equality. 

This  is  the  only  limitation  of  the  motion  of  BD ; the  follow- 
ig  figure  represents  changes  which  may  take  place  in  the  ap- 
roach  towards  the  ultimate  state  of  the  hypothesis ; 
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b,  d are  the  distant  points,  i.  e,  at  a finite  distance  from  A 
B'D\  B"D”  positions  of  the  subtense,  when  B approaches] 
towards  A,  db,  db\  db",  parallel  to  these.  i] 

Acb\  Ac"b'\  the  changed  forms  of  Acb  so  as  to  be  always ■ 
similar  to  the  portion  of  ACB  cut  off  by  the  chord. 


36.  It  should  be  remarked  that  the  curve  Acb  is  not  in- 
termediate in  magnitude  to  the  two  lines  Ab,  Ad  but  only  in  j 
position,  for  example,  Ab  may  be  equal  to  Ad,  if  BD  make  | 
equal  angles  with  the  two  lines,  and  the  curve  line  is  greater 
than  either  Ab  or  Ad\  but  it  becomes  in  all  cases  less  bent, 
until  it  is  ultimately  rectilinear,  and  the  three  Acb,  Ab,  Ad 
ultimately  equal ; the  only  alternative  being  that  the  curve  be-  l! 


comes  doubled  up  as  in  the 
figure,  which  is  precluded  by 
the  supposition  that  the  cur- 
vature is  continued,  in  the 


same  direction,  near  A,  throughout  the  passage  from  B to  A. 
37.  The  subtense  ultimately  vanishes  compared  with  the 


arc. 


For  BD  : ACB  ::  bd  : Acb, 
and  since  bd  vanishes,  and  Acb  remains  finite,  in  the  limit,  thef 
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itio  SD  : ACB  vanishes  ultimately.  In  curves  of  finite  cur- 
ature  it  will  be  afterwards  seen  that  BD  oc  ACB^, 

j 38.  If  two  curves  of  continued  curvature  which  do  not 
iitersect  have  a common  chord,  the  length  of  the  exterior  curve 
j i greater  than  that  of  the  interior. 

||  Let  AcdeB,  ACJDEFB  any  two  polygons, . having  a common 
Side  AB,  be  such,  that  the  first 
es  entirely  within  the  second, 
nd  that  neither  has  internal 
hgles,  the  perimeter  of  the  first 
'i  less  than  that  of  the  second. 

For,  produce  Ac^  cd^  de  to 
leet  the  perimeter  of  the  exterior 
1 c\  d\  e. 

I Then  AC  + Cc' ^ Ac' ; 

i ACBEFB>  Ac'BEFB, 

: Similarly  Ac'BEFB  > Acd'EFB, 

' and  so  on; 

a fortiori,  ACBEFB  > AcdeB. 

And,  since  the  same  is  true  in  the  limit  when  the  number  of  sides 
3 increased  indefinitely,  therefore  the  curvilinear  limits  of  the  polygons 
«iave  the  same  property,  and  the  proposition  is  proved. 

The  polar  suUangent  and  the  inclination  of  the  tangent  to  the  radius 
, vector^  at  any  point  of  a spiral. 

39.  Let  S be  the  pole,  FT  the  tangent  at  a point  P in 
he  curve,  ST  perpendicular  to  SP  meeting  PT  'm  T is  the 
)olar  subtangent,  for  the  point  P. 

Let  Q be  a point  near  P,  QM  perpendicular  to  PS,  pro- 
duced if  necessary,  QR  the  circular  arc,  center  S,  meeting  SP 
n R. 
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Let  QP  meet  iS'  T in  U,  then 
SU  : SP  ::  QM  : PM, 

and  MR  : QM  ::  QM  : 
and  when  Q approaches  indefinitely 
near  to  P,  QM  vanishes  compared  with 
SM+  SR; 

MR  vanishes  compared  with  QM 
or  PM; 

SU  : SP  ::  QM  : PR  ultimately; 

ST : SP  is  the  limiting  ratio  of  QR  : PR  ; or  QR:  SQ-  SP. 

Hence  S T,  and  also  the  trigonometrical  tangent  of  the  angle 
SPT  between  the  tangent  and  the  radius  vector  are  known. 


Inclination  of  the  tangent  to  the  radius  vector  in  the  Cardioid. 


If  Bqp  be  a circle  whose  center  is  S and  diameter  BC,  pm  an  ordi- 
nate at  p,  produce  Sp  to  P,  making  SP  = Bm,  P traces  out  the  cardi- 
oid APS,  making  the  same  construction  as  before, 

ST  : SP  ::  QR  : /S'Q '-/S'P  ultimately ; 
and  if  SQ  meet  the  circle  in  q,  draw  the  ordinate  qn, 
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then,  SP  — SQ  - mn ; 
and  Q,R  ; ipq  ::  /SQ  : 8q 

::  SP  ; 6/?  ultimately ; 
also  pq  : mn  Sp  : pm  ultimately ; 

QB  : SP-SQ  ::  SP  : jt/m  ultimately; 

ST  ; /SP  ::  Bm  : pm; 
z SPT  = z mpB  = complement  of  | z P/SJ. ; 
hence  the  cardioid  cuts  SA  at  right  angles  at  A,  touches  SB  at  S, 
A cuts  the  circle  at  an  angle  equal  to  half  a right  angle. 

VI. 

1.  RQq  is  a common  subtense  to  two  curves  PQ,  Pq 
aich  have  a common  tangent  PR  at  P.  When  RQq  approaches 

P,  RQ  and  Rq  ultimately  vanish,  is  the  ratio  RQ  : Rq  ulti- 
ately  a ratio  of  equality  ? 

2.  Prove  that  the  circular  measure  of  an  angle  lies  be- 
^een  the  trigonometrical  sine  and  tangent  of  the  angle. 

I 3.  In  the  hyperbolic  spiral,  in  which  the  radius  vector 
Iries  inversely  as  the  spiral  angle,  prove  that  the  subtangent  is 
nstant. 


4.  In  the  spiral  of  Archimedes,  in  which  the  radius  vector 
vries  directly  as  the  angle,  shew  that  the  subtangent  is  equal 
the  arc  of  the  circle,  whose  radius  is  the  radius  vector  which 
subtended  by  the  spiral  angle. 


!• 


5.  Shew  that  the  extremity  of  the  polar  subtangent  from 
e focus  of  a conic  section  is  always  in  a fixed  straight  line. 

6.  In  any  curve,  if  Q be  the  intersection  of  perpendiculars 
; two  consecutive  radii  vectors,  through  their  extremities,  and 
Y be  the  perpendicular  from  the  pole  S on  the  tangent  at  P, 
*ove  that  ultimately  SP^  - SY . SQ. 

I NKWT.  F 
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If  two  straight  lines  AE,  BE,  make  with  the  arc  ACB,  the 
chord  AB,  and  the  tangent  AD,  the  three  triangles  EACB, 
EAB,  and  EAD,  and  the  points  A,  B approach  one  an- 
other ; then  the  xdtimate  form  of  the  vanishing  triangles  is 
one  of  similitude^  and  the  xdtimate  ratio  one  of  equality. 

For,  whilst  the  point  B is  approaching  the  point  let  AE, 
AD,  AR  be  always  pro- 


duced to  points  h,  d,  r at 
a finite  distance,  and  rhd  be 
always  drawn  parallel  to 
RD,  and  let  the  arc  Ach  be 
always  similar  to  the  arc 
ACB,  and  therefore  have 
Dd  for  the  tangent  at  A. 
Then,  when  the  points  B,  A 
coincide  the  angle  hAd 
will  vanish,  and  therefore 
the  three  triangles  rAh, 


rAcb,  rAd,  will  coincide,  and  are  therefore  in  that  casej 
similar  and  equal.  Hence  also,  BAB,  RACB,  RAD 
which  are  always  similar  and  proportional  to  these, 
will  be  ultimately  similar  and  equal  to  one  another. 

Cor.  And  hence,  in  every  argument  concerning  ultimate|D 
ratios,  these  triangles  can  be  used  indifferently  for  one 
another.  ! 


us 


'lii( 


Observations  on  the  Lemma. 


40.  If  RB  throughout  the  change  in  the  hypothesis  maki 
a finite  angle  with  RA,  the  three  triangles  rah,  racb,  rad  re!  U 
main  always  finite  and  are  ultimately  identical  and  equal.  But 
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ii  the  angle  ARB  is  ultimately  not  finite,  for  example,  if  RB 
iirolve  round  a fixed  point  i?,  the  rah,,.,  triangle  become  in- 
lite,  since  r moves  to  r and  so  on  to  an  infinite  distance,  and 


Bre  is  as  great  an  objection  to  dealing  with  these  infinite 
angles,  as  to  reasoning  immediately  upon  the  relation  of  the 
angles  RAB,  RAD  in  the  former  case. 

I In  this  case  we  can  at  once  deduce  the  equality  of  the  tri- 
jgles  without  producing  J.Z)  to  a point  at  a finite  distance. 
>r,  the  ratio  of  the  difference  of  RAD  and  RAB  to  BAB  is 
D : RD,  which  vanishes  ultimately,  since  RD  is  finite  in 
|is  case;  RAB  and  RAD  and  the  curvilinear  triangle, 
lich  is  intermediate  in  magnitude,  are  ultimately  in  a ratio  of 
uality. 


LEMMA  IX. 

a straight  line  AE  and  curve  ABC,  given  in  position,  cut 
one  another  in  a finite  angle  A,  and  ordinates  BD,  CE  be 
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drawn^  inclined  at  another  finite  angle  to  that  straight  line, 
and  meeting  the  curve  in  B,  C ; then,  if  the  points  B,  C 
move  up  together  to  the  point  A,  the  areas  of  the  curvilinear 
triangles  ABD,  ACE,  will  he  ultimately  to  one  another  in 
the  duplicate  ratio  of  the  sides. 

For,  as  the  points  B,  C are  approaching  the  point  A,  let 
JD,  AE,  be  always  produced  to  the  points  d,  e at  a 
finite  distance,  such  that 

Ad  : Ae  ::  AD  : AE, 


j)t 


h! 


and  let  the  ordinates  db, 
ec  be  drawn  parallel  to  DB., 

EC  meeting  the  chords 
AB,  AC  produced  in  h,  c, 

[and  Ah  : AB  ::  Ad  : AD 

Ae  : AE  ::  Ac  : AC; 

Ah  : Ac  ::  AB  : AC,] 

hence  a curve  Ahc  can  be  supposed  to  be  drawn  always 
similar  to  ABC,  while  B and  C move  up  to  A. 

Let  the  straight  line  Ag  be  drawn  touching  both  curves  atj 
A,  and  cutting  the  ordinates  DB,  EC,  dh,  ec  in  F,  Cr,| 
/. 

[Now  areas  ABD,  ahd,  by  Lemma  V,  are  always  in  theL 
duplicate  ratio  of  AD,  ad,  and  areas  ACE,  ace  in  the) 
duplicate  ratio  of  AE,  and  Ae, 

and  AD  : Ad  ::  AE  : Ae  ; 

ABD  : Ahd  ::  ACE  : 

If,  then,  the  points  B and  C move  up  to  A and  ultimate!}' 
coincide  with  it,  the  angle  cAg  will  ultimately  vanish,' 
and  the  curvilinear  areas  Ahd,  Ace  will  coincide  with  the' 
rectlinear  triangles  Afd,  Age,  and  therefore  will  be  ulti' 
mately  in  the  duplicate  ratio  Ad,  Ae.  I 


I le 


I itl 
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But  ABD,  ACE  are  proportional  to  Abd,  Ace,  always, 
also  AD,  AE  are  proportional  to  Ad,  Ae; 
also  areas  ABD,  ACE  are  ultimately  in  the  duplicate 
] tio  of  AD,  AE. 


\ Ohsermtions  on  the  Lemma. 

i 41.  By  a finite  angle  is  to  be  understood  an  angle  less  than 
10  right  angles,  and  neither  indefinitely  small  nor  indefinitely 
ar  to  two  right  angles. 

I The  angles  between  AD  and  the  curve  and  between  AD  and 
D are  different  finite  angles,  because  otherwise  BD  would 
it  meet  the  curve. 

42.  It  is  not  necessary  that  d and  e be  fixed,  but  only  that 
|ey  remain  at  a finite  distance  from  A,  and  that  the  proportion 
I retained. 

i The  student,  by  reference  to  Arts.  35,  40,  will  be  able  to 
[hibit  the  change  in  the  figure  which  will  correspond  to  a 
ange  of  the  position  of  B and  C in  the  progress  towards  the 
itimate  position. 

I 43.  When  the  angle  CAG  vanishes,  the  curvilinear  areas 
\bd,  Ace  coincide  with  the  rectilinear  triangles  Afd,  Age,  and  so 
•e  in  the  duplicate  ratio  of  Ad  : Ae.  But  if  the  angle  DAE 
) not  finite  those  triangles  will  not  themselves  be  finite,  and 
jie  object  aimed  at  by  producing  to  a finite  distance  will  not  be 
|<tained. 

[ The  fact  is,  that  the  triangle  Adb  is  made  up  of  the  triangle 
idf  and  the  curvilinear  triangle  Afb,  of  which  the  latter  is  in- 
lefinitely  small  ultimately,  and  the  former  finite ; therefore  Afb 
lanishes  compared  with  Adf,  but  if  Adf  be  indefinitely  small,  the 
jitio  {^AFB  : AAGC  must  be  found  by  another  process,  and  by 


70 


NEWTON. 


referring  to  Lemma  XI,  it  will  be  found  that  the  ratio  is  that  of 
cubes  of  the  arcs  ultimately. 

If  the  angle  DAF  be  greater  than  a right  angle,  the  figure 
assumes  a form  in  which  AI)  lies  below  ABC,  hence  DB,  EC,,,, 
must  be  produced  to  meet  the  tangent,  and  the  argument  pro- 
ceeds the  same  as  before. 


LEMMA  X. 

The  spaces  which  a body  describes  \^from  rest]  under  the  I 
action  of  any  finite  force,  whether  that  force  be  constant  or  | 
else  continually  increase  or  continually  diminish,  are  in  the  ;■ 
very  beginning  of  the  motion  in  the  duplicate  ratio  of  the  ^ 
times. 


[Let  the  times  be  represented  by  lines  measured  from  A, 
along  AK  and  the  veloci- 


ties generated  at  the  end 
of  those  times,  by  lines 
drawn  perpendicular  to 
AK.  Suppose  the  time 
represented  by  AK  to  be 
divided  into  a number  of 
equal  intervals,  represent- 
ed by  AB,  BC,  CD,... 
and  Bb,  Cc,  Dd,  . . . Kk  re- 
present the  velocities  ge- 
nerated in  the  times  AB,  AC,...  AK  respectively,  and  let 
Abed...  be  the  curve  line,  which  always  passes  through 
the  extremities  of  these  ordinates.  Complete  the  paral- 
lelograms Ab,  Be,  Cd,... 

In  the  interval  of  time  denoted  by  CD,  the  velocity  con- 
tinually changes,  from  that  represented  by  Cc,  to  that 
represented  by  Dd,  and  therefore,  the  space  described 
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in  that  time  is  intermediate  between  the  spaces  repre- 
sented by  the  parallelograms  Dc  and  Cd\  therefore  the 
spaces  described  in  the  times  AD,  AK  are  represented 
by  areas  which  are  intermediate  between  the  sums  of  the 
parallelograms  inscribed  in  and  circumscribed  about  the 
curvilinear  areas  ADd  and  AKk  respectively. 

j'herefore,  by  Lemma  II,  the  number  of  intervals  being  in- 

j creased,  and  their  magnitudes  diminished  indefinitely, 
the  spaces  in  the  times  AD,  AK  are  proportional  to  the 
curvilinear  areas  ADd,  AKk. 

Tow,  the  force  being  finite,  the  ratio  of  the  velocity  to  the 
time  is  finite,  Kk  : AK  is  a finite  ratio,  however 
small  the  time  be  taken  ; if  be  the  tangent  to  the 
curve  line  at  A,  meeting  Kk  in  T,  KT  : AK  is  a finite 
ratio;  the  angle  TAK  is  finite,  or  AK  meets  the 
curve  at  a finite  angle. 

lence,  by  Lemma  IX,  if  AD,  AK  be  indefinitely  di- 
minished, 

area  ADd  : area  AKk  ::  AD^^  ; AK^\ 

in  the  beginning  of  the  motion,  the  spaces  described 
are  proportional  to  the  squares  of  the  times  of  describing 
them.  Q.E.D.] 

Cor.  1.  And  hence  it  is  easily  deduced,  that  the  errors  of 
bodies,  describing  similar  parts  of  similar  figures  in  pro- 
portional times,  which  are  generated  by  any  equal  forces 
acting  similarly  upon  the  bodies,  and  which  are  measured 
by  the  distances  of  the  bodies  from  those  points  of  the 
similar  figures,  to  which  the  same  bodies  would  have 
arrived  in  the  same  proportional  times  without  the 
action  of  the  disturbing  forces,  are  approximately  as 
the  squares  of  the  times  in  which  they  are  generated. 
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Cor.  2.  But  the  errors  which  are  generated  by  propor- 
tional forces,  acting  similarly  at  similar  portions  of 
similar  figures,  are  approximately  as  the  forces  and  the 
square  of  the  times  conjointly. 


ei 


Cor.  3.  The  same  is  to  be  understood  of  the  spaces 
which  bodies  describe  under  the  action  of  different 
forces.  These  are,  in  the  beginning  of  the  motion  con- 
jointly, as  the  forces  and  the  squares  of  the  times. 


Cor.  4.  Consequently,  in  the  beginning  of  the  motion  the 
forces  are  as  the  spaces  described  directly,  and  the 
squares  of  the  times  inversely. 

Cor.  .5.  And  the  squares  of  the  times  are  as  the  spaces  f 
described  directly  and  the  forces  inversely. 


The  proof  given  in  the  original  Latin  is  as  follows  : , 

Exponantur  tempora  per  lineas  AD,  AE,  et  velocitates ; 
genitae  per  ordinatas  DB,  EC;  et  spatia,  his  velocitatibusi 
descrip ta,  erunt  ut  areae  ABD,  ACE  his  ordinatis  de-j 
scriptee,  hoc  est,  ipso  motus  initio  (per  Lemma  IX.)  in| 
duplicata  ratione  temporum  AD,  AE.  q.  k.  d. 


44.  This  proof  has  been  amplified,  in  order  to  exhibit  in 
what  manner  the  descriptions  of  areas  by  the  flux  of  the  ordi- 
nates, corresponds  to  that  of  spaces  by  the  velocities  represented 
by  the  ordinates ; also,  to  shew  the  propriety  of  the  application 
of  the  ninth  Lemma,  by  reference  to  the  definition  of  finite 
force,  which  may  be  stated  as  follows : 

“ A force  is  finite  when  the  ratio  of  the  velocity  generated 
in  any  time  to  the  time  in  which  it  is  generated,  is  finite,  how- 
ever small  the  time  be  taken.” 
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1 Ohsermtions  on  the  Lemma* 

\ 45.  In  the  proof  of  this  Lemma,  time  is  represented  by  the 

[3ngth  of  a straight  line,  and  a distance  traversed  by  a body  is 
epresented  by  an  area. 

I If  the  length  of  a straight  line  be  always  proportional  to  the 
►eriod  of  time  elapsed,  the  straight  line  is  a proper  representa- 
ion  of  the  time.  Thus  n inches  has  the  same  ratio  to  one  inch 
hat  n seconds  has  to  one  second  ; and  on  this  scale  the  length  n 
nches  is  a proper  representation  of  n seconds. 

If  an  area  is  always  in  the  same  ratio  to  the  unit  of  area 
|hat  the  length  of  a straight  line  is  to  the  unit  of  length,  the  area 
s a proper  representation  of  the  length  of  the  straight  line. 

Thus,  if  AhhQ  one  foot,  AB,  n feet,  Ac  an  inch,  and  AC^  t 
nches : complete  the  parallelo- 
grams ABDC,  ahdc,  and  Bc^ 

ABGD  contains  nt  such  areas  as 
nhdc. 

\ If  now  a particle  move  with  a 
aniform  velocity  of  n feet  a second, 

AC  represents  t seconds  on  the  scale  of  one  inch  to  a second; 

I the  parallelogram  Be  represents  the  space  travelled  over  in  the 
first  second,  since  it  contains  n times  the  parallelogram  Ahdcy 
and  ABDC  represents  the  space  travelled  over  in  t seconds. 

I There  will  be  no  difficulty  in  the  representation  of  a period 
iof  time  by  a line,  or  of  a distance  by  an  area,  if  the  student 
bears  in  mind  that  periods  of  time  and  lengths  of  lines,  although 
existing  absolutely,  are  only  estimated  by  their  ratios  to  certain 
standard  periods,  and  standard  lengths,  and  they  are  therefore 
idetermined  whenever  these  ratios  are  given,  which  may  be  given 
either  directly  in  numbers  or  by  the  comparison  of  any  magni- 
tudes whatever  of  the  same  kind. 

46.  Cor.  1,  2.  If  bodies  describe  orbits  under  the  action 
jof  certain  forces,  and  small  forces  extraneous  to  those  under  the 
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action  of  which  the  orbits  are  described,  be  supposed  to  act  upon 
the  bodies,  the  orbits  are  disturbed  slightly,  and  the  errors 
spoken  of  are  the  linear  disturbances  of  the  bodies,  at  any  time,  ji 
from  the  positions  which  they  would  have  occupied  at  that  time,  n 
if  the  extraneous  forces  had  not  acted.  : 

Thus,  in  calculating  the  motion  of  the  Moon  considered  as  ; 
moving  under  the  attraction  of  the  Sun  and  Earth,  it  is  conve-  • 
nient  to  estimate  the  motion  which  she  would  have  subject  to  the 
attraction  of  the  Earth  alone,  and  then  to  calculate  what  will  be  f 
the  disturbing  effect  of  the  Sun  upon  this  orbit. 

47.  If  AB  be  a portion  of  an  orbit  described  by  a body  in 

any  time,  A C the  portion  of  the  orbit  described  when  a disturb- 
ing force  is  introduced,  is  “ quam  proxime  ” the  space  which 

would  have  been  described  in  the  same  time  from  rest  by  the  . 
action  of  the  disturbing  force  alone.  When  the  time  is  taken 
small  but  not  indefinitely  small,  the  expression,  in  the  statement  : 
of  the  corollaries,  “approximately,”  is  necessary  for  two  rea-'i 
sons ; for,  in  the  first  place,  the  position  of  the  body  in  space  is  | 
not  the  same  at  the  end  of  any  interval  in  the  lapse  of  the  time 
as  if  the  body  had  moved  from  rest  under  the  action  of  the  dis-i 
turbing  force  alone,  and  therefore  the  magnitude  of  the  force  is! ; 
not  the  same  generally  either  in  direction  or  magnitude  ; and,  in 
the  second  place,  since  the  force  is  not  generally  uniform,  the, 
variation  according  to  the  duplicate  ratio  of  the  times  is  not 
exact,  except  in  the  limit. 

But  when  the  times  are  taken  very  small  the  variation  ol 
direction  and  magnitude  of  the  force  may  be  neglected  as  ari 
approximation  to  the  true  state  of  the  case. 

48.  Application  of  the  method  of  Lemma  X to  determin( 
the  space  described  in  a finite  time  from  rest  by  a particle  under 
the  action  of  a constant  force. 

In  this  case,  since  the  acceleration  is  constant,  the  velocity  , 
varies  as  the  time. 
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1 Hence,  the  curve  Ak  is  a straight  line,  because  the  ordinates 
i 'ary  as  the  abscissae. 

!,  Therefore,  the  space  which  is  described  in  the  time  repre- 
ented  by  AK  is  represented  by  the  area  of  the  triangle  AKk, 
md  the  space  which  would  be  described  uniformly  in  the  same 
! ime  with  velocity  acquired  at  the  end  of  that  time  is  represented 
• )y  the  rectangle  whose  diagonal  is  Ak,  or  twice  the  area  of  the 
riangle  AKk\ 

. . Vt  m 

space  in  time  t — — = * — , 

where  F = velocity  at  the  time 
and  /*=  acceleration  in  an  unit  of  time. 

49.  General  geometrical  representation  of  the  space  de- 
scribed by  a body  in  a finite  time  when  it  moves  with  a variable 
velocity. 

Prop.  If  a curve  be  found,  such  that  the  ordinate  at  each 
point  represents  the  velocity  corresponding  to  a time  represented 
by  the  abscissa,  then  the  space  described  by  the  body  will  be  repre- 
sented by  the  area  bounded  by  the  curve,  the  line  of  abscissae, 
land  the  ordinates  corresponding  to  the  commencement  and  end 
iof  the  time  of  motion. 

Let  OA,  OB  represent  the  times  at  the  commencement  and 
I end  of  the  interval  during  which  the  motion  of  the  body  is  to  be 


1} 


A. 
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examined.  Let  OM  be  any  other  time,  and  let  AC,  MP,  BD 
represent  the  velocity  at  the  end  of  the  times  represented  by  g 
OA,  OM,  OB ; CPD  the  curve  which  passes  through  the  ex- 
tremities of  all  such  ordinates  as  MP. 

Let  AB  be  divided  into  any  number  of  small  portions,  such 
as  MN;  NQ  the  ordinate  corresponding  to  ON.  Complete  the 
parallelograms  PMNq,  QNMp,  and  suppose  corresponding  j 
parallelograms  to  be  constructed  on  all  the  bases  corresponding  | 
to  3IN.  ! 

The  body  during  the  time  represented  by  MN  moves  with  i 
a velocity,  which  if  MN  is  taken  small  enough  is  intermediate  \ 
in  magnitude  to  the  velocities  represented  by  PM  and  QN,  and  | 
the  space  described  during  that  time  is  intermediate  in  magni-  i 
tude  to  the  spaces  which  would  have  been  described  with  uniform  ! 
velocity  equal  to  those  represented  by  PM  and  QN,  or  to  the  | 
spaces  represented  by  the  areas  PN,  Q3f.  ; 

Hence  the  whole  space  described  in  the  interval  of  time  I 
represented  by  AB  is  greater  than  that  represented  by  the  ! 
inscribed  series,  and  less  than  that  by  the  circumscribed  series  : 
of  parallelograms,  which,  by  the  Lemma  II,  are  ultimately  equal  ■ 
to  the  area  ACDB,  when  the  number  of  portions  into  which  ■ 
AB  is  divided  is  indefinitely  increased,  and  their  magnitudes  | 
diminished  ; therefore  the  proposition  is  proved. 

50.  CoR.  1.  The  velocity  is  the  limit  of  the  ratio  of  the 
space  to  the  time  when  the  time  is  indefinitely  diminished. 

The  velocity  V at  the  time  OM  is  represented  by  31 P, 
therefore,  if  T be  the  time  represented  by  3IN.,  VT  : space 
described  in  time  T ::  MP , 3IN  : area  P3I . NQ,  but  MP.  31N\ 

— area  PMNq  - area  PMNQ,  ultimately;  therefore  FT=  space; 
described  in  time  T,  ultimately.  Whence  the  truth  of  the  pro- 
position. 

51.  Cor.  2.  The  velocity  is  measured  by  the  space  whicL 
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Irould  be  described  in  an  unit  of  time  if  the  velocity  remained 
| niform  during  this  time. 

Let  MR  represent  the  unit  of  time.  Complete  the  paral- 
3logram  PMRr,  Then  PMRr  represents  the  space  described 
Q an  unit  of  time,  with  the  velocity  at  time  OM  continued  uni- 
orm,  and  since  is  constant,  therefore  PMRr  varies  as  PM\ 
herefore  the  velocity  is  properly  represented  by  PMRi\  and  the 
proposition  is  proved. 

52.  Geometrical  representation  of  the  velocity  generated 
nj  a finite  and  variable  force  in  a given  time. 

Prop.  If  a curve  be  found  such  that  the  ordinate  at  each  point 
■epresents  the  accelerating  effect  of  the  force  corresponding  to 
L time  represented  by  the  abscissa,  then  the  velocity  gene- 
rated in  a body  in  a given  time,  moving  in  the  direction  of 
he  force,  will  be  represented  by  the  area  bounded  by  the 
jurve,  the  line  of  abscissae,  and  the  ordinates  corresponding  to 
he  commencement  and  end  of  the  time  considered. 

The  proof  proceeds  in  a manner  similar  to  that  given  in  (49). 
The  student  can  supply  it,  employing  the  same  figure,  in  which 
he  ordinates  now  represent  the  accelerating  effect  of  the  force 
jit  the  times  represented  by  the  corresponding  abscissae,  and  ob- 
l^erving  that  the  motion  of  the  body  is  accelerated  during  the 
time  represented  by  MN  by  a force  whose  accelerating  effect  is 
intermediate  in  magnitude  to  those  represented  by  PM  and  QN, 
if  MN  is  taken  small  enough,  and  the  velocity  generated  is  in- 
termediate to  those  which  would  have  been  generated  by  uniform 
iforces  equal  to  those  whose  accelerating  effects  are  represented 
by  PM,  QN,  or  to  the  velocities  represented  by  the  areas 
[PN,  QM, 

53.  And  as  before,  the  force  at  any  time  is  measured  by 
the  limit  of  the  ratio  of  the  velocity  generated  to  the  time  in 
which  it  is  generated. 
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54.  Also,  the  force  at  any  time  is  measured  by  the  velocity 
which  would  be  generated  in  an  unit  of  time,  if  the  force  con- 
tinued uniform  during  that  time,  and  equal  to  the  force  at  the 
given  time. 

55.  Geometrical  representation  of  the  velocity  generated  hy  I 
a force,  which  acts  upon  a body  moving  in  the  direction  of  the  | 
forcds  action,  luhen  the  force  is  described  as  depending  in  any  ‘ 
manner  upon  the  distance  from  any  fixed  point  in  that  direction. 

In  the  last  figure,  let  OAB  be  the  line  of  motion  of  the 
body,  O a fixed  point  in  this  line,  and  when  it  arrives  at  a point 
M,  let  MP  be  taken  to  represent  the  accelerating  effect  of  the 
force  acting  upon  it ; let  CPD  be  a curve  whose  ordinates  repre-  ; 
sent  the  accelerating  effect  of  the  force  for  the  different  positions  < 
of  the  body  at  the  foot  of  the  ordinates. 

Let  AB  hQ  the  space  traversed  by  the  body,  and  let  it  be 
divided  into  any  number  of  small  portions,  of  which  suppose  I 
MN  one,  and  let  QN  be  the  ordinate  at  N,  PMNq,  QNMp  I 
complete  parallelograms. 

If  during  the  time . occupied  in  describing  MN  the  force  : 
remained  constant,  the  difference  of  the  squares  of  the  velocities  ) 
at  M and  N would  be  represented  by  2MN.PM  ov  9.  MN.QN] 
or  by  twice  the  parallelograms  9.PN  or  2 QAf  according  as  the  I 
uniform  force  was  that  represented  by  PM  or  QN, 

Hence  the  difference  of  the  squares  of  the  velocities  at  M 
and  iV'is  represented  by  an  area  lying  between  ^PN  or  9.QM, 
if  MN  be  sufficiently  diminished  ; hence,  it  follows  by  reasoning 
similar  to  the  above  that  the  difference  of  the  squares  of  the 
velocities  at  A and  B is  represented  by  twice  the  area  A CDB, 

56.  Hence  we  obtain  another  measure  for  the  force  cor-, 

responding  to  the  position  31.  For  the  increase  of  (velocity)* 
in  MN  is  represented  by  2 area  PMNQ^  ^ 
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and  jPJf  =:  limit 

= limit 


PMNq 

~Wn  ’ 

PMNQ, 


be  accelerating  effect  of  the  force  at  M is  measured  by  the 

. „ increase  of  the  (velocity)^  in  MN 

mit  of  ^ - . 

9,MN 


Application  to  the  determination  of  the  motion  of  a particle,  under 
various  circurnstances. 

1.  To  find  the  space  travelled  over  in  a given  time  t"  by  a 
Itody  moving  with  a velocity  which  varies  as  the  (time)^  from 
he  beginning  of  the  motion. 

Let  AB  represent  the  time,  and  let  BC  perpendicular  to  represent 
he  velocity  at  the  end  of  tliat  time,  i.  e.  let  BC  represent  the  space 
vliich  would  he  described  in  the  next  unit  of  time,  if  the  body  instead 
if  moving  with  constantly  increasing  velocity,  were  to  move  'with 
iniform  velocity  for  an  unit  of  time  from  the  end  of  the  time  repre- 
ented  by  AB. 


Let  AB  he  divided  into  any  number  of  equal  portions  of  which 
MN  is  one,  and  let  MP^  NQ  represent  the  velocities  at  the  end  of  the 
times  represented  by  J.M,  AN. 

I Then  since  MP  ; NQ  ; BC  ::  AM^  : AN  : AB'^; 
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a parabola,  whose  vertex  is  at  A can  be  described,  touching  AB 
and  passing  through  P,  Q,  C and  the  extremities  of  all  ordinates 
described  on  MP.  | 

Hence,  the  space  described  in  the  time  represented  by  AB  is  repre-  i 
sented  by  the  parabolic  area  ABC  or  \AB.BC.  i 

And  if  p be  the  velocity  at  the  end  of  1",  pf  that  at  the  end  of  V';  i, 
then  ^pt^A  = \pf  is  the  space  described  in  the  time  t, 

Or,  w^e  can  further  illustrate  the  meaning  of  Art.  45,  employing  || 
another  method  of  representing  the  space. 

Join  AC^  and  let  pM,  qN  be  the  ordinates,  and  suppose  the  figure 
to  revolve  round  AB^  pM  generates  a circle  which  ccpJSP  cc  AM^;  \ 
this  circle  may  be  taken  to  represent  the  velocity  at  the  time  corre- 
sponding to  AM,  and  the  solid  generated  by  pq  NM  represents  the|,l 
space  described  in  time  MN.  The  whole  space  is  therefore  represented  | 
by  the  cone  generated  by  ABC,  or  \AB .tv BC^,  which  gives  the  same  ; 
result  as  before. 

• ’f' 

2.  To  find  the  velocity  acquired  from  rest,  when  a body  is  | 
acted  on  by  an  attractive  force  whose  accelerating  effect  varies  ♦ 
as  the  distance  from  a fixed  point.  l 

Let  S be  the  fixed  point,  A the  point  from  which  the  motion  com- 
mences, and  let  AB  perpendicular 
to  represent  the  accelerating 

effect  of  the  force  at  A, 

Join  SB,  and  from  any  point  M, 
let  MP  perpendicular  to  S A meet 
in  P ; 

since  PM  : BA  ;;  SM  : SA, 

PM  represents  the  accelerating 
effect  of  the  force  at  M, 
and  (velocity)^  at  M is  represented  by  2 x area  BAMP.  (55.) 

Let  V the  velocity  which  the  force,  continued  uniform  from  A 
would  have  generated  in  the  space  ^AS ; describe  the  circle  AQE  witl 
centre  S,  and  produce  MP  to  Q. 

5 
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velocity  at  iVf  : V : 


(velocity)"  at  il/  : P ::  : AS.AB 

ASAB-ASMP  ; ASAB 

SA^-SM^  : 

QM^  : .SA"; 

§M  : SA. 

Hence,  velocity  at  M = F sin  Q,SA^ 
len  the  body  arrives  at  S the  velocity  is  the  same,  as  if  the  force, 
atinued  constant  from  A,  had  acted  through  half  that  distance. 

If  ixSA  be  the  measure  of  the  accelerating  effect  of  the  force  at  A, 

SA 


V^  = 2fxSA. 


2 


and  the  velocity  at  M = Jn  QM. 


3,  Time  of  describing  a given  space  from  rest  under  the 
ition  of  a force  varying  as  the  distance  from  a fixed  point. 

Making  the  same  construction  as  before ; 
let  t = time  from  M to  N ; 

t X velocity  at  M = MN^  ultimately. 

' Now,  MN  : Q,B  ::  QM  : Q*S',  ultimately 
QM  : SA 

::  velocity  at  M ; V 

ji  ::  velocity  at  M : tV ; 

; .\tV^QR, 

I and  V X time  from  A to  M = arc  AQ  ; 


the  time  from  A to  M is  that  in  which  a distance  equal  to  the  arc 
Q would  be  described  uniformly  with  the  velocity  generated  from  A, 
I the  space  ^ AS  hy  the  force  at  A continued  constant. 

Hence  also  time  in  AM  = 

J^.AS 

= ~ X circular  measure  of  QSA. 
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l: 

!; 

f 

4.  Velocity  acquired  from  rest  by  a body  attracted  by  a ; 
force,  whose  accelerating  effect  varies  inversely  as  the  square  of  ^ 
the  distance  from  a fixed  point. 

Let  S be  the  fixed  point,  A the  point  from  which  the  motion  com 
niences,  and  let  AB  perpendicular  to  S A represent  the  accelerating 
effect  of  the  force  at  A,  MP  that  at  any  point  M. 


Let  SA  be  divided  into  a large  number  of  portions,  of  which  JfW  isji 
one,  and  let  BPD  be  the  curve  which  is  the  locus  of  such  points  as  P. 
NQ,  CD  ordinates  at  N and  C. 

Dd,  Qq,  Pp,  Bh  parallel  to  AB  meet  Sd  perpendicular  to  SA.  j 

Difference  of  (velocity)®  at  M and  N is  represented  by  j 

2 PM.  dfV,  ultimately,  j 

but  VM  : QiV  ;;  SW  : m\  ! 

and  SM  : SN  SM  : 

rectangle  PS : rectangle  CS  SN  : aSM,  (1). 

PS  : as -PS  ::  SN  . MN, 

::  SM  : MV,  ultimately, 

::  PS  : PV,  ultimately; 
qS-  PS=PN; 

(velocity)®  at  V—  (velocity)®  at  M is  represented  by 
2{QS - PS)  ultimately; 

(velocity)®  generated  in  AC  is  represented  by  2 (D/S'  - BS).  ^ 
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If  V be  the  velocity  generated  by  the  force  at  A continued  constant 
I ; irough  AS ; 

(velocity)^  at  C : F®  ::  2(DS  — BS)  : 
and  by  (1)  BS  ; DS  SC  : SA ; 

DS-BS  : BS  ::  AC  : SG 

::  AC, SC  : SCK 

If  a semicircle  be  described  on  AS  as  diameter  meeting  CD  in  D'. 
(velocity)^  at  (7  : CD'^  : SC^; 

. . velocity  at  C : F ::  CD'  : SC. 

Or,  if  be  the  accelerating  effect  of  the  force  at  C : 


^2  _ ^ ^ RA~  • 
and  (velocity)^  at  C : ::  : SC^ 

(velocity)"  ^t  C = ^ . 


5.  Time  of  describing  a given  distance  from  rest  under  the 
action  of  the  same  force. 

On  SA  as  diameter  'describe  a semicircle,  center  0,  and  produce 
MP,  NQ  to  the  circumference  in  P',  Of. 

Let  t = time  from  M to  N, 

F=  velocity  generated  from  A to  S, 
by  the  force  at  A continued  constant. 

Then,  if  P'R'  be  perpendicular  to  Q'N, 

I P'R'  : P'q  ; Q'P'  P'M  ::  OP'  : OM,  ultimately; 

I .-.  MN  : P'Q'+  Q!R'  ::  P'M  : OP'+  OM 
I ::  P'M  : SM 

velocity  at  71/  : F 

, ::  MN  : iV  ultimately; 

.-.  Ft  = P'Q'+a'R'; 

V X time  from  A to  C = arc  AD'  + D'C ; 

G 2 
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/.  time  from  A to  C is  that  in  which  a space  equal  to  arc  AD'+  D'C  j 
would  be  described  uniformly  with  the  velocity  generated  at  S by  the  jj 
force  at  A,  continued  uniform,  j| 

time  to  C 

and  whole  time  to  S = ^ ^ (^)*. 

\ 2 fx  2 \ 2 / 

•fr 

6.  Space  described  by  a body  moving  in  a medium,  in  l 
which  the  resistance  varies  as  the  velocity,  and  no  other  force  ^ 
acting  on  the  body,  varies  as  the  velocity.  j 

Let  the  time  AK  he  divided  into  equal  portions  AB^  BC,  CD^ 
and  let  Aa\  Bh\...he  the  velocities  at  the  beginning  of  times,  the 
space  in  time  AK  is  represented  by  the  area  a' AKk'. 


Suppose  the  force  of  resistance  to  be  constant  throughout  the 
intervals  AB,  BCj ...  and  equal  to  the  amount  at  the  commencement 
of  each,  and  let  Aa.,  Bh,  ...  be  the  measures  of  those  forces  ; 

Aa  : Bb  : ::  Aa'  : Bb'  : 

and  the  velocity  destroyed  is  represented  by  the  limit  of  the  sum  of  the 
parallelograms  aB,  bC, or  the  area  a AKk',  - 


(arc.4D'+D'C7), 
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.*.  velocity  destroyed  in  time  AK 
: space  described  aAKk  : a'AKk 
::  Aa  : Aa'  ::  resistance  : the  velocity. 

If  resistance  = /a  x velocity, 

velocity  destroyed  = fx.  x space. 

7.  A particle  slides  down  the  smooth  arc  of  a cycloid, 
rhose  axis  is  vertical,  to  find  the  time  of  an  oscillation. 

Let  AB  be  the  vertical  axis  of  the  cycloidal  arc  A PL,  L the  point 
rom  which  the  particle  begins  to  move,  a small  arc  of  its  path, 
SP,  PM,  § A"  perpendicular  to  AB. 


TU 


Let  V = velocity  at  P, 

P=time  in  falling  from  B io  A ; 

2AB=^T% 

and  'ly^  ^ 9, g . RM. 

But  by  the  properties  of  the  cycloid,  (see  Appendix) 

AU  = 4^AB.AR, 

AP^^  = 4>AB.AM; 

.*.  AL^-AP^  = 4>AB.RM. 

I Take  A I,  Ap,  Aq,  on  the  tangent  at  A respectively  equal  to  AL, 
AP,  AQ,  and  let  pt,  qu  perpendicular  to  be  ordinates  to  a circle 
whose  center  is  A and  radius  Al, 
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AV-AV^  = Al^-Ap’^=pt\ 

.*.  'c^T  = 9.gTRM\  “ 

— ^AB.RM  = pf.  “ 

.'.  pt  would  be  described  with  velocity  v in  time  Tj  “ 

and  ultimately  PQ  is  described  with  velocity  v; 

time  in  PQ  : T ::  QP  : pt  ” 

!< 

::pq:pt 

::  tu  '.At  ultimately. 

time  in  PQ=  T x circular  measure  of  / t Au  ultimately ; ■ 

TT 

time  in  LA  = P x - 

TT  / 2AB 

I 

time  of  an  oscillation  = tt 

.*.  the  cycloid  is  a tautochronous  curve,  i.e.  the  time  is  the  same 
from  whatever  point  the  particle’s  motion  commences. 

8.  A particle  is  subject  to  the  action  of  a force,  whose  accele- 
rating effect  varies  as  the  distance  from  a fixed  point,  in  the 
direction  of  which  it  acts,  the  particle  is  projected  from  a given 
point  in  a direction  perpendicular  to  the  direction  of  the  force  at 
that  point,  to  find  the  path  described  by  the  particle. 

Let  the  force  tend  to  C,  A the  point 
of  projection,  P the  position  of  the  parti- 
cle at  any  time. 

CB  perpendicular  to  CAy  the  distance 
in  which  a particle  would  be  reduced  to 
rest  if  projected  from  C with  the  velocity 
of  projection. 

Describe  circles  Bh,  a A having  the 
common  center  C,  and  draw  CpP'  cutting 
the  circles  in  p and  P',  pn  is  perpendicular 
to  CB  and  pm^  P'M  to  CA. 
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Referring  to  Prob.  3,  p.  81,  it  will  be  seen  that  particles  starting 
spectively  from  rest  at  A and  with  the  velocity  of  projection  at  C, 
ider  the  action  of  the  same  force,  would  arrive  simultaneously  at  M 
id  Uj  since  the  time  in  both  cases  is  proportional  to  the  angle  P'CA. 

But  the  particle  in  the  proposed  problem  is  acted  on  at  P by  a 
•roe  which  is  represented  by  PC  whose  accelerating  effect  parallel  to 
C and  CB  is  represented  by  MC  and  PAf,  /.  the  acceleration  in  AC 

I the  same  as  that  of  the  particle  supposed  to  move  in  AC  from  rest, 
ad  the  retardation  parallel  to  PC  the  same  as  that  of  the  particle  in 
P,  projected  from  C.  P is  in  the  intersection  of  np  and  MP\ 

and  PM  : P'M  ::  pm  : P'M 

::  Cp  : CP' 

::  CB  : CA I 

. the  required  path  of  the  particle  is  an  ellipse  whose  semiaxes  are 

ipA  and  CP. 

I Cor.  1.  If  IX.  CP  is  the  accelerating  effect  of  the  force  at  P and  V 
|he  velocity  of  projection, 

I F*=m.CP". 

Also,  area  ACP  oc  area  AGP' 
oc  angle  AGP' 
oc  time  from  A to  P, 

or  the  area  swept  out  by  the  radius  vector  is  proportional  to  the  time. 

Cor.  2.  Also  (velocity)^  at  P = sum  of  the  squares  of  the  velocities 
of  the  particles  at  M and  n 

= ,xP'M^+lx.pn^  = ixGB\ 
if  CP>  be  the  semiconjugate  diameter  to  CP. 

VII. 

1.  If  the  square  of  the  velocity  of  a body  be  proportional 
to  the  space  described  from  rest,  prove  that  the  accelerating 
force  is  constant. 
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2.  At  what  point  of  the  proof  of  the  Lemma  X is  ill  at 

assumed  that  the  body  starts  from  rest  ? | 

3.  When  the  force  is  constant,  how  may  the  figure  b(|  ® 

modified,  and  the  proposition  extended  ? j 

4.  What  is  meant  by  ‘ vis  finita,’  in  the  Lemma  ? 

5.  If  a body  move  from  rest  under  the  action  of  a force  ^ 
which  varies  as  the  square  of  the  time  from  the  beginning  of  th( 
motion,  shew  that  the  velocity  varies  as  the  cube  of  the  time' 
and  the  space  described  as  the  fourth  power  of  the  time. 

6.  If  the  velocity  after  a time  t from  rest  be  equal  tc 

a (2  ^ + f)i  what  will  be  the  shape  of  the  curve  in  the  figure; 
and  the  space  described  in  any  time  ? I 

7.  Find  the  form  of  the  curve  in  Lemma  X,  when  the  force 
varies  as  the  distance  from  a fixed  point. 

8.  When  a body  moves  from  rest  at  A under  the  action  oi 
a force  which  varies  as  the  square  of  the  distance  frono! 

*■'(=  uSM^  at  M),  the  velocity  at  il/  = - {SA^  - SM%  ^ 

9.  If  a body  be  acted  on  from  rest  by  a repulsive  force 

which  varies  as  the  distance  from  a fixed  point,  find  the  velocity 
when  the  body  arrives  at  any  position.  j 

10.  State  the  proposition  by  which  Lemma  X is  replaced, 
when  the  body  instead  of  starting  from  rest  commences  its 
motion  with  a given  velocity. 

11.  A particle  is  placed  in  the  line  joining  two  centers  ol, 
attracting  force,  the  accelerating  effect  of  which  varies  as  the 
distance,  find  the  time  in  which  the  particle  oscillates. 

12.  Two  forces  reside  at  one  attractive  and  whose  accele-ii 
rating  effect  on  a particle  varies  as  the  distance  from  S,  and  the ; 
other  constant  and  repulsive ; prove  that,  if  a particle  be  placed 
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ii  iat  S it  will  move  until  it  be  brought  to  rest  at  a point  which  is 
double  the  distance  from  S,  at  which  it  would  rest  in  equilibrium 
I (Under  the  action  of  the  forces. 


I LEMMA  XL 

ce,  . 

! The  vanishing  subtenses  of  the  angle  of  contact  in  all  curves 
I which  have  finite  curvature  at  the  point  of  contact,  are 
I ultimately  in  the  duplicate  ratio  of  the  chords  of  the  con- 
terminous arcs, 

i : 

5 Case  1.  Let  AB  be  the  are  of  a curve,  AD  its  tangent 
at  A,  BD  the  subtense  of  the  angle  of  contact  BAD 
perpendicular  to  the  tangent,  AB  the  chord  of  the  arc. 
Let  ^6r,  BGhe  drawn  perpendicular  to  the  tangent  AG 
and  the  chord  AB  respectively, 

)h  meeting  in  G\  then  let  the  points 

i\  D,  B,  G move  towards  the  points  ^ 

d,  h,  g,  and  let  I be  the  point  of  ^ 
ultimate  intersection  of  the  lines 

IBG,  AG,  when  the  points  B,  D move 
> up  to  A. 

i It  is  evident  that  the  distance  GI  may 
k be  made  less  than  any  assigned  dis- 
,•>  tance  by  diminishing  AB. 
i"  But  since  the  angles  ABD  and  GAB 
I are  equal,  and  also  the  right  angles 
j BDA,  ABG,  the  triangles  ABD,  GAB 
are  similar; 

BD  : AB  ::  AB  : AG, 

BD.AG=^  AB\ 
y. , Similarly,  hd , Ag  = Ab^ ; 

AB^  : Ab^~  = BD.AG  : bd.Ag; 


i 
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the  ratio  AB^  : a ratio  compounded  of  the  ratios 

of  BD  : hd,  and  AG  : Ag. 

But,  since  GI  may  be  made  less  than  any  assigned  length, 
the  ratio  AG  : Ag  may  be  made  to  differ  from  a ratio 
of  equality  less  than  by  any  assigned  difference,  the 
ratio  AB^  : Ah!^  may  be  made  to  differ  from  the  ratio 
BD  : hd  less  than  by  any  assigned -difference. 

Hence,  by  Lemma  I.,  the  ultimate  ratio  AB"'^  : Ah^  is  the 
same  as  the  ultimate  ratio  of  BD  : hd.  q.e.d. 


Case  2.  Let  now  the  subtenses  BD',  hd'  be  inclined  at ; 
any  given  angle  to  the  tangent ; then,  by  similar  tri- 1 
angles  D'BD,  d'hd,  I 

BD'  : hd'  V.  BD  : hd,  | 

and  ultimately,  BD  : hd  ::  AB^  : Ah‘^;  ! 

ultimately,  BD'  : hd'  ::  AB^  ; Ah^,  i 

Q.E.D.  i 

Case  3.  And  although  the  angle  D'  be  not  a given  angle,  i 
if  BD'  converges  to  a given  point,  or  is  drawn  according  | 
to  any  other  [fixed]  law,  [by  which  the  angle  D'  re-i 
mains  finite,  since  BD'  is  a subtense,]  still,  the  angles ! 
D',  d',  constructed  by  this  law  common  to  both,  con-  j 
tinually  approach  to  equality  and  become  nearer  than  i 
by  any  assigned  difference,  and  will  be  therefore  ulti- ; 
mately  equal,  by  Lemma  I.,  and  hence  BD',hd',  are: 
ultimately  in  the  same  ratio  as  before,  q.e.d.  | 

CoR.  1.  Hence,  since  the  tangents  AD,  Ad,  the  arcs  AB,} 
Ah,  and  their  sines  BC,  he,  become  ultimately  equal  to  i 
the  chords  AB,  Ah',  their  squares  also  will  be  ultimately!'' 
as  the  subtenses  BD,  hd. 


Cor.  2.  The  squares  of  the  same  lines  are  also  ultimately  ^ 
as  the  squares  of  the  sagittse  of  the  arcs,  which  bisect  ii 
the  chords,  and  converge  to  a given  point : for  those  jj 
sagittse  are  as  the  subtenses  BD,  hd.  \ 
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iCoR.  3.  And  therefore  the  sagittse  are  in  the  duplicate 
ratio  of  the  times  in  which  a body  describes  the  arcs 
with  a given  velocity. 

Cor.  4.  The  rectilinear  triangles  ADB,  Adh  are  ulti- 
mately in  the  triplicate  ratio  of  the  sides  AD,  Ad,  and 
in  the  sesquiplicate  ratio  of  the  sides  DB,  dh ; since 
these  triangles  are  in  the  ratio  compounded  of  AD  : DB 
and  Ad  : dh.  So  also  the  triangles  ABC,  Abe  are  ulti- 
mately in  the  triplicate  ratio  of  the  sides  BG,  he.  The 
sesquiplicate  ratio  is  the  subduplicate  of  the  triplicate, 
which  is  compounded  of  the  simple  and  the  subdupli- 
cate ratios. 


Cor.  5.  And,  since  DB,  dh  are  ultimately  parallel  and  in 
the  duplicate  ratio  of  AD,  Ad,  [therefore,  this  being 
a property  of  a parabola,  at  every  point  at  which  a 
curve  has  finite  curvature  an  arc  of  a parabola  can  be 
drawn  which  ultimately  coincides  with  the  curve  ;]  and 
the  curvilinear  areas  ADB,  Adh  will  be  ultimately  two 
thirds  of  the  rectilinear  triangles  ADB,  Adh:  and  the 
segments  AB,  Ah  the  third  parts  of  the  same  triangles. 
And  hence  these  areas  and  these  segments  will  be  in 
the  triplicate  ratio  as  well  of  the  tangents  AD,  Ad  as 
of  the  chords  and  arcs  AB,  Ah. 


SCHOLIUM. 

But,  in  all  these  propositions,  we  suppose  the  angle  of 
contact  to  be  neither  infinitely  greater  nor  infinitely 
less  than  the  angles  of  contact,  which  circles  have  with 
their  tangents ; that  is,  that  the  curvature  at  the  point 
A is  neither  infinitely  great  nor  infinitely  small,  in  other 
words,  that  the  distance  A / is  of  finite  magnitude. 

For  DB  might  be  taken  proportional  to  AD^,  in  v/hich 
case  no  circle  could  be  drawn  through  the  point  A be- 
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tween  the  tangent  AD  and  the  curve  AB,  and  the  angle 
of  contact  will  be  infinitely  less  than  that  of  any  circle. 
And,  similarly,  if  different  curves  be  drawn  in  which  DB 
varies  successively  as  AD\  AD^,  AD^,  &c.,  a series  of 
angles  of  contact  will  be  presented  which  may  be  con- 
tinued to  an  infinite  number,  of  which  each  will  be 
infinitely  less  than  the  preceding.  And  if  curves  be 

drawn  in  which  DB  varies  as  AD^,  AD\  AD\  ADh 

ADS  8zq.,  another  infinite  series  of  angles  of  contact 
will  be  obtained,  of  which  the  first  is  of  the  same  kind 
as  in  the  circle,  the  second  infinitely  greater,  and  each 
infinitely  greater  than  the  preceding.  But,  moreover, 
between  any  two  of  these  angles,  an  infinite  series  of 
other  angles  of  contact  can  be  inserted,  of  which  each 
may  be  infinitely  greater  or  infinitely  less  than  any  pre- 
ceding ; for  example,  if  between  the  limits  AD"^  and 

AD^  there  be  inserted  AD^,  ADj,  AD^,  ADS  ADS  ADS 

ADt,  ADJ,  ADj,  kc.  And  again,  between  any  two 
angles  of  this  series  there  can  be  inserted  a new  series 
of  intermediate  angles  differing  from  one  another  by 
infinite  intervals.  Nor  does  the  nature  of  the  case 
admit  any  limit. 
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The  propositions  which  have  been  demonstrated  con- 
cerning curved  lines,  and  the  included  areas,  are  easily 
applied  to  curved  surfaces  and  solid  contents. 


These  Lemmas  have  been  premised  for  the  sake  of  escap- 
ing from  the  tedious  demonstrations  by  the  method 
of  reductio  ad  absurdum,  employed  by  the  old  geo- 
meters. The  demonstrations  are  certainly  rendered 
more  concise,  by  the  method  of  indivisibles ; but,  as 
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j there  is  a harshness  in  the  hypothesis  of  indivisibles, 
: and  on  that  account  it  is  considered  to  be  an  imperfect 
i geometrical  method ; it  has  been  preferred  to  make 
the  demonstrations  of  the  following  propositions  depend 
on  the  ultimate  sums  and  ratios  of  vanishing  quantities 
and  on  the  prime  sums  and  ratios  of  nascent  quantities, 
i.  e.  on  the  limits  of  sums  and  ratios  ; and  therefore  to 
premise  demonstrations  of  those  limits  as  concise  as 
possible.  By  these  demonstrations  the  same  results  are 
deducible  as  by  the  method  of  indivisibles ; and  we  may 
employ  the  principles  which  have  been  established  with 
greater  safety.  Consequently,  if,  in  what  follow's,  quan- 
tities should  be  treated  of  as  if  they  consisted  of  parti- 
cles, [indefinitely  small  parts,]  or  small  curve  lines 
should  be  employed  as  straight  lines ; it  would  not  be 
intended  to  convey  the  idea  of  indivisible,  but  of  va- 
nishing divisible  quantities,  not  that  of  sums  and  ratios 
of  determinate  parts,  but  of  the  limits  of  sums  and 
ratios:  and  it  must  be  remembered  that  the  force  of 
such  demonstrations  rests  on  the  method  exhibited  in 
the  preceding  Lemmas. 


Ln  objection  is  made,  that  there  can  be  no  ultimate  pro- 
; portion  of  vanishing  quantities ; inasmuch  as  before 
they  have  vanished  the  proportion  is  not  ultimate,  and 
I when  they  have  vanished,  it  does  not  exist.  But  by 
the  same  argument  it  could  be  maintained  that  there 
could  be  no  ultimate  velocity  of  a body  arriving  at  a 
certain  position,  at  which  its  motion  ceases ; for  that 
this  velocity,  before  the  body  arrives  at  that  position, 
is  not  the  ultimate  velocity ; and  that,  when  it  arrives 
there,  there  is  no  velocity.  And  the  answer  is  easy  : 
that,  by  the  ultimate  velocity  is  to  be  understood  that. 
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when  the  body  is  moving,  neither  before  it  reaches  the 
last  position,  and  the  motion  ceases,  nor  after  it  has 
reached  it,  but  at  the  instant  at  which  it  arrives  ; i.  e. 
the  very  velocity  with  which  it  arrives  at  the  last  posi- 
tion, and  with  which  the  motion  ceases. 


It 


And  similarly,  by  the  ultimate  ratio  of  vanishing  quantities 
is  to  be  understood  the  ratio  of  the  quantities,  not 
before  they  vanish,  nor  after,  but  with  which  they 
vanish.  Likewise  also,  the  prime  ratio  of  nascent  Jin 
quantities  is  the  ratio  with  which  they  begin  to  exist. 
And  a prime  or  ultimate  sum  is  that  with  which  it  begins 
to  be  increased  or  ceases  to  be  diminished. 


There  is  a limit,  which  the  velocity  can  attain  at  the  end 
of  the  motion,  but  cannot  surpass.  This  is  the  ultimate 
velocity.  And  the  like  can  be  stated  of  the  limit  of 
all  quantities  and  proportions  commencing  or  ceasing 
to  exist.  And  since  this  limit  is  certain  and  definite, 
to  determine  it  is  strictly  a geometrical  problem.  And 
all  geometrical  propositions  may  be  legitimately  em- 
ployed in  determining  and  demonstrating  other  propo-  i 
sitions  which  are  themselves  geometrical. 

It  may  also  be  argued,  that  if  the  ultimate  ratios  of 
vanishing  quantities  be  given,  the  ultimate  magnitudes  j 
will  also  be  given,  and  thus  every  quantity  will  consist 
of  indivisibles,  contrary  to  what  Euclid  has  demon- 1 
strated  of  incommensurable  quantities,  in  his  tenth  book  i 
of  the  Elements. 

But  this  objection  rests  on  a false  hypothesis.  Those  ! 
ultimate  ratios  with  which  quantities  vanish,  are  noti 
actually  ratios  of  ultimate  quantities,  but  limits  to  which ! 
the  ratios  of  quantities  decreasing  without  limit  are; 
continually  approaching ; and  which  they  can  approach 
nearer  than  by  any  given  difference,  but  which  they; 
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can  never  surpass,  nor  reach  before  the  quantities  are 
indefinitely  diminished. 

The  argument  will  be  understood  more  clearly  in  the 
case  of  infinitely  great  quantities.  If  two  quantities, 
of  which  the  difference  is  given,  be  increased  infinitely, 
their  ultimate  ratio  will  be  given,  namely,  a ratio  of 
equality,  yet  in  this  case  the  ultimate  or  greatest  quan- 
tities of  which  that  is  the  ratio  will  not  be  given. 

[n  what  follows,  therefore,  if  at  any  time  for  the  sake  of 
facility  of  conception,  the  expressions  indefinitely  small, 
or  vanishing,  or  ultimate  be  used  concerning  quantities, 
care  must  be  taken  to  understand  thereby  quantities 
determinate  in  magnitude,  but  to  conceive  them  in  all 
cases  quantities  to  be  diminished  without  limit. 


Curvature  of  Curves. 

57.  The  curvature  of  a curve  at  any  point  is  greater  or 
ess  as  the  amount  of  deflection  from  the  tangent  at  that  point, 
n the  immediate  neighbourhood  of  the  point,  is  greater  or  less. 

Two  curves  have  the  same  curvature  at  two  points,  taken  one 
n each,  if  they  have  the  same  deflection  from  the  tangents  at 
:hose  points  at  equal  distances  from  the  points  of  contact,  in  the 
immediate  neighbourhood  of  those  points. 

58.  An  exact  geometrical  test  of  equality  of  curvature  may 
be  obtained  as  follows  : — - 

If  AB,  ah  be  two  curves  which  have  the  same  curvature  at 
A,  a respectively,  draw  the  tangents  AC,  ac  and  take  AC  - ac. 


Draw  subtenses  BC,  he  inclined  at  equal  angles  to  the  tangents. 
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If  BG  and  he  were  equal  for  all  equal  values  of  AC,  ac  the 
curves  would  be  equal  and  similar.  If  BC  : he  be  ultimately 
a ratio  of  equality  when  AC,  aC  are  taken  indefinitely  small, 
the  curves  have  the  same  deflection  from  the  tangents  in  the 
immediate  neighbourhood  of  a,  or  the  curves  have  the  same 
curvature  at  those  points. 

If  the  chords  AB,  ah  be  drawn,  it  is  an  immediate  conse- 
quence that  the  ultimate  ratio  of  the  angles  BAC,  hae  is  a ratio 
of  equality.  These  angles  are  called  the  angles  of  contact. 

Hence,  curves  have  the  same  curvature  at  two  points,  taken 
one  in  each,  if,  equal  tangents  being  drawn  at  those  points,  and 
subtenses  inclined  at  any  equal  angles  to  the  tangents,  the  limit- 
ing ratio  of  the  subtenses  is  a ratio  of  equality,  or  if  the  limiting 
ratio  of  the  angles  of  contact  be  a ratio  of  equality. 

59.  The  curvature  of  one  curve  is  infinitely  greater  or  infi- 

nitely less  than  that  of  another  if  the  limiting  ratio  of  the  sub- 
tense of  the  first  to  that  of  the  second  be  infinitely  great  or 
infinitely  small.  | 

60.  The  ratio  of  the  curvature  of  one  curve  to  that  of* 

another  at  two  points,  or  of  the  curvature  of  the  same  curve  at 
two  different  points,  is  the  limiting  ratio  of  the  subtenses  drawn  \ 
to  the  extremities  of  equal  tangents  and  inclined  at  equal  angles  [ 
to  the  tangents.  : 

61.  The  curvature  of  a curve  is  said  to  be  finite,  at  any 
point,  when  the  ratio  of  the  curvature  at  that  point  to  that  of  a , 
circle  is  finite. 

62.  The  eurmture  of  a eirele  is  the  same  at  every  point,  J 

Let  A,  a be  any  two  points  on  a circle,  AC,  ae  equal  tan-j 
gents  at  A,  a,  CB,  eh  subtenses  perpendicular  to  the  tangents,:! 
OD,  Od  perpendicular  to  the  subtenses  produced;  j 

.*.  CD  = cd,  each  being  equal  to  the  radius,  and  BD  = hd;  j ' 
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ib  BC-hCf  and  ultimately,  when  the  arcs  are  indefinitely 

ilj  Idiminished,  BC  : he  is  a ratio  of  equality  ; 

ill, 
lie 
ne 

e. 

io 


id 

t. 
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the  circle  has  the  same  curvature  at  a any  two  points. 

'M  63.  In  different  circles  the  curvature  varies  inversely  as 
the  radii, 

)f  In  the  last  figure,  produce  CB  to  the  circumference  in  E. 
it  Then,  CB  . CE,  and  \i  A' C - AC  be  a tangent  to  an- 

D other  circle,  and  the  same  construction  be  made 
s A'C‘^=C'B' , C'E'; 

CB  . CE^  CB'  .C'E'; 

f ! and  CB  : CB'  ::  C'E'  : CE ; 

and,  ultimately,  when  AC,  A'C  are  indefinitely  diminished, 

CE  = 2A0; 

I CB  : C'B'  ::  A'C  : AO,  ultimately, 

I or  the  curvatures  are  inversely  proportional  to  the  radii. 


Measure  of  Curvature, 

64.  The  curvature  of  a circle  is  the  same  at  every  point ; 
the  curvature  of  different  circles  varies  inversely  as  the  diameters 
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of  the  circles ; and  a circle  can  be  constructed  of  any  degree  of  j 
finite  curvature  by  varying  the  magnitude  of  the  diameter.  ' 

Hence,  a circle  can  always  be  found,  whose  curvature  at  any 
point  is  equal  to  that  of  a curve  at  a fixed  point. 

The  curvature  of  a curve  at  any  point  is  therefore  completely 
determined,  when  the  diameter  of  the  circle  is  found,  which  has 
the  same  curvature  as  the  curve  at  the  given  point. 

The  diameter  of  the  circle,  which  has  the  same  curvature  as 
the  curve  at  a given  point,  is  called  the  diameter  of  curvature  of  \ 
the  curve  at  that  point. 

The  chord  of  the  circle,  drawn  in  any  direction,  is  called  the  i 
chord  of  curvature  in  that  direction,  ! 

The  circle  itself  is  called  the  circle  of  curvature,  and  is  the  i 
circle  which  has  the  same  tangent  as  the  curve  at  any  point,  andj 
also  the  same  curvature.  ! 

65.  Any  other  curve  might  have  been  chosen  as  the| 

standard  measure  of  finite  curvature,  but,  since  no  curve  but  the; 
circle  has  the  same  curvature  at  every  point,  it  would  then  have' 
been  necessary,  after  selecting  the  curve,  to  specify  the  point  at; 
which  the  curvature  might  form  the  measure  of  curvature.  ' 

Thus,  if  the  standard  curve  were  a parabola,  we  must  choose: 
the  curvature  of  the  parabola  at  the  vertex  or  at  the  extremity! 
of  the  latus  rectum  or  at  some  determinate  point,  by  which  to; 
obtain  the  measure. 

The  inconvenience  is  obvious. 

General  Properties  of  the  Circle  of  Curvature. 

66.  If  a circle  be  drawn  touching  a curve  at  a given  point, 
and  cutting  it  at  a second  point,  as  the  second  point  approaches) 
indefinitely  near  the  point  of  contact,  the  circle  assumes  a limit- 
ing magnitude,  and  evidently  satisfies  the  condition  that  it  has' 
the  same  curvature  as  the  curve  at  that  point. 
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of  67.  Asa  tangent  at  any  point  is  the  limiting  position  of  a 
! side  of  a polygon  terminated  in  that  point,  and  inscribed  in  the 
curve,  when  the  number  of  sides  is  increased  indefinitely  : so  the 
! circle  of  curvature  at  any  point  is  the  limiting  circle  which  passes 
I ; through  the  extremities  of  two  consecutive  sides  of  the  polygon 
j either  terminated  in  that  point  or  commencing  from  that  point. 

68.  No  circle  can  he  drawn  whose  circumference  lies  he- 
M j tween  a curve  and  its  circle  of  curvature  at  any  pointy  near 
j i that  point. 

For,  let  be  the  arc  of  the  curve,  Aq  of  the  circle  of 
curvature  ; and  let,  if  possible,  another  circle  be  drawn,  of  which 
the  arc  AS  lies  between  the  curve  and  circle. 

Draw  the  tangent  AR  and  let  the  subtense  perpendicu- 
lar to  the  tangent,  cut  the  circles 
in  q,  S. 

I Then  SR  : qR  is  ultimately 
: the  ratio  of  the  diameters  of  the 
I circles : 

SR  is  ultimately  unequal  to  qR\ 

but  since  qR  and  QR  are  ultimately  in  a ratio  of  equality,  SR 
I which  is  intermediate  in  magnitude  is  ultimately  equal  to  either, 

. ' which  is  absurd. 

5 ! 

no  circle,  &c. 

This  proposition  corresponds  to  Euclid,  III,  Prop.  XVI. 

I 69.  The  circle  of  curvature  generally  cuts  the  curve. 

, I For  the  curvature  of  the  curve  at  diJfferent  points  taken 
i|  along  the  curve  continually  increases  or  continually  diminishes, 

. . until  it  arrives  at  a maximum  or  minimum  value. 

if  If  therefore  the  circle  of  curvature  be  drawn  at  any  point, 

! on  the  side  on  which  the  curvature  is  increasing,  as  we  proceed 
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from  the  point,  the  curve  lies  within  the  circle,  and  on  the  other 
side,  on  which  the  curvature  is  diminishing,  the  curve  lies  without 
the  circle  ; which  proves  the  proposition  in  the  general  position 
of  the  point. 

For  the  particular  case,  in  which  the  point  is  at  a position 
of  maximum  or  minimum  curvature,  as  at  the  extremities  of  the 
axes  of  an  ellipse,  if  the  curvature  be  a maximum  the  curvature 
at  adjacent  points  on  either  side  is  less  than  that  of  the  circle  of 
curvature  at  the  point  under  consideration,  therefore  the  circle 
lies  entirely  within  the  curve  on  both  sides  near  the  point  of 
maximum  curvature;  and  similarly,  it  lies  without  the  curve  at 
points  of  minimum  curvature. 

70.  To  illustrate  this  by  reference  to  the  inscribed  polygon. 

If,  in  a curve,  equal  chords  AB,  BC^  CD^  DE^  ...  he  placed  in 
order,  generally  the  angles  ABG^  BCD,  CDE,...  increase  or  decrease, 
commencing  from  any  point,  which  property  of  the  polygon  has  the 
property  corresponding  to  it  in  the  curvilinear  limit,  wdien  the  chords 
are  diminished  indefinitely,  that  the  curvature  decreases  or  increases 
continually. 

Suppose  the  angles  are  increasing  from  B,  in  the  circle  described 
about  BCD,  let  BA',  DE'  be  placed  equal  to  BC  or  CD. 

Then,  BA'  and  DE'  lie  on  opposite  sides  of  the  perimeter  of  the 
polygon,  whence,  if  we  proceed  to  the  limit,  the  circle  of  curvatnre  at 
a point  in  the  middle  of  increasing  curvature  cuts  the  curve. 

If  the  angles  ABC  and  DEE  be  each  less  than  the  angles  BCD 
CDE,  supposed  equal,  the  curvature  decreases  and  then  increases,  and 
the  circle  about  BCD  passes  througli  E,  and  BA,  EF  lie  within  the 
circle,  and  proceeding  to  the  limit,  the  circle  of  curvature  lies  without 
the  curve,  near  the  point  of  minimum  curvature. 

Evolute  of  a Curve. 

71.  If  the  circles  of  curvature  be  drawn  at  every  point  of 
a curve,  the  centers  of  those  circles  lie  in  a curve  which  is  called 
the  evolute  of  the  proposed  curve. 
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Properties  of  the  Evolute. 

72.  Let  ABODE  be  any  polygon,  and  let  a'  h'h^c  c,  d' d be 
drawn  perpendicular  to  the  sides  from  the  middle  points  a\  h\  &c., 
these  intersect  in  the  angular  points  ahcd...  of  another  polygon. 


If  a string  were  w’rapped  round  aahcd...  the  extremity  a would 
as  the  string  was  unwrapped  pass  through  the  points  a V c' d'. 

Let  now  the  number  of  sides  of  the  polygon  be  increased  and  the 
magnitude  diminished  indefinitely. 

The  points  a V c...  are  ultimately  in  the  curve  which  is  the  limit 
of  the  polygon,  and  since  c,  ...  are  the  centers  of  the  circles  de- 
scribed about  J. ^(7,  BCD,...  a,  c,...  are  ultimately  the  centers  of 
the  circles  of  curvature  at  d h'  c ...,  and  the  curve  which  is  the  limit 
of  the  polygon  ahcd ...  is  the  evolute  of  the  curve  d h'  c...,  and  the 
property  proved  for  the  polygons  is  true  for  the  limits  of  the  polygons, 
therefore  the  extremity  of  the  string  wrapped  round  the  evolute  traces 
the  curve  of  which  it  is  the  evolute.  This  property  gives  rise  to  the 
name  of  evolute. 

Also  y h is  ultimately  the  tangent  to  the  evolute  and  is  perpendi- 
cular to  BC  which  is  ultimately  the  tangent  to  the  curve  « c'..., 

therefore  the  tangent  to  the  evolute  is  a normal  to  the  curve. 

The  curves  formed  by  the  unwrapping  of  the  string  from  the  evo- 
lute are  called  involutes. 
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Propositions  on  Diameters  and  Chords  of  Curvature. 

73.  If  a subtense  he  drawn  from  the  extremity  of  an  arc 
of  finite  curvature,  in  any  direction,  the  chord  of  curvature  pa- 
rallel to  that  direction  is  the  limit  of  the  third  proportional  to 
the  subtense  and  the  arc. 

Let  PQ,  Pq  be  arcs  of  a curve  and  its  circle  of  curva- 
ture at  P,  PR  the  common  tangent, 

RQq  the  direction  of  a common  sub- 
tense, meeting  the  circle  in  U. 

PV  parallel  to  PQ  ; 
since  Rq  , RU  = PR^, 

RU  the  third  proportional  to  PR 
and  Rq. 

But,  ultimately,  when  PQ  is  indefi- 
nitely diminished  RU - PV,  PR  - PQ, 

(Lemma  VII) ; and  Rq  = QR  by  the  properties  of  the  circle  of 
curvature ; 

PF  is  the  limit  of  the  third  proportional  to  QR  and  PQ. 

Cor.  The  diameter  of  curvature  is  the  limit  of  the  third 
proportional  to  the  arc  and  the  subtense  perpendicular  to  the 
tangent. 

74.  The  chords  of  curvature  at  any  point  of  a parabola 
drawn  through  the  focus,  and  in  the  direction  of  a diameter 
are  equal  to  four  times  the  focal  distance  of  that  point. 

Let  AP  be  a parabola,  P any  point,  RQ  a subtense  parallel 
to  the  diameter  PMx,  QM  the  ordinate  at  Q,  S the  focus. 
Then,  by  the  properties  of  the  parabola, 

QM^=  ^SP.PM\ 

4>SP  is  a third  proportional  to  QM  and  PM,  i.  e.  to  PR 
and  RQ ; 
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4<SP  is  the  limit  of  the  third  proportional  to  the  arc  PQ 
-and  the  subtense  QR,  and  is  therefore  equal  to  the  chord  of 
curvature  at  P in  direction  of  the  diameter. 

And  since  PS,  PM  are  equally  inclined  to  the  tangents  at 
P,  the  chords  in  those  directions  are  equal ; therefore,  the  chord 
of  curvature  through  S is  four  times  the  focal  distance  SP. 

75.  One  fourth  of  the  diameter  of  curvature  at  any  point 
of  a parabola  is  a third  proportional  to  the  focal  distance  of 
that  point,  and  the  perpendicular  from  the  focus  on  the  tan- 
gent at  that  point. 

For,  draw  SY,  QR!  perpendicular  to  PR,  and  let  //be 
the  diameter  of  curvature  at  P. 

Then  PI  : PQ  ::  PQ  : QR'  ultimately; 

PI  : PR  ::  PR  : QR!  ultimately. 

But,  PR  : 4.SP  ::  QR  i PR  \ 

PI  : 4>SP  ::  QR  : QR'  ultimately, 

::  SP  : SY. 

Since  the  triangles  SYP,  QB'R  are  similar  ; 

^SP^  = P1,SY; 

iP/is  a third  proportional  to  SP  and  SY, 
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7 6.  The  chord  of  curvature  at  any  point  of  an  ellipse^ 

drawn  through  the  center  of  the  ellipse,  is  a third  proportional  n ^ 
to  the  diameter  through  that  point  and  the  diameter  conjugate 
to  it. 

Let  P be  any  point  in  an  ellipse,  PCQ  the  diameter, 
BCD'  conjugate  to  it,  Q any  point  near  P,  QB  a subtense 


parallel  to  CP,  QM  an  ordinate  parallel  io  DC,  PV  the  chord 
of  curvature  drawn  through  C, 

Then,  P V . QR  = PQ^  = QM^,  ultimately, 
and  QM^  : PM,  MG  ::  CD^  : CP^; 

PV.  QR  : QR.MG  ::  CD^  : CP\  ultimately. 

PV  : 2CP  ::  CD^  : CP\  ultimately: 

PV.  CP  : 2CP^  ::  CD'^  : CP\ 
and  PF.CP  = 2CZ)2; 
or  PV  : 2GD  ::  2CD  : 2CP; 
or  Pr  is  a third  proportional  to  PG  and  BCD'- 

77.  The  chords  of  curvature  at  any  point  through  the  focus 
is  a third  proportional  to  the  major  axis,  and  the  diameter 
parallel  to  the  tangents  at  that  point. 
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Draw  the  focal  distance  SP  cutting  the  diangeA^  DCB> 
a E,  and  let  PF'  be  the  chord  of  curvature  through, aS'.  ' 

Then  PF'  ; PF  ::  QR  : QP',  ultimately, 

::  CP  : PE,  by  similar  triangle ; 

PV\PE  PV.CP 

PF'  is  a third  proportional  to  9,PE  and  BCD', 

^nd  9.PE  is  equal  to  the  major  axis ; and  similarly  for  the  other 
ecus  H, 

78.  The  diameter  of  curvature  at  %ny  point,  is  a ^fird 
proportional  to  twice  the  perpendicular  from  ^e  point  on  the 
liameter  parallel  to  the  tangent  and  that  ^diameter. 

Draw  QP"  perpendicular  to  the  tangent,  and  PF  perpen- 
iicular  to  DCD\  and  let  P/be  the  diameter  of  curvature. 

PI  : PF  ::  QR  : QR", 

::  CP  : PP; 

PI.PF^PV.CP=^^CD^\ 

.’.  PI  is  a third  proportional  to  9,PF  and  DCD\ 


79.  The  propositions  concerning  the  chords  and  diameter 
bf  curvature  of  an  ellipse  may  be  proved  in  the  same  words  for 
the  hyperbola,  employing  the  following  figure. 
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80.  The  radius  of  curvature  at  any  point  of  a conic  sec- 
tion  is  to  the  normal  in  the  duplicate  ratio  of  the  normal  to  the 
semi-latus  rectum. 

Let  PK  be  the  normal,  PO  the  radius  of  curvature,  L the 
latus  rectum. 


I.  For  the  parabola, 

PO  : 2SP  ::  SP  : SY, 

::  SY  : SA, 

and  PK  = ^SY,  or  PK^  = 4^SP . SA  ; 
PO  : 2SY  ::  SP  : SA, 

. ,SP.SA  , g)’; 

fL\  ^ 

FO  : PK  ::  PK^  : - • 


11.  For  the  ellipse  or  hyperbola, 

PO.PF^CD\  and 

.-.  PO  : PK  ::  CD^  : BC\ 

::  AC^  : PF^; 

and  AC  : PF  ::  AC . PK  : PF .PK  = BC^  . AC, 

2 


> 


PO  : ::  q.e.d. 

81.  To  find  the  radius  of  curvature  of  a curve  defined 
hy  the  relation  between  the  radius  vector  and  the  perpendicular 
from  the  pole  on  the  tangent. 

Let  QPP'  be  a polygon  inscribed  in  a curve,  SY,  SY'  per- 
pendicular on  the  sides  QP,  PP';  PO,  P'O  perpendicular  to  the 
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; am  e sides  intersecting  in  O,  P'U  perpendicular  SP,  and  let  SY^ 
' '?Y'  intersect  in  W. 

: Describing  a semicircle  PYY' Son  SP 

I ^ YPW=  z rsr'  = z POP’, 

and  z WYP  = z OP'P ; 
jherefore  the  triangles  are  similar. 

I PO  : PP'  ::  PW  : YW\ 

I also,  PP'  : SP  ::  PU  \ PY\ 

:)j  similar  triangles  P'UP\  SY'P‘, 

herefore,  ultimately,  since  PW  ==  PY' 
iltimately, 

PO  : SP  ::  PU  : YW 
::  SP  ~ SP'  : SY  ~ SY',  ultimately, 

ind  chord  of  curvature  at  P : 9.SY  ::  SP  SP'  : SY  SY'y 
iltimately. 


82.  Two  tangents  AT,  BT  are  drawn  at  the  extremities 
if  an  arc  AB,  to  prove  that  AT  is 
ultimately  equal  to  BT,  when  AB  is 
indefinitely  diminished. 

Draw  TCUV'm  any  direction  making 
a finite  angle  with  the  tangents,  and 
meeting  the  circles  of  curvature  at  A 
and  B in  UV.  Then  since  the  circle  of 
curvature  at  A is  the  limit  of  the  circle 
which  passes  through  C and  has  the 
tangent  A P,  we  have  ultimately, 

TA^  : TB^  ::  TC.TU  \ TC . TV, 
and  TU  = TV,  ultimately  ; 

TA  = TB,  ultimately. 
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Cor.  If  the  subtense  BT)  be  drawn 

AT  + TB  ^ AB  — ADf  ultimately  ; 
therefore,  T is  ultimately  the  point  of  bisection  of  AD. 

Illustrations. 

1.  The  chord  of  curvature  at  any  point  of  an  equiangular 
spiral,  which  is  drawn  through  the  focus  is  equal  to  twice  the 
focal  distance  of  the  point. 

Let  PQ  be  an  arc  of  the  equiangular  spiral,  Pi2,  UQ.Y'  tangents 
at  P and  Q,  QP  a subtense  parallel  to  SP^ 

z >SQF'=z  SPR 


by  the  properties  of  the  curve, 

SGiU^  SPU  are  together  equal  to  two  right  angles  ; 
z PSQ^zQUR. 

Draw  QW  making 

z aWP=z  RPW; 

.*.  triangles  SWQ,  TIROL  are  similar, 
and  : QW  ::  QP  : QP  ; 

.-.  9.S0L  ; aw  ::  2QC/  : QP, 

and  aw  — PRy  also  2 aU  = PR  ultimately  by  the  last  proposition, 
2 SP  : PR  ::  PR  : QP  ultimately ; 

.*.  2 SP  is  the  chord  of  curvature  at  P through  S. 

Aliter. 

Since  SY  : SY>  ::  SP  : SP\ 

SY  : SP  ::  SY  .S'Y'  : SP  ~ SP\ 

::  2SY  : chord  of  curvature  at  P,  by  Art  81  ; 
chord  of  curvature  at  P through  S = 9.SP, 
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2.  Radius  and  vertical  chord  of  curvature  of  a catenary. 
Let  PQ.  be  a small  arc  of  a catenary  RSPT,  QS  tangents  at  P 
ind  Q,  PM,  QN  ordinates. 

TOM  tlie  directrix. 


By  the  triangle  of  forces  QSR  (see  Appendix). 

Tension  at  P : weight  of  PQ  ::  SR  i QR; 

.-.  PM  : PQ  ::  SR  : QR, 

::  ^PQ  : QR  ultimately ; 

2 PM  is  the  limit  of  the  third  proportional  to  QR  and  PQ  and  is 
.*.  the  vertical  chord  of  curvature. 

Hence,  the  radius  of  curvature  = PG  the  normal. 

Also,  PG  : PM  ::  PT  : TM, 

::  tension  at  P : tension  at  A, 

::  PM  : AO; 

the  radius  of  curvature  at  P is  a third  proportional  to  PM  and  AO. 

3.  To  find  the  chord  of  curvature  at  any  point  of  the 

cardioid,  through  the  focus. 


110 


NEWTON. 


Reverting  to  the  construction  used  in  the  example,  Art.  39,  it  is 
easily  seen  that  SY  being  perpendicular  to  PT,  the  triangle  ti 

PSY^  pBm,  and  CBp  are  similar;  p; 

SY  : SP  ::  Bm  : Bp,  is 

::  Bp  : BC ; 

SY^  : SP^  ::  SP  : BC, 

at 

and  by  Article  81,  we  have  ultimately  chord  of  curvature  ^ 

: ^SY  ::  SP SP'  : SY-^SY', 
and  {SY^  - SY'^)  BC  = SP^-  - SP'^ ; 
ultimately  aSP *S'P'  : SY-SY'  ::  2SY.BC  : 3SP\ 

::  2SP  : 3SY;  j 

IS 

chord  of  curvature  through  -g  - 


VIIL 


1.  Shew  that  the  diameter  of  curvature  at  any  point  in  aj; 
conic  section  varies  as  the  cube  of  the  normal. 

01 

2.  Prove  that  the  focal  distance  of  the  point  in  the  parabola 
at  which  the  curvature  is  of  that  at  the  vertex  is  equal  to  j 
the  latus  rectum. 

3.  Prove  that  the  diameter  of  curvature  at  the  vertex  of*  a 

the  major  axis  of  an  ellipse  is  equal  to  the  latus  rectum:  andj  ci 
shew  that  the  ratio  of  the  curvatures  at  the  extremities  of  the]  tl 
axes  is  that  of  the  cubes  of  the  axes.  ; 

4.  Apply  the  property  that  the  radius  of  curvature  at  any:  ^ 
point  of  an  ellipse  is  to  the  normal  in  the  duplicate  ratio  of  the  c 
normal  to  the  semi-latus  rectum,  to  shew  that  the  radius  of  cur-, 
vature  at  the  extremity  of  the  major  axis  is  equal  to  the  semi-:  ^ 
latus  rectum. 

a 

5.  Find  for  what  point  of  an  ellipse  the  circle  of  curvature,  ^ 
passes  through  the  other  extremity  of  the  diameter  at  that  point,  ‘ 
shew  that  the  distance  of  this  point  from  the  center  is  the  side  of  ; 
the  square  of  which  JB  is  the  diagonal. 
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6.  If  BC  be  the  chord  of  an  arc  BAG  of  continued  curva- 
ture, A,  D the  middle  points  of  the  arc  and  chord,  does  AD 
pass  through  the  center  of  curvature  ultimately,  when  the  arc 
is  indefinitely  diminished  ? 

7.  In  a rectangular  hyperbola,  the  diameter  of  curvature 
at  any  point,  and  the  chords  of  curvature  through  the  focus  and 
I center  are  in  geometrical  progression. 

8.  A,  B,  C are  three  points  in  a curve  of  finite  curvature : 
when  A and  C move  up  to  B,  and  ultimately  coincide  with  it, 
the  circle  circumscribing  the  triangle  formed  by  the  tangents  at 
A,  B^  and  C will  ultimately  cut  the  normal  at  ^ in  a point  which 
is  at  a distance  from  B equal  to  half  the  radius  of  curvature 
there,  and  the  triangle  formed  by  those  tangents  is  ultimately 
half  of  the  triangle  ABC, 


% 9.  Prove  that  the  chord  of  curvature  through  the  vertex  A 

of  a parabola  is  , F being  the  intersection  of  the  tangents 

L 


at  P and  A. 


10.  Shew  that  the  sum  of  the  chords  of  curvature  through 
a focus  of  an  ellipse  at  the  extremities  of  conjugate  diameters  is 
constant.  Also,  that  the  sum  of  the  radii  of  curvature  raised  to 
the  power  |-  is  constant. 

11.  If  PSp  be  a focal  chord  of  an  ellipse,  PT,  pT  tangents 
at  P and  p,  shew  that  the  curvatures  at  P and  p are  as  the 
cubes  oi pT  and  P T. 


12.  Prove  that  at  a point  P in  an  ellipse  for  which  the 
minor  axis  is  a mean  proportional  between  the  radius  of  curvature 
and  the  normal,  CP  - AC  - BC,  Shew  that  this  is  impossible 
unless  AC  ^ 2BC, 


13.  If  the  radius  of  curvature  is  twice  the  normal 
CP  = cs. 

^ ^ a/z  ^ Ay 

At'  ^ ' 
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If  moreover  AC  = 2BC,  CP  = SPM, 


14).  Shew  that  the  e volute  of  an  equiangular  spiral  is  a jp' 
similar  spiral,  and  also  that  the  extremities  of  the  diameter  of  I 
curvature  traces  out  a similar  spiral.  I 

15.  In  an  ellipse  the  circle  described  on  the  semi-major  axis! 
is  the  circle  of  curvature  at  the  vertex,  shew  that  if  SL  the  semi- 1 
latus  rectum  be  produced  to  the  auxiliary  circle  in  U,  SU  — *SC.  ij 


16.  If  os,  y be  the  co-ordinates  of  a point  P of  a curve  OP'! 
passing  through  the  origin  0,  the  radius  of  curvature  at  O i| 

..i  limit  ‘ 

- 00  mi  a ~ y cos  a 

a being  the  inclination  of  the  tangent  at  0 to  the  line  of  abscissas. 
Hence  shew  that  if  the  equation  of  a curve  be 
y"^  -f  2ay  — 2aop  = 0, 

the  radius  of  curvature  at  the  origin  is  2 \/2.  a. 


17.  Prove  that  the  chord  of  curvature  at  any  point  of  the; 
Lemniscate  drawn  through  the  focus  is  two  thirds  of  the  radius' 
vector. 
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Observations  on  the  Lemma. 


83.  In  the  proof  of  Lemma  XI,  AI  is  the  limit  of  the 
third  proportional  io  A B and  BD,  hence  it  is  the  diameter  o< 
curvature  to  the  curve  at  A. 

84.  For  an  example  of  a law  according  to  which  ir 
Case  3,  the  directions  of  the  subtenses  may  be  determined,  w( 
may  suppose  that  they  always  pass  through  a point  given  ii 
position,  at  a finite  distance  from  A ; or,  that  they  always  toucl 
a given  curve,  but  it  must  be  observed  that  the  case  in  whicl 
they  touch  a curve,  which  has  the  same  tangent  AD  at  A,  i 
excluded,  since  in  this  case  the  angles  D\  d!  do  not  remaii 
finite,  a property  required  in  the  name  subtense. 
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85.  Cor.  2.  If  the  sagitta  EF  bisect  AB  in  E and  be 
jj  produced  to  the  tangent  in  G,  in  fig.  page  89, 
of  FG  : BD  ::  AE'^  : AB^  ultimately, 

::  1 : 4, 

lis  and  BD  : GE  ::  JB  : JE 

::  2 : 1 ; 

FG  : GE  ::  1 : 2, 

)P  .*.  FE  = FG  ultimately, 

.*.  FE  : BD  ::  1:4  ultimately, 

ind  the  sagitta  of  an  arc  which  bisects  the  chord  varies  as 
the  subtense  at  the  extremity  of  the  arc  parallel  to  the  sagitta. 


86.  Cor.  3.  The  parabola  mentioned  in  this  corollary 
h a parabola  of  curvature  at  that  point ; and,  since  DB  may 
jbe  taken  in  any  given  direction,  the  proposition 


BD  : hd  ::  AD^  : Ad^ 

k remaining,  therefore  the  line  through  A drawn  in  that  direction 
1 is  the  corresponding  diameter  of  the  parabola  of  curvature. 

Hence,  the  axis  of  the  parabola  may  be  taken  in  any  direc- 
tion. 

If  the  subtenses  be  perpendicular  to  the  tangent,  the 
k parabola  of  curvature  is  the  parabola  whose  curvature  at  the 
nf 'vertex  determines  the  curvature  of  the  curve,  and  the  axis  is 
perpendicular  to  the  tangent,  and  if  4^f7  (fig.  page  11 6)  be  the 
jjjthird  proportional  to  the  arc  and  subtense,  the  limiting  posi- 
fji^tion  of  U is  the  focus  of  the  parabola. 

i|  By  means  of  this  corollary,  the  proposition  alluded  to  under 
jlf  Lemma  IX.  Art.  43,  is  established ; viz.  that  the  proportion  of 
jlithe  areas  which  takes  place  of  the  duplicate  ratio,  obtained  in 
is  I that  Lemma,  is  the  triplicate  ratio  of  the  same  lines,  when 
ijJ  instead  of  a finite  angle  made  with  the  tangent,  the  cutting  line 
i coincides  with  the  tangent. 
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87.  In  order  to  shew  the  danger  of  falling  into  an  error 
by  a careless  employment  of  the  propositions  proved  in  the 
first  section,  the  following  fallacious  proof  may  be  noticed  of 
the  proposition,  that  if  jB  7^  be  a tangent  to  a curve  BC  oi 
finite  curvature  at  the  point  B,  and  BThQ  taken  equal  to  BC 
and  C 7"  joined,  CT  is  ultimately  parallel  to  the  normal  at  B. 


For,  joining  BC,  BT  \ CB  is  ultimately  a ratio  of  equality  by 
Lemma  VII ; therefore  CBT  being  an  isosceles  triangle  ulti- 
mately, CT  is  perpendicular  to  the  line  bisecting  the  angle  L 
CBT,  and  therefore  to  the  tangent  BT,  since  BT  and  BC  ulti- 
mately  coincide.  j 


Lemma  VII  only  allows  us  to  assert  that  BT  and  BC 
differ  by  a quantity  Tt  which  vanishes  compared  with  either  t to 
of  them,  therefore  does  not  distinguish  between  CT  and  Ct.\ 
Now  by  Lemma  XI,  CT  oz  BC’^, 

and  Tt  may  cc  BC^ ; ; 

Tt  \ CT  may  be  a finite  ratio,  ov  CT  ultimately  inclined  at; 
any  finite  angle  to  BT,  at  least  as  far  as  the  reasoning  giveni 
is  concerned. 


88.  If  BT  he  a tangent  at  B,  AB,  BC,  equal  chords  oj 
a curve  of  finite  curvature,  drawn  from  B,  and  AB  he  pro-\ 
duced  to  c,  mahing  Bc  = AB,  and  Qc  he  joined  meeting  BT; 
in  T,  C c is  ultimately  = 2 CT,  when  the  arcs  AB,  CB  are 
diminished  indefinitely. 

For,  if  AU  hQ  drawn  parallel  to  C7^, 

CT  : AU  ::  AB^  : BC^  ultimately. 
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/.  CT  - AU  ultimately, 

AC  is  ultimately  parallel  to  BT,  and  = ^AB; 
cC  2 CT  ultimately. 

89.  Scholium.  Let  AB,  AC  be  two  curves,  having  a 
[jommon  tangent  JD  at  A,  and  let  subtenses  DB,  DC  of  the 


* angles  of  contact  be  drawn  from  D at  any  point  in  the  tangent 
in  the  same  direction,  and  let  BD  oc  AD"^,  CD  oc  A D""  in  the 
curves  AB,  AC  respectively. 

I Draw  dbc  Si  common  ordinate  from  a fixed  point  d,  parallel 
f to  DBC. 

Then  AD^  : A d^  ::  BD  : bd, 

AD^  : Ad^  ::  CD  : cd, 
and  if  m be  greater  than  n,  = ^^  + r suppose, 

AD\AD^  : Ad\Ad^'  ::  BD  : bd; 

CD  ,AD^  : cd.Ad^  ::  BD  ; bd 

::  BD.AD^  : bd.AD^; 

CD  : BD  ::  cd . Ad^  ::  bd.AD\ 

and  since  b,  c,  d are  fixed,  and  AD  vanishes  in  the  limit,  there- 
fore CD  is  infinitely  greater  than  BD,  and  since  the  angle  of 
contact,  BAD,  CAD  are  ultimately  proportional  to  CD,  BD, 
it  follows  that,  if  in  two  curves  the  subtenses  vary  according 
to  different  powers  of  the  arcs  or  tangents,  the  angle  of  contact 
of  that  curve  in  which  the  index  of  the  power  is  the  least  is 
infinitely  greater  than  the  angle  of  contact  of  the  other. 
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Illustrations. 

1.  To  construct  for  the  axis  and  focus  of  the  parabola  of 
curvature  for  any  direction  of  the  parallel  subtenses. 


Let  AB  be  the  curve  of  finite  curvature,  BD,  bd  subtenses,  A E 
parallel  to  them. 

Draw  A U perpendicular  to  AD^  and  /S'  making  angle  UAS^UAE^ 
and  since  J.iS^is  a diameter  of  the  parabola,  AS  is  in  the  direction  of 
the  focus. 

and  if  4 J.aS'  he  a third  proportional  to  BD  and  AD ; 

AD^=4AS.BD, 

and  since  : Ad^  BD  : bd  ultimately; 
the  limiting  position  of  S is  the  focus  of  the  parabola. 

2.  To  find  the  locus  of  S when  BD  is  inclined  at  different 
angles  to  AD, 

Let  BC  be  perpendicular  to  AD^  and  AUhe  chosen  so  that 
4>AU  : AC  ::  AC  : BC, 

the  limiting  position  of  Z7  is  the  focus  of  the  parabola  whose  curvature 
at  the  vertex  is  the  same  as  that  of  the  curve  at  A, 

and  AD  : 4iAS  ::  BD  : -4 D ultimately ; 
since  AD  = AC  ultimately, 

AU  : AS  ::  BD  : BC, 
and  z SA  U = z.  DBC, 
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join  SUy  .*.  the  triangles  SAU^  DBG  are  similar, 
and  z ASU  = z BCD  = a right  angle  ; 
the  locus  of  /S'  is  a circle  on  A U as  diameter. 

3.  ABC  (fig.  Art.  87.)  is  an  arc  of  finite  curvature,  and 
Is  divided  so  that  AB  : AC  ::  m : n,  si  constant  ratio. 

Join  AB,  AC,  BC,  and  shew  that,  ultimatelj-, 

A ABC  : segment  ABC  ::  3 : 

For  by  Cor.  5.  Lemma  XI. 

segA^  : s^gABC  ::  AB^  : ABC^ 

::  m®  : (m  + nf 
seg  BC  : seg  ABC  ::  w®  ; {m  + w)®; 
sogAB  + SQgBC  : seg  ABC  ::  m®  + w®  : (wz  + w)®, 
and  A A 5(7=  seg  ABC-segAB-segBC; 

.*.  A : seg  A^C  ::  3 {m^n  + mn^)  : (m  + w)® 

..  3 . (”»  + »)" 

mn  ’ 


(v'-+ 

\ n mj 


IX. 

1.  Shew  that  the  directrices  of  all  parabolas  touching  a 
curve  of  finite  curvature  at  any  given  point,  and  having  the 
same  curvature  at  that  point  as  the  curve,  pass  through  a fixed 
point. 

2.  Determine  the  parabola  in  magnitude  and  position  for 
a point  in  the  circle,  when  the  subtenses  are  inclined  at  45°  to 
the  tangent. 

3.  Find  the  focus  of  the  parabola  of  curvature  which 
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touches  a cycloid  at  its  vertex,  and  the  locus  of  the  foci  of  all 
parabolas  which  have  the  same  tangent  and  curvature  at  that 
point. 

4.  If  AEB  be  the  chord,  AD  the  tangent,  and  BD  the 
subtense,  for  an  arc  ACB  of  finite  curvature  at  Ay  find  the  limit 
of  the  area  AC  BE  : area  ACBD  as  B approaches  A, 

5.  If  from  a point  Ay  equal  arcs  ABy  AC  be  measured 
and  BC  be  joined,  shew  that  BC  is  ultimately  parallel  to  the 
tangent  at  A, 

6.  Apply  the  property  that  every  curve  of  finite  curva- 
ture is  ultimately  a parabola,  to  shew  that  two  tangents  drawn 
from  a point  to  the  extremities  of  a small  arc  are  ultimately 
equal,  when  the  arc  is  diminished  indefinitely. 

7.  In  a segment  of  an  arc  of  finite  curvature  a pentagon 
is  inscribed  one  side  of  which  is  the  chord  of  the  arc,  and  the 
remaining  sides  equal.  Shew  that  the  limiting  ratio  of  the 
areas  of  the  pentagon  and  segment,  when  the  chord  moves  up 
towards  the  tangent  at  one  extremity  is  15  : l6. 

8.  APQ  is  a curve  of  continued  and  finite  curvature,  P 
and  Q are  two  points  in  it,  whose  abscissae  along  the  normal 
at  A are  always  in  the  ratio  m ; 1,  and  from  By  C two  points 
in  the  normal,  straight  lines  BPh,  CPcy  BQb'y  CQc  are  drawn 
to  meet  the  tangent  at  A,  Shew  that  when  P and  Q move  up 
to  Ay  the  areas  of  the  triangles  hPcy  PQc  are  ultimately  in  the 
ratio  ml  : 1. 


SECTION  11. 

Centripetal  Forces, 

Prop.  I.  Theorem  I. 

When  a body  revolves  in  an  orbits  subject  to  the  action  of  forces 
tending  to  a fixed  pointy  the  areas,  which  it  describes  by 
radii  drawn  to  the  fixed  center  of  force,  are  in  one  fixed 
plane,  and  are  proportional  tO  the  time  of  describing  them. 

Let  the  time  be  divided  into  equal  parts,  and  in  the  first 
interval  let  the  body  describe  the  straight  line  AB  with 


uniform  velocity,  being  acted  on  by  no  force.  In  the 
second  interval  it  would,  if  no  force  acted,  proceed  to 
c in  AB  produced,  describing  Be  equal  to  AB : so  that 
the  equal  areas  ASB,  BSc  described  by  radii  AS,  BS, 
cS  drawn  to  the  center  S,  would  be  completed  in  equal 
intervals. 
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But,  when  the  body  arrives  at  let  a centripetal  force  1 
tending  to  S act  upon  it  by  a single  instantaneous 
impulse,  and  cause  the  body  to  deviate  from  the  di- 
rection Be  and  to  proceed  in  the  direction  BC. 

Let  cC  be  drawn  parallel  to  BS,  meeting  BC,  then,  at  the 
end  of  the  second  interval,  the  body  will  be  found  at 
C,  in  the  same  plane  with  the  triangle  ASB,  in  which 
Be  and  eC  are  drawn.  Join  SC\  and  the  triangle  SBC,  () 
between  parallels  SB,  Ce  will  be  equal  to  the  triangle 
SBe,  and  therefore  also  to  the  triangle  SAB, 

In  like  manner,  if  the  centripetal  force  act  upon  the  body 
successively  at  C,  D,  E,  &c.  causing  the  body  to  describe 
in  the  successive  intervals  of  time  the  straight  lines  | 
CD,  DE,  EF,  &c.  these  will  all  lie  in  the  same  plane ; 
and  the  triangle  SCD  will  be  equal  to  the  triangle  SBC,  n 
and  SDE  to  SCD,  and  SEE  to  SDE. 

Therefore  equal  areas  are  described  in  the  same  fixed  plane  | 
in  equal  intervals  ; and,  componendo,  the  sums  of  any  ! 
number  of  areas  SADS,  SAFS,  are  to  each  other  as  the  'j 
times  of  describing  them. 

Let  now  the  number  of  these  triangles  be  increased,  and  i p 
their  breadth  diminished  indefinitely ; then  their  peri-  : 
meter  ADF  will  be  ultimately  a curve  line ; and  the 
instantaneous  forces  will  become  ultimately  a centri- 
petal force,  by  the  action  of  which  the  body  is  con- 
tinually deflected  from  the  tangent  to  this  curve,  and 
which  will  act  continuously  ; and  the  areas  SADS,  SAFS, 
being  always  proportional  to  the  times  of  describing 
them,  will  be  so  in  this  case,  q.e.d. 

Cor.  1.  The  velocity  of  a body  attracted  towards  a fixed 
center  in  a non-resisting  medium,  is  reciprocally  proper-  ( 
tional  to  the  perpendicular  dropped  from  that  center 
upon  the  tangent  to  the  orbit. 
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For  the  velocity  at  the  points  A,  B,  C,  D,  E are  as  the 
bases  AB,  BC,  CD,  DE,  EF  of  equal  triangles,  and  since 
the  triangles  are  equal  these  bases  are  reciprocally  pro- 
portional to  the  perpendiculars  from  S let  fall  upon  them. 
[And  the  same  is  true  in  the  limit,  in  which  case  the 
bases  are  in  the  direction  of  tangents  to  the  curvilinear 
limit,  therefore  the  velocity,  &c.] 

Cor.  2.  If  on  chords  AB,  BC  of  two  arcs  described  in 
equal  successive  times  in  a non-resisting  medium  by  the 
same  body  the  parallelogram  ABCV  he  completed,  and 
the  diagonal  BV  of  this  parallelogram  be  produced  in 
both  directions  in  that  position  which  it  assumes  ulti- 
mately when  those  arcs  are  diminished  indefinitely,  it 
will  pass  through  the  center  of  force. 

Cor.  3.  If  on  AB,  BC  and  on  DE,  EF  chords  of  arcs 
described  in  a non-resisting  medium  in  equal  times,  the 
parallelograms  ABCV,  DEFZ  he  completed;  the  forces 
at  B and  E are  to  one  another  in  the  ultimate  ratio  of 
the  diagonals  BV,  EZ,  when  the  arcs  are  indefinitely 
diminished. 

For  the  motions  of  the  body  represented  by  BC,  EF  in 
the  polygon,  are  compounded  of  the  motions  repre- 
sented by  Be,  B V and  Ef,  EZ ; and  those  represented 
by  BV,  EZ  which  are  equal  to  Cc,  Ff  in  the  de- 
monstration of  the  proposition  were  generated  by  the 
impulses  of  the  centripetal  force  at  B and  E and  are  thus 
proportional  to  those  impulses.  [And  the  same  is  true 
in  the  limit,  in  which  case  the  ultimate  ratio  of  the 
impulses  at  any  two  points  is  the  ratio  of  the  continuous 
forces  at  those  points.] 

Cor.  4.  The  forces  by  which  any  bodies  moving  in  non- 
resisting media  are  defiected  from  rectilinear  motion 
into  curved  orbits,  are  to  one  another  as  those  sagittae 
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of  arcs  described  in  equal  times,  which  converge  to  the 
center  of  force  and  bisect  the  chords,  when  those  arcs 
are  indefinitely  diminished. 

For  the  diagonals  of  the  parallelograms  ABCV,  DEFZ 
bisect  each  other,  and  these  sagittss  are  halves  of  the 
diagonals  BV,  EZ  when  the  arcs  are  indefinitely  di- 
minished. [And  the  same  is  true  whether  JBCV  and 
DEFZ  be  parts  of  the  same  or  of  different  orbits  if  the 
arcs  be  described  in  equal  times.] 

Cor.  5.  And  therefore  the  same  forces  are  to  the  force  of 
gravity  as  those  sagittse  are  to  vertical  sagittse  of  the  pa- 
rabolic arcs  which  projectiles  describe  in  the  same  time. 

Cor.  6.  All  the  same  conclusions  obtain,  by  the  Second 
Law  of  Motion,  when  the  planes,  in  which  the  bodies 
move  together  with  the  centers  of  force  which  are 
situated  in  those  planes,  are  not  at  rest,  but  are  moving 
uniformly  and  parallel  to  themselves. 


di 

ui 

i 

S. 


til 

k 

cu 

sc 

ff' 


st; 


:jel 


The  statement  of  the  proposition  in  the  original  Latin  is. 
Areas,  quas  corpora  in  gyros  acta  radiis  ad  immobile 
centrum  virium  ductis  describunt,  et  in  planis  immo- 
bilibus  consistere,  et  esse  temporibus  proportionales.” 


90.  It  should  be  carefully  observed,  that,  before  proceeding  ; 
to  the  limit,  it  is  proved  that  any  polygonal  areas  SADS,  . ^ 
SAFS,  are  proportional  to  the  times  of  description  of  their 
perimeters ; so  that  ultimately  these  areas  become  finite  curvi- 
linear areas,  described  in  finite  times. 

91.  In  proceeding  to  the  ultimate  state  of  the  hypothesis,  it 
is  concluded  readily  from  Lemmas  II,  and  III,  that  the  curvi- 
linear areas  are  the  limits  of  the  polygons;  but  a greater 
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lifficulty  arises  in  the  transition  from  the  discontinuous  motion 
linder  the  action  of  instantaneous  impulsive  forces  to  the  con- 
hinuous  motion  under  the  action  of  a continuous  force  tending  to 
[S'.  For,  in  the  curvilinear  path  of  the  body  which  is  the  limit 
pf  the  perimeter  of  the  polygon,  the  direction  of  the  motion  at 
the  angular  points  of  the  polygon  is  different,  and  also  the  de- 
flection from  the  direction  of  motion  is  twice  as  great  in  the  poly- 
gon as  it  is  in  the  curve.  Although  we  may  assume  that  the 
curvilinear  limit  of  the  perimeter  of  the  polygon  may  be  de- 
scribed under  the  action  of  some  force,  is  that  force  the  same 
jWhich  is  the  limit  of  the  series  of  impulses  ? 

' The  centripetal  force  supposed  to  act  with  a simple  in- 
istantaneous  impulse,  impulse  unico  et  magno,”  is  supposed  to 
generate  a finite  velocity  at  once,  which  effect  a finite  force  can- 
not produce. 

If  instead  of  this  imaginary  impulse  we  suppose  the  force 
finite,  but  very  great,  and  acting  for  a very  short  time,  the 
effect  upon  the  figure  would  be  to  round  off  the  angular  points  of 
the  polygon. 

The  transition  from  the  impulses  to  the  continuous  force,  in 
the  ultimate  form  of  the  hypothesis,  must  be  considered  as 
axiomatic,  like  the  ultimate  equality  of  the  ratio  of  the  finite  arc 
to  the  perimeter  of  the  inscribed  polygon. 

92.  We  can,  however,  shew  that  if  the  curvilinear  limit  of 
the  polygon  be  described  under  the  action  of  some  continuous 
force  tending  to  S,  the  effect  of  this  force  estimated  by  the  quan- 
tity of  motion  generated  in  the  interval  between  the  impulses,  is 
ultimately  the  same  as  that  generated  by  the  impulse. 

Consider  first  the  geometrical  properties  of  the  limit  of  the 
polygonal  perimeter. 

Let  BTf  CC7  be  tangents  at  B,  C,  to  the  curvilinear  limit, 
and  let  Cc  intersect  BT  in  T,  (fig.  page  119.) 

Now,  since  Cc  ultimately  vanishes  compared  with  Be,  BC 
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and  Be  or  AB  are  ultimately  in  a ratio  of  equality,  and  Co  is 
ultimately  bisected  by  jBT  (Art.  38);  also,  CU  ^ BU  UT, 
ultimately.  (Art.  82). 

Consider  next,  the  effects  produced  by  the  different  kinds  of 
force  which  act  in  the  two  cases. 


In  the  polygonal  path,  the  impulsive  force  at  B generates  a 
velocity  with  which  the  body  describes  Cc  in  the  time  t,  in 
which  AB  or  BC  is  described,  the  measure  of  the  effect  of  the 

force  is  therefore  the  velocity  — . 


In  the  curvilinear  path  the  deflection  from  the  direction  BT 
at  B in  the  same  time  t is  TC  by  the  continuous  action  of  finite 
forces,  if  we  suppose  the  force  ultimately  uniform  in  magni- 
tude and  direction  the  measure  of  the  accelerating  effect  of 

the  lorce  is  — — 

^ Cc 


and  the  velocity  generated  in  that  time  is 


Hence  the  effects  of  the  finite  and  impulsive  forces  measured 
by  the  quantity  of  motion  produced  are  the  same. 

93.  To  shew  that  a continuous  force,  which  generates  the 
same  quantity  of  motion  as  the  impulse  at  B in  the  time  from  B 
to  C,  would  cause  the  body  on  arriving  at  C to  move  in  the  di- 
rection of  the  tangent  to  the  curvilinear  limit  of  the  perimeter. 
The  velocity  due  to  the  action  of  the  finite  force  at  the  end 
^TC 

of  time  t being  ultimately in  the  direction  TC  and  that 

t 


in  the  direction  BT  being 


BT 


2TU 


; therefore  TC^UT  re- 


present the  velocities  in  those  directions;  therefore  JJC  is  the 
direction  of  motion  at  C;  or  the  body  moves  in  the  direction  of 
the  tangent  at  C.  ! 
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94.  Cor.  1.  The  corollary  may  be  proved  directly  from 
I the  proposition,  for  the  proportionality  of  the  areas  to  the  times 
■[  of  describing  them  is  true  if  the  force  suddenly  cease  to  act,  in 
I which  case  the  body  proceeds  in  the  direction  of  the  tangent. 

Let  V be  the  velocity  at  the  point  A, 

A SB  the  curvilinear  areas  described  in 
! any  time  T,  AT  = V.T  the  space  de- 
j scribed  if  the  force  cease  to  act. 

Join  /S' T and  draw  SY  perpendicular 
to  AT, 

then  area  ASB  = triangle  SAT 
\ = L F.  r X SY, 

I and  area  ASB  oc  T ; 


Also,  if  h be  twice  the  area  described  in  the  unit  of  time 
employed  in  estimating  the  accelerating  effect  of  the  force  tend- 
ing to  S,  and  the  velocity  V of  the  body, 

2 . area  SAB  = hT; 

A = F.  SY. 

By  the  use  of  this  area  the  proportions  employed  by  Newton 
may  be  converted  into  equations,  for  the  convenience  of  calcu- 
lation. 

If  bodies  move  in  curves  for  which  the  areas,  described  in 
the  same  time,  are  not  equal 


95.  Cor.  5.  The  object  of  this  corollary  is  to  determine 
the  numerical  measure  of  the  central  force  which  governs  the 
motion  of  a body,  when  the  circumstances  of  the  motion  are 
known : for  it  supplies  us  with  the  ratio  of  this  force  to  the  force 
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of  gravity  at  any  place,  the  measure  of  which  is  determined 
by  experiment. 

Application  of  the  Proposition. 

96.  Prop.  When  the  force  instead  of  tending  to  a fixed 
point,  acts  in  parallel  lines,  the  property  of  the  motion  enunciated 
in  the  proposition  may  be  replaced  by  the  property  that  the 
resolved  part  of  the  space  described  perpendicular  to  the  direc- 
tion of  the  force  is  proportional  to  the  times. 

This  is  immediately  deducible  from  the  second  law  of  motion,  since 

there  is  no  force  in  the  direction  per- 
pendicular to  that  of  the  forces,  and 
the  velocity  in  that  direction  is  uni- 
form. 

That  this  is  the  result  of  the  pro- 
perties in  the  proposition  may  be 
shewn  by  removing  the  center  of 
force  to  an  infinite  distance. 

If  S be  the  center  of  force,  A MN 
perpendicular  to  SB^  the  area  ABCS 
is  proportional  to  the  time  of  de- 
scribing AC^  and  the  area  AMNS- 
and  ABCS  are  ultimately  equal  when 
S is  removed  to  an  infinite  distance  in  BMS,  the  triangle  ASN 
is  proportional  to  the  time  and  the  base  AN  is  so  also,  which  since 
CN  is  ultimately  perpendicular  to  JLiV  is  the  proposition  required. 

97.  Prop.  If  a body  describe  a curvilinear  orbit  about  a I 
force  tending  constantly  to  a fixed  point,  the  area  described  in  a| 
given  time  will  be  unaltered,  if  the  force  be  suddenly  increased  | 
or  diminished,  or  if  the  body  be  acted  on  at  any  moment  by  an  I 
impulsive  force  tending  to  that  point. 

For,  if  in  the  polygon  the  impulse  at  any  point  B be  increased  or 
diminished  by  any  force  tending  to  or  from  S,  the  only  effect  is  to  re-j 
move  the  vertex  C of  the  triangle  SBC  to  some  other  point  in  the  linej 
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cC  parallel  to  BS,  and  the  area  will  be  unaltered,  and  the  argument 
which  establishes  the  equality  of  polygonal  areas  in  a given  time  pro- 
ceeds as  before. 

In  the  limit  the  curvilinear  areas  in  a given  time  are  unaltered. 

If  at  B the  new  force  introduced  be  impulsive,  the  angle  ABC 
remains  less  than  two  right  angles  when  we  proceed  to  the  limit,  and 
the  parts  of  the  curve  cut  one  another  at  a finite  angle. 

Hence,  in  any  calculation  the  value  of  h (Art.  94),  is  the  same 
before  and  after  the  change  of  the  force. 

Illustrations. 

1.  If  a body  describe  an  ellipse  under  the  action  of  a force 
tending  to  one  of  the  foci,  the  square  of  the  velocity  varies  in- 
versely as  the  distance  from  that  focus,  and  directly  as  the  dis- 
tance from  the  other. 

The  square  of  the  velocity  oc  oc 

and  HZ  : SY  ::  HP  : SP ; 

HZ.SY  : SY^  ::  HP  : SP, 

and  HZ.SY^BC’; 

HP 

and  the  (velocity)^  oc  . 

2.  The  velocity  is  greatest  when  the  body  is  at  the  ex- 
tremity of  the  major  axis  which  is  nearest  to  the  focus  to  which 
the  force  tends,  and  least  at  the  other  extremity. 

S Y being  the  greatest  in  the  first  and  least  in  the  second  position, 

3.  The  velocity  is  a geometric  mean  between  the  greatest 
and  least  velocities  at  the  extremities  of  the  minor  axis. 

For  at  this  point  HZ  — BC,  and  at  the  extremities  of  the  major 
axis  the  values  of  HZ  are  SA  and  Sa, 

and  BC"=  SA.Sa. 
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4.  In  the  equiangular  spiral  described  under  the  action  of  ^ 

a force  tending  to  the  focus,  the  velocity  « ^ 

For,  SY  cc  SF.  t 

5.  If  the  force  tends  to  the  center  of  the  elliptic  orbit  { 

described  by  a body,  the  time  between  the  extremities  of  conju- 
gate diameters  is  constant.  t 

• For  the  area  PCD  is  constant. 


1.  If  different  bodies  be  projected  with  the  same  velocity 

from  a given  point,  all  being  attracted  by  forces  tending  to  one  d 
fixed  point,  shew  that  the  areas  described  by  the  lines  drawn  ti 
from  the  fixed  points  to  the  bodies  are  proportional  to  the  sines  | f( 
of  the  angles  of  projection.  a 

2.  When  a body  describes  a curvilinear  orbit  under  the 
action  of  a force  tending  to  a fixed  point,  will  the  direction  of 
motion  or  the  curvature  of  the  orbit  at  any  point  be  changed  if 
the  force  at  the  point  receive  a finite  change  ? 

3.  If  an  ellipse  be  described  under  the  action  of  a force  tli 

tending  to  the  center,  find  at  what  points  the  velocity  is  the 
greatest  and  least.  cd 

4.  Shew  that  in  the  case  of  3,  the  velocity  varies  directly  rc 
as  the  diameter  conjugate  to  that  which  passes  through  the  body. ! 

5.  Shew  that  the  sum  of  the  squares  of  the  velocities  at  se 

the  extremities  of  conjugate  diameters  is  constant.  | pi 

6.  If  the  velocity  at  any  point  can  be  equal  to  the  difference  j 
of  the  greatest  and  least  velocities  the  major  axis  must  be  lessj 
than  double  of  the  minor. 

7.  If  a body  describe  an  ellipse  under  the  action  of  a cen-  gj 
tral  force  tending  to  one  of  the  foci,  shew  that  the  sum  of  the,  ^ 
velocities  at  the  extremities  of  the  two  latera  recta  varies  in-j  ( 
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Tersely  as  the  diameters  parallel  to  the  direction  of  motion  at 
those  points. 

8.  In  a parabolic  orbit  described  round  a force  tending  to 
the  focus,  the  velocity  varies  inversely  as  the  normal  at  any 
point. 

9.  In  the  orbit  of  8,  shew  that  the  sum  of  the  squares  of 
the  velocities  at  the  extremities  of  a focal  chord  is  constant. 

10.  In  an  ellipse  described  round  a force  tending  to  the 
focus,  compare  the  intervals  of  time  between  the  extremities  of 
the  same  latus  rectum  when  AC  = 2CS. 


11.  In  the  case  of  10,  the  time  of  moving  from  the 
nearest  focal  distance  to  the  extremity  of  the  minor  axis  is  m 
times  that  from  the  extremity  of  the  minor  axis  to  the  greatest 
focal  distance ; find  the  eccentricity,  and  shew  that,  if  there  be 
a small  error  in  the  corresponding  error  in  the  eccentricity 


varies  as 


(1  + my 

12.  The  velocity  in  a cardioid  described  about  a force 
tending  to  the  pole  varies  in  the  inverse  sesquiplicate  ratio  of 
the  distance. 


13.  The  velocity  in  the  Lemniscate  varies  inversely  as  the 
cube  of  the  central  distance,  when  a particle  moves  in  the  curve 
round  a force  tending  to  the  center, 
j 14.  A body  describes  a parabola  about  the  focus;  if  the 
segments  PS,  Sp  of  the  focal  chord  PSp  be  in  the  ratio  nil, 
prove  that  the  time  of  describing  pA  : time  of  describing  AP 
I ::  3n  + 1 : n^{n  + 3). 

^ 15.  In  motion  in  an  ellipse  round  a force  tending  to  the 

center,  shew  that  the  velocity  at  any  point  perpendicular  to 
■ either  focal  distance  is  constant ; and  the  sum  of  the  squares  of 
! the  velocities  at  the  extremities  of  any  pair  of  semi-conjugate 
' diameters  resolved  in  any  given  direction  is  constant. 
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16.  In  the  motion  supposed  in  15,  having  given  any  point  P ' 

in  the  ellipse,  determine  geometrically  the  points  &c... 

so  that  the  time  in  Ppi,  piP2i  ...  are  each  equal  to 

ith  of  the  periodic  time.  i 

n 

Also  shew  that  if  the  times  in  AP^,  PxP^^  P^Pzi  PzP  he  j 
equal,  and  ^/,  Vj,  Vg,  be  the  velocities  at  Pj,  Pg,  P3,  B ‘! 
respectively,  ; 

2 {v^  + vi  + vi)  = 3 (v^  + v^).  I 

17.  In  the  ellipse  described  about  the  focus  S,  ASHA'  be-  ■ 
ing  the  major  axis,  time  in  AB  : time  in  BA'  ::  tt  + 2e  : tt  — 2^.  : 

18.  Prove  that  in  an  equiangular  spiral  described  by  a i 
body  about  a force  in  the  focus  the  time  in  any  arc  varies  as  the  ! 
difference  of  the  squares  of  the  focal  distance  of  the  extremities. 


Prop.  II.  Theorem  II. 

Every  body,  which  moves  in  any  curve  line  described  in  a 
plane,  and  describes  areas  proportional  to  the  times  of  de- 
scribing them  about  a point  either  fiooed  or  moving  uniformly 
in  a straight  Ime,  by  radii  drawn  to  that  point,  is  acted  on 
by  a centripetal  force  tending  to  the  same  point. 


Case  1.  Let  the  time  be  divided  into  equal  intervals,  and, 
in  the  first  interval,  let  the  body  describe  AB  with  uni- 
form velocity,  being  acted  on  by  no  force ; in  the  second 
interval  it  would,  if  no  force  acted,  proceed  to  c in  AB 
produced,  describing  Be  equal  to  AB\  and  the  triangles 
ASB,  BSc  would  be  equal.  But,  when  the  body  arrives 
at  P,  let  a force  acting  upon  it  by  a single  impulse,! 
cause  the  body  to  describe  BC  in  the  second  interval  of 
time  so  that  the  triangle  BSC  is  equal  to  the  triangle; 


C( 
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ASB,  and  therefore  also  to  the  triangle  BSc ; .*.  BSC 
and  BSg  are  between  the  same  parallels,  .-.  BS  is 
parallel  to  cC,  .*.  BS  was  the  direction  of  the  impulse 
at  B, 

Similarly,  if  at  C,  D, the  body  be  acted  on  by  impulses 
causing  it  to  move  in  the  sides  CD,  DE, ...  of  a polygon, 
in  the  successive  intervals,  making  the  triangles  CSD, 
DSE,  ...  equal  to  ASB  and  BSC,  the  impulses  can  be 
shewn  to  have  been  in  the  directions  CS,  DS,,.  Hence, 
if  any  polygonal  areas  be  described  proportional  to  the 
times  of  describing  them,  the  impulses  all  tend  to  S, 

The  same  is  true  if  the  number  of  intervals  be  increased 
and  their  length  diminished  indefinitely,  in  which  case 
the  series  of  impulses  approximates  to  a continuous 
force  tending  to  S,  and  the  polygons  to  curvilinear  areas, 
as  their  limits.  Hence  the  proposition  is  true  for  a 
fixed  center. 

Case  2.  The  proposition  will  also  be  true,  if  /S'  be  a point 
which  moves  uniformly  in  a straight  line,  for,  by  the 
second  law  of  motion,  the  relative  motion  will  be  the  same, 
whether  we  suppose  the  plane  to  be  at  rest,  or  that  it 
moves  together  with  the  body  which  revolves  and  the 
point  S,  uniformly  in  one  direction. 

Cor.  1,  In  non-resisting  media,  if  the  areas  are  not  pro- 
portional to  the  times,  the  forces  do  not  tend  to  the 
point  to  which  the  radii  are  drawn,  but  deviate  in  conse- 
quentid,  i.  e.  in  that  direction  towards  which  the  motion 
takes  place,  if  the  description  of  areas  is  accelerated  ; 
but  if  it  be  retarded  the  deviation  is  in  antecedentid. 

Cor.  2.  And  also  in  resisting  media,  if  the  description  of 
areas  is  accelerated,  the  directions  of  the  forces  deviate 
from  the  point  to  which  the  radii  are  drawn  in  that 
direction  towards  which  the  motion  takes  place. 

K 2 


132 


NEWTON. 


SCHOLIUM. 

A body  may  be  acted  on  by  a centripetal  force  com- 
pounded of  several  forces.  In  this  case,  the  meaning  of 
the  proposition  is,  that  that  force,  which  is  the  resultant 
of  all,  tends  to  S.  Moreover,  if  any  force  act  con- 
tinually in  a line  perpendicular  to  the  plane  of  the  areas 
described,  this  force  will  cause  the  body  to  deviate  from 
the  plane  of  its  motion,  but  will  neither  increase  nor 
diminish  the  amount  of  area  described,  and  therefore 
must  be  neglected  in  the  composition  of  the  forces. 

98.  The  description  of  an  area  round  a point  in  motion 
may  be  explained  as  follows. 

A 


Let  SS'  be  the  line  in  which  S moves  uniformly  and  let  the 
body  move  from  A to  5 in  the  same  time  as  S moves  from  S 
to  S\  P,  (7  simultaneous  positions  of  the  body  and  aS'. 

If  PP'  be  drawn  equal  and  parallel  to  aS,  and  the  same 
construction  be  made  for  every  point  in  the  path  of  the  body, 
the  curve  AP'B\  which  is  the  locus  of  P',  is  the  orbit  which 
the  body  would  appear  to  describe  to  an  observer  at  S,  who  re- 
fers all  the  motion  to  the  body. 

This  is  clear,  since  SP'  is  equal  and  parallel  to  crP,  and  the 


PROP.  II.  THEOREM  11. 


133 


distance  of  the  body  and  the  direction  in  which  it  is  seen  is  the 
same  in  the  two  cases. 

If  Q Q'  be  corresponding  points  near  P and  P\  and  the 
force  at  g be  supposed  to  act  impulsively,  the  relative  motion 
round  cr  will  be  unaltered  if  we  apply  equal  velocities  in  the 
same  direction  to  P and  g,  so  that  g is  reduced  to  rest,  gg  and 
PQ  are  described  in  the  same  time,  take  therefore  Qq  equal  and 
parallel  to  g g,  the  resulting  motion  of  P is  then  Pq  by  the 
second  law  of  motion,  which  is  equal  and  parallel  to  P'Q!  ; 
therefore  P'Q'  represents  the  relative  motion  of  the  body  round 
S at  rest. 

99.  Cor.  1.  Reverting  to  the  polygonal  area,  if  the  tri- 


angle SBC'  be  greater  than  the  triangle  SAB,  the  impulse  at  B 
is  not  in  the  direction  BS  but  BU,  parallel  to  cC',  or  if  the 
areas  are  not  proportional  to  the  times  but  are  in  an  increasing 
ratio,  the  direction  of  the  force  deviates  towards  the  direction  in 
which  the  description  of  areas  is  accelerated : and  vice  versa 
when  the  description  is  retarded. 

100.  Cor.  2.  The  effect  of  a resisting  medium  is  to  re- 
tard the  motion,  or,  supposing  it  to  act  by  impulses,  we  must 
conceive  an  impulse  at  B in  the  case  of  the  polygon  in  the 
direction  BA',  if  therefore  the  description  of  areas  be  accelerated, 
the  impulse  applied  at  B in  the  direction  BU'  acts  still  further 
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in  consequential  so  that  this  impulse  with  the  impulse  correspond- 
ing to  the  resistance  of  the  medium  may  produce  a resultant 
impulse  in  the  direction  of  BU. 

The  effect  of  the  resistance  alone  is  to  retard  the  description 
of  areas. 

If  the  force  act  in  consequential  the  resistance  of  this  force 
and  the  resistance  of  the  medium  may  act  in  the  direction  BS, 
and  the  proportionality  of  the  areas  to  the  time  be  preserved. 


Prop.  III.  Theorem  III. 

Every  hody^  which  describes  areas  proportional  to  the  times 
of  describing  them  by  radii  drawn  to  the  center  of  another 
body  which  is  moving  in  any  manner  whatever,  is  acted  on 
by  a force  compounded  of  a centripetal  force  tending  to  that 
other  body,  and  of  the  whole  accelerating  force  which  acts 
upon  that  other  body. 

Let  the  first  body  be  L,  the  second  T,  T moves  under  the 
action  of  some  force  P,  L under  the  action  of  another 
force  F.  At  every  instant 
apply  to  both  bodies  the 
force  P in  the  contrary 
direction  to  that  in  which 
it  acts,  as  represented  by 
the  dotted  arrows. 

L will  continue  to  describe 

about  T,  as  before,  areas  proportional  to  the  times  of 
describing  them,  and  since  there  is  now  no  force  acting 
on  T,  T is  at  rest  or  moves  uniformly  in  a straight  line. 

Therefore,  (by  Theor.  2)  the  resultant  of  the  force  F and 
the  force  P applied  to  L tends  to  T. 

Hence  F is  compounded  of  a centripetal  force  tending  to 
T,  and  of  a force  equal  to  that  which  acts  on  Z.  q.  e.  d. 
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Cor.  1.  Hence  if  a body  L describes  areas  proportional 
to  the  times  of  describing  them  by  radii  drawn  to  another 
body  T\  and  from  the  whole  force,  which  acts  upon  X, 
whether  a single  force  or  compounded  of  several  forces, 
be  taken  away  the  whole  accelerating  force  which  acts 
upon  the  other  body  T\  the  whole  remaining  force, 
which  acts  upon  Z,  will  tend  to  the  other  body  T 2i 
center. 

Cor.  2.  And,  if  these  areas  are  very  nearly  proportional 
to  the  times  of  describing  them,  the  remaining  force  will 
tend  to  the  other  body  very  nearly. 

Cor.  3.  And  conversely,  if  the  remaining  force  tends  very 
nearly  to  the  other  body  Z,  the  areas  will  be  very  nearly 
proportional  to  the  times. 

Cor.  4.  If  the  body  Z describes  areas  which  are  very  far 
from  being  proportional  to  the  times  of  describing  them, 
by  radii  drawn  to  another  body  T\  and  that  other  body 
T is  at  rest,  or  moves  uniformly  in  a straight  line : then, 
either  there  is  no  centripetal  force  tending  to  that  other 
body  Z,  or  such  centripetal  force  is  compounded  with 
the  action  of  other  very  powerful  forces,  and  the  whole 
force,  compounded  of  all  the  forces,  if  there  be  many, 
is  directed  towards  some  other  center  fixed  or  moving. 

The  same  holds,  when  the  other  body  moves  in  any  manner 
whatever;  if  the  centripetal  force  spoken  of  be  under- 
stood to  be  that  which  remains  after  taking  away  the 
whole  force  acting  upon  the  other  body  Z. 

SCHOLIUM. 

Since  the  equable  description  of  areas  is  a guide  to  the 
center  to  which  that  force  tends,  by  which  a body  is 
principally  acted  on,  and  by  which  it  is  deflected  from 
rectilinear  motion,  and  retained  in  its  orbit ; we  may  in 
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what  follows  employ  the  equable  description  of  areas  as 
a guide  to  the  center,  about  which  all  curvilinear  motion 
in  free  space  takes  place. 

101.  As  an  illustration  of  the  last  propositions  and  their 
corollaries,  we  may  examine  some  of  the  circumstances  of  the 
motion  of  the  Moon,  Earth,  and  Sun. 

Suppose  the  Moon’s  orbit  relative  to  the  Earth  to  be  nearly 
circular,  and  let  A BCD  be  this  orbit,  E the  Earth. 


to  the  Earth  are  nearly  proportional  to  the  times  of  describing  ; 
hence  the  resultant  force  on  the  Moon  tends  nearly  to  E. 

2.  If  ES  the  line  joining  the  centers  of  the  Earth  and  Sun 
meets  the  Moon’s  relative  orbit  in  A,  (7,  and  DEB  be  perpen- 
dicular to  ES,  the  description  of  areas  is  accelerated  as  the 
Moon  moves  from  D to  A and  from  B to  C,  and  retarded  from 
A to  B and  from  C to  D;  hence  the  direction  of  the  resultant 
force  on  the  Moon  in  the  positions  M2,  M3,  is  in  the 
directions  of  the  arrows  slightly  inclined  to  the  radii  drawn  to  E, 

From  these  observed  facts,  we  see  that  when  the  force,  under 
the  action  of  which  E moves,  is  applied  to  the  Moon  in  the  con- 
trary direction,  the  remaining  force  tends  in  the  directions  of  the 
arrows. 

By  the  supposition  that  the  Earth  and  Moon  are  acted  on 
by  forces  tending  to  the  Sun,  whose  distance  compared  with 
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EM  is  very  great,  and  that  the  differences  of  the  forces  on  these 
bodies  are  not  very  great,  the  circumstances  of  the  description 
of  areas  in  the  motion  of  the  Moon  are  accounted  for. 

Prop.  IV.  Theorem  IV. 


The  centripetal  forces  of  bodies,  which  describe  different  circles 
' with  uniform  velocity,  tend  to  the  centers  of  the  circles,  and 
j are  to  each  other  as  the  squares  of  areas  described  in  the 
I same  time,  divided  by  the  radii  of  the  circles. 

The  bodies  move  uniformly,  therefore  the  arcs  described 
I are  proportional  to  the  times  of  describing  them  ; and 
the  sectors  of  circles  are  proportional  to  the  arcs  on 
which  they  stand,  therefore  the  areas  described  by  radii 
drawn  to  the  centers  are  proportional  to  the  times  of 
describing  them ; hence,  by  Prop,  ii,  the  forces  tend  to 
the  centers  of  the  circles. 

Again,  let  AB,  ab  be  small  arcs  described  in  equal  times. 


SI 

AD,  ad  tangents  at  A,  a,  ACSG,  acsg  diameters  through 
A,  a.  Join  AB,  ab,  and  draw  BC,  be  perpendicular  to 
AG,  ag. 

By  similar  triangles,  AC  : AB  ::  AB  : AG, 

AC . AG  = {cAiovdi  ABy  \ 
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AC  : ac  :: 


(chord  A By  (chord  ah)^ 


AG  ag 

But  ultimately  when  the  arcs  AB,  ah  are  indefinitely  dimi- 
nished, since  AC,  ac  are  sagittse  of  the  double  of  arcs 
AB,  ah,  and  are  therefore,  by  Prop.  i.  Cor.  4,  ultimately 
as  the  forces  at  A and  a ; 

.*.  ultimately,  force  at  A : force  at  a 

(chord  AB)^  (chord  a6)2 


AG 

(arc  ABf  (arc  ahY 


ag 

, by  Lemma  vii. 


.-.F-.f  :: 


R 


AG  ag 

Take  AE  ae  two  arcs  described  in  any  equal  finite  times, 
.*.  AE  : ae  AB  : ah  since  the  bodies  move  uniformly, 
and  this  is  also  true  in  the  limit ; 

.*.  force  at  A : force  at  a ::  : — . 

AS  as 

Q.E.D. 

Cor.  1.  Since  these  arcs  are  proportional  to  the  velocities 
of  the  bodies,  the  centripetal  forces  will  be  in  the  ratio 
compounded  of  the  duplicate  ratio  of  the  velocities  di- 
rectly, and  the  simple  ratio  of  the  radii  inversely. 

That  is,  if  V,  v be  the  velocity,  R,  r the  radii  in  two 
circles,  F,  / the  centripetal  forces, 

AE  : ae  ::  V : v ; 


Cor.  2.  And  since  the  circumferences  of  the  cireles  are 
described  in  their  periodic  times,  the  velocities  are  in  the 
ratio  compounded  of  the  ratio  of  the  radii  directly  and 
the  ratio  of  the  periodic  times  inversely ; hence  the 
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centripetal  forces  are  in  the  ratio  compounded  of  the 
ratio  of  the  radii  directly,  and  of  the  ratio  of  the  periodic 
times  inversely. 


If  P,  p be  the  periodic  times  in  the  two  circles  respectively, 


V 


^ttR 


27rr 

* ^ 


R 

P 


r 


P 


F 


■ f 


R r 

F * f' 


Cor.  S.  Hence,  if  the  periodic  times  be  equal,  and  there- 
fore the  velocities  proportional  to  the  radii,  the  centri- 
petal forces  will  be  as  the  radii ; and  conversely. 

If  P = p,  V : V ::  R : r\ 

y2  ^2 

r.  F :f  --  : - ::  R : r. 

R r 


Cor.  4.  Also  if  the  periodic  times  are  in  the  subduplicate 
ratio  of  the  radii,  the  centripetal  forces  are  equal. 

For,  P2  : ::  R : r. 

CoR.  5.  If  the  periodic  times  are  as  the  radii,  and  there- 
fore the  velocities  equal,  the  centripetal  forces  are 
reciprocally  as  the  radii,  and  conversely. 


Cor.  6.  If  the  periodic  times  are  in  the  sesquiplicate  ratio 
of  the  radii,  and  therefore  the  velocities  reciprocally  in 
the  subduplicate  ratio  of  the  radii,  the  centripetal  forces 
are  reciprocally  as  the  squares  of  the  radii ; and  con- 
versely. 

That  is,  if  P^  : p^  R^  : F ; 


^2 

•*•  ••  ••••  ^ 

p2  p2 


r 

R 


R 

r 


.-.F-.f 


j-2  : RK 
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Cor.  7-  And,  generally,  if  the  periodic  times  vary  as  any 
power  i?"  of  the  radius  R,  and,  therefore,  the  velocity 
vary  inversely  as  the  power  the  centripetal  force 

will  vary  inversely  as  ; and  conversely. 


icon 

kp 


CoR.  8.  All  the  same  proportions  can  be  proved  concern-  J 
ing  the  times,  velocities,  and  forces,  by  which  bodies  j ^ 
describe  similar  parts  of  any  figures  whatever  which  are  ' ^ 
similar  and  have  centers  of  force  similarly  situated,  if  the  I 
demonstrations  be  applied  to  those  cases,  uniform  de-  ! 
scription  of  areas  being  substituted  for  uniform  velocity,  > 
and  distances  of  the  bodies  from  the  centers  of  force  for 
radii  of  the  circles.  i 


Let  JR,  ae  be  similar  arcs  of  similar  curves  described  by 
bodies  about  forces  tending  to  similarly  situated  points 
S,  s \ AB,  ah  small  arcs  described  in  equal  times  T,  BD, 


hd  subtenses  parallel  to  SA,  sa,  AV,  av  chords  of  curva- 
ture  at  A,  a,  so  that  by  similar  figures  we  have 

AV  : av  ::  AS  : as. 


Then  force  at  A : force  at  a ::  DB  : dh,  ultimately, 


AB^  ah^ 
AV  av 


AB^ 

~SA 


ah^ 

sa 


F 


, ultimately ; 


and  if  V,  v be  the  velocities  at  A,  a,  since  AB,  ah  are  de- 
scribed in  equal  times, 


AB  : ah  ::  V : v,  ultimately ; 
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force  at  A : force  at  a 


SA  ’ sa  ’ 

jorresponding  to  Cor.  l. 

Again,  if  AB,  ah  be  small  similar  arcs  described  in  times 
T,  t,  instead  of  being  arcs  described  in  equal  times,  and 
P,  p be  the  times  of  describing  similar  finite  arcs 
AE,  ae, 

T : P ::  area  A SB  : area  ASE 

::  area  ash  : area  ase  ::  t \ p\ 

.*.  T \ t w P \ p\ 

and  this  being  true  always  is  true  when  AB^  ah  are  in- 
definitely diminished. 

hd 

sa 


Hence,  F : f :: 


BD 


r£2. 

SA 

••  ~p^  ‘ 

corresponding  to  Cor.  2. 


, ultimately. 


CoR.  9.  It  follows  also  from  the  same  proposition,  that  the 
arc,  which  a body  moving  with  uniform  velocity  in  a 
circle  under  the  action  of  a given  centripetal  force 
describes  in  any  time,  is  a mean  proportional  between 
the  diameter  of  the  circle,  and  the  space  through  which 
the  body  would  fall  from  rest  under  the  action  of  the 
same  force  and  in  the  same  time. 

For  let  AL  be  the  space  described  from  rest  in  the  same 
time  as  the  arc  AE,  then  since  if  BD  be  perpendicular 
to  the  tangent  at  A,  BD  is  ultimately  the  space  de- 
scribed by  the  body  by  the  action  of  the  force  in  the 
time  in  which  the  body  describes  the  arc  AB,  and  the 
times  are  proportional  to  the  arcs  : 
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AL  ; BD  ::  AE^  : AB^\ 

AL.AG  : BD.AG  ::  AE^  : 
since  BD  .AG  — (chord  ABy  = (arc  ABy,  ultimately  ; 
AL.AG==AE\  or  AL  : AE  ::  AE  : 

Q.  E.  D. 


SCHOLIUM. 


The  case  of  the  sixth  Corollary  holds  for  the  heavenly 
bodies,  and  on  that  account  the  motion  of  bodies  acted 
upon  by  a centripetal  force,  which  decreases  in  the  du- 
plicate ratio  of  the  distance  from  the  center  of  force,  is 
treated  of  more  fully  in  the  following  section. 

Moreover,  by  the  aid  of  the  preceding  proposition  and  its 
corollaries,  the  proportion  of  a centripetal  force  to  any 
known  force,  such  as  gravity,  can  be  obtained.  For,  if 
a body  revolve  in  a circle  concentric  with  the  earth  by  j 
the  action  of  its  own  gravity,  this  gravity  is  its  centri-  j 
petal  force. 

But  from  the  falling  of  heavy  bodies  by  Cor.  9,  both  the  i 
time  of  one  revolution  and  the  arcs  described  in  any! 
given  time  are  determined.  i 

And  by  propositions  of  this  kind  Huygens  in  his  excellent; 
tract,  De  Horologio  Oscillatorio,  compared  the  force  of; 
gravity  with  the  centrifugal  force  of  revolving  bodies. 

The  preceding  results  may  be  proved  in  this  manner.  In* 
any  circle  let  a regular  polygon  be  supposed  to  be  de-. 
scribed  of  any  number  of  sides.  And  if  a body  moving: 
with  a given  velocity  along  the  sides  of  the  polygon  be: 
reflected  by  the  circle  at  each  of  its  angular  points,  the' 
force  with  which  it  impinges  on  the  circle  at  each  of' 
the  reflections,  will  be  proportional  to  the  velocity ; and| 
therefore  the  sum  of  the  forces,  in  a given  time,  will; 
vary  as  the  velocity  and  the  number  of  the  reflections! 
conjointly.  But  if  the  number  of  sides  of  the  polygon! 


Ti 


“a 

rea 

sioi 


'Sue 

IL 

ok; 

oft 

froa 
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be  given,  the  velocity  varies  as  the  space  described  in  a 
given  time,  and  the  number  of  reflections  in  a given 
time  varies,  in  different  circles,  inversely  as  the  radii  of 
the  circles,  and,  in  the  same  circle,  directly  as  the  velo- 
city. Hence,  the  sum  of  the  forces  exerted  in  a given 
time  varies  as  the  space  described  in  that  time  increased 
or  diminished  in  the  ratio  of  that  space  to  the  radius  of 
the  circle ; that  is,  as  the  square  of  that  space  divided 
by  the  radius,  and  therefore,  if  the  number  of  sides  be 
diminished  indefinitely  so  that  the  polygon  coincides 
with  the  circle,  the  sum  of  the  forces  varies  as  the 
squares  of  the  arc  described  in  the  given  time  divided 
by  the  radius. 

This  is  the  centrifugal  force  by  which  the  body  presses 
against  the  circle,  and  to  this  the  opposite  force  is 
equal,  by  which  the  circle  continually  repels  the  body 
towards  the  center. 


Symbolical  representation  of  Areas ^ Lines^ 


102.  In  the  statement  of  the  proposition  the  words 
“ arcuum  quadrata  applicata  ad  radios  ” in  the  text  of  JN’ewton,  is 
rendered  the  squares  of  arcs  divided  by  the  radii.  Such  expres- 


sions as 


AB^ 

Ig 


may  be  regarded  as  representations  of  lines,  (e.  g. 


this  expression  denotes  AC,)  whose  lengths  are  determined  by 
such  constructions  as  the  following  : 

To  AG  apply  a rectangle  whose  area  is  that  of  the  square  on 
AB,  and  let  AC  be  the  side  adjacent  to  AG\  AC  is  thus 
obtained  by  applying  the  square  on  AB  to  AG.  The  propriety 


AB^ 

of  the  symbol  — — employed  to  represent  a line  AC,  assumed 
A G 

from  algebra,  is  obvious,  since  the  number  of  units  of  area 
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in  the  square  on  A B and  in  the  rectangle  whose  sides  are 
AG,  AC  are  the  same,  hence  if  m,  n,  r be  the  number  of  units 

of  length  in  these  lines  w?  — n y.  r,  and  r = 


n 


103. 


AB’^ 


If  symbols  of  this  kind,  viz.  , 
^ 'AG' 


be  used  in  the|tl 


same  manner  as  a fraction,  we  may  either  treat  them  numerically, 
considering  AB^^  to  represent  the  number  of  units  of  area  con- 
tained in  the  square  on  AB,  and  AG  sls  the  number  of  units  of] 
length  in  A G,  and  thus  apply  the  rules  of  Arithmetical  Algebra ; 
or,  we  may  look  upon  AB^^  as  the  absolute  representation  of  an 

AB^ 

area,  and  AG  that  of  a line,  in  which  case  has  no  mean- 


AG 


ing  except  by  interpretation.  In  this  interpretation  we  are 
guided  by  the  principles  upon  which  Symbolical  Algebra  is  applied 
to  any  science,  the  laws  of  operation  by  symbols  being  the  same! 
in  Arithmetical  and  Symbolical  Algebra,  and  the  symbols  being 
interpreted  so  that  these  laws  are  not  contradicted.  Thus,  in  the 
application  to  Geometry,  the  symbol  A being  supposed  to  denote 
an  area  equal  to  that  of  a rectangle  whose  sides  are  represented 
by  a and  h,  we  assume  that  A - a .h\  hence,  the  laws  being  the!  ^ 

A 

same  in  Arithmetical  and  Symbolical  Algebra,  — = &;  whence  thei 


a 


interpretation,  if  a rectangle  be  applied  to  a,  whose  area  is  A 
denotes  the  other  side  of  the  rectangle. 


a 


Notes. 


104. 


Cor.  1.  This  corollary  asserts  that  the  centripeta 
force  at  any  point  in  the  circle  varies  as  — , but  it  is  furthef 

jLkf 

true  that,  if  F be  the  measure  of  the  accelerating  effect  of  th 
force,  F.  R = V'^,  or  that,  if  a body  move  from  rest  under  th 
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W 

its 


b 

J. 

Q. 

of 

i; 

iB 


iction  of  a constant  force  whose  accelerating  effect  is  the  same  as 
ilhat  of  the  centripetal  force,  the  velocity  generated  in  passing 
through  a space  equal  to  half  the  radius  of  the  circle  is  equal  to  the 
velocity  with  which  the  circle  is  uniformly  described. 

For,  referring  to  the  figure  used  in  the  proposition,  DB  is 
|the  space  through  which  the  body  is  deflected  from  the  tangent 
in  the  time  T in  which  A 5 is  described  with  the  velocity  F; 
and  this  is  ultimately  the  space  through  which  the  body  would 
be  drawn  from  rest  in  the  time  T by  the  force  at  A continued 
constant  in  direction  and  magnitude  ; 

FT^ 

.*.  J)B  — , ultimately. 


and  AB^  F.  T\ 


DB,AG=  VKT^; 

2 

105.  Scholium.  In  uniform  circular  motion  the  centripetal 
force  is  employed  in  counteracting  the  tendency  of  the  body  to 
move  in  a straight  line,  which  it  would  do,  according  to  the  first 
law  of  motion,  with  the  uniform  velocity  which  it  has  at  any 
point  of  the  circle,  if  the  centripetal  force  were  suddenly  to  cease 
to  act.  This  tendency  to  recede  is  improperly  called  a centri- 
fugal force;  for  the  effect  of  a force  being  to  accelerate  or 
retard  the  motion  of  a body,  or  to  alter  its  direction,  if  the  ten- 
dency could  properly  be  termed  a force  and  the  centripetal  force 
which  counteracts  it  were  removed,  it  would  accelerate  or  retard 
the  motion  of  the  body,  or  alter  its  direction,  which  it  does  not. 


al  106.  In  this  case  of  circular  motion  the  force  is  exerted  not 
in  accelerating  or  retarding  the  motion,  but  in  changing  its  di- 
rection. 

Thus,  referring  to  the  figure  of  Prop,  i.,  if  the  direction  of 
the  impulse  at  B bisect  the  angle  ABC,  the  triangle  CBc  is 
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isosceles,  and  BC  — Be  = AB : therefore,  the  velocities  in  BC 
and  AB  are  equal,  the  effect  of  the  impulse  has  been  therefore 
to  change  the  direction  without  altering  the  velocity  of  the 
body. 

Hence,  the  regular  polygon  inscribed  in  a circle  center  S, 
can  be  described  with  uniform  velocity  under  the  action  of  im- 
pulses tending  to  the  center;  and,  by  similar  triangles  SBC,  CBc, 
Cc  : BC  ::  BC  : BS. 

And,  if  F be  the  uniform  velocity  in  the  polygon,  T the  time 
in  a side  BC,  BC  = F.  T ; 


Cc 


BS 


If  now  the  number  of  sides  be  indefinitely  increased,  Co  is  ulti- 
mately twice  the  space  through  which  the  body  is  drawn  from 
the  tangent  by  the  continuous  force ; 

2Cg 

is  the  measure  of  the  accelerating  effect  of  the 


T2  BS 
centripetal  force. 


Illustrations  of  Circular  Motion. 


llie 


(ffe 


1.  In  order  to  illustrate  the  action  of  a central  force,  we 
will  suppose  a small  body  attached  by  an  inelastic  string  to  a 
point  on  a smooth  horizontal  table. 

If  the  body  be  set  in  motion  by  a blow  perpendicular  to  the  string, 
the  string  will  remain  constantly  stretched,  and  the  only  force  which 
acts  on  the  body  in  the  horizontal  plane  being  in  the  direction  of  the| 
fixed  point,  the  areas  described  round  this  point  are  proportional  to  the 
time,  and  the  body  moves  in  a circle  with  uniform  velocity. 

If  V be  the  velocity  of  projection, 

I the  length  of  the  string, 

. 

the  accelerating  effect  of  the  tension  of  the  string  is  -j  \ 


30  a 
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I . e.  y is  the  velocity  which  would  be  generated  from  rest  by  the  action 

J )f  this  tension  continued  uniformly,  and  the  tension  of  the  string 

i . 

J : weight  of  the  body  y : g. 

I';  Ex.  If  a velocity  of  two  feet  a second  be  communicated  perpen- 
■;licular  to  a string  whose  length  is  a yard, 

::  4 : 3 X 32  ::  1 : 24, 

and  the  tension  resulting  is  ^th  of  the  weight, 

he  time  of  revolution  is  evidently  ?^seconds 
66" 

= -y-  = 9''A3j  nearly. 


Gtt' 

2 


22" 

3 X -y- , nearly, 


2.  If  instead  of  being  on  a smooth  table,  the  body  moves 
Dn  a rough  table  without  rolling,  the  forces  which  act  upon  it  will 
be  the  tension  of  the  string  in  the  direction  of  the  point  of  attach- 
DQent,  and  a force  which  is  proportional  to  the  weight  of  the 
body  = /u  X weight,  acting  in  the  direction  opposite  to  the  motion, 
or  in  the  tangent  to  the  circular  path. 

Let  V be  the  velocity  at  the  time  t in  seconds, 

I the  length  of  the  string  in  feet. 

In  a short  time  t the  velocity  being  supposed  to  change  from  v to  v\ 
the  accelerating  effect  of  the  tension  is  between  y and  y,  and  when 

. . . 

|t  is  taken  indefinitely  small,  these  are  equal,  y the  accelerating 

It  'effect  of  the  tension  at  the  time  t. 

The  change  of  the  velocity  is  due  to  the  friction  whose  retarding 
effect  is  measured  by  fxg; 

1|  if  V be  the  velocity  of  projection, 

v=V-^gti 

I and  the  body  is  reduced  to  rest  in  a time  — seconds,  after  describing 

I 
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The  tension 


(--^y 

Vg  j 


(time)^  from  the  instant  of  coming  to  rest. 


3.  Supposing  that  the  Moon  describes  a circle  with  uni- 
form velocity  about  the  center  of  the  Earth  as  its  center,  to  find 
the  ratio  of  the  centripetal  force  exerted  on  the  Moon  to  gravity 
at  the  Earth’s  surface. 

Let  n = number  of  seconds  in  the  Moon’s  periodic  time,  R — the 
radius  of  the  Moon’s  orbit  in  feet ; 

2 ttR 

= velocity  of  the  Moon, 


= measure  of  the  accelerating  effect  of  the  force  exerted 


on  the  Moon,  and  the  measure  of  the  same  for  gravity  at  the  Earth’s 
surface  = 32.2  = g ; 

force  on  the  Moon  : force  of  gravity  at  the  Earth’s  surface 
4 R 


• g^ 


XI. 


1.  If  the  sixth  power  of  the  velocity  in  circles  be  inversely 
proportional  to  the  square  of  the  periodic  time,  shew  that  the  law 
of  force  varies  inversely  as  the  square  of  the  radii. 

2,  Given  the  Earth’s  radius,  the  force  of  gravity  at  the 
Earth’s  surface,  and  the  periodic  time  of  the  Moon,  supposed  to 
describe  a circular  orbit  about  the  Earth,  find  her  distance  from 
the  Earth’s  center. 


res 

of 

^of 

liei 


tk 


3.  Compare  the  areas  described  in  the  same  time  by  the; 

planets  supposed  to  move  in  circular  orbits  about  the  Sun  in  the 
center  exerting  a force  which  cc  (dist.)"^.  i 

4.  A particle  moves  uniformly  in  a horizontal  circle  by  a 
string,  one  yard  long,  fastened  to  the  center  of  a circle,  andi 
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I 

i makes  three  revolutions  in  a second.  Compare  the  tension  of 
the  string  with  the  weight  of  the  particle,  the  measure  of  gravity 
being  82.2. 

I 5.  If  the  force  by  which  particles  describe  circles  with  uni- 
(form  velocity  varies  as  the  distance,  shew  that  the  times  of  revo- 
ilution  are  the  same  for  all. 

6.  If  the  velocity  of  the  Earth’s  motion  were  so  altered 
that  bodies  had  no  weight  at  the  equator,  find  approximately 
the  alteration  in  the  length  of  a day,  assuming  that  the  centri- 
petal force  at  the  equator  is  to  its  gravity  ::  1 : 288. 

7.  A body  moves  in  a circular  groove  under  a force  to  the 
icenter,  and  the  pressure  on  the  groove  is  double  the  given  force 
;on  the  body  to  the  center,  find  the  velocity  of  the  body. 

8.  If  F be  the  measure  of  the  acceleration  of  a force  which 
tends  to  a given  center,  and  a body  be  projected  from  a point  at 
a distance  R from  the  center  at  right  angles  to  this  distance  with 
jvelocity  V,  and  =:  F.R,  shew  that  the  body  will  describe  a 
circle. 

9.  If  a locomotive  be  passing  a curve  at  the  rate  of  twenty- 
lour  miles  an  hour,  and  the  radius  of  the  curve  be  of  a mile,  the 
resistance  of  the  forces  which  retain  it  on  the  line,  viz.  the  action 
of  the  rails  on  the  flanges  of  the  wheels,  and  the  horizontal  part 
of  the  forces  which  act  perpendicular  to  the  inclined  road-way, 
being  R,  shew  that  R = of  weight  of  the  locomotive  nearly. 

10.  If  a body  be  attached  by  an  extensible  string  to  a fixed 
point  in  a smooth  horizontal  table,  to  find  the  velocity  with  which 
the  body  must  move  in  order  to  keep  the  string  constantly  stretched 
to  double  its  length. 

If  W be  the  weight  which  if  suspended  at  the  extremity  of  the 
string  w’ould  just  double  its  length,  P the  weight  of  the  body,  I the  length 
of  the  string,  shew  that  the  square  of  the  required  velocity 
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Prop.  V.  Problem  I. 

Having  given  the  velocity  with  which  a body  is  moving  at  arvy\ 
three  points  of  a given  orbits  described  by  it  under  the  action 
of  forces  tending  to  a common  center ^ to  find  that  center. 

Let  the  three  straight  lines  PT,  PQF,  VR,  touch  the  given' 
orbit  in  the  points  P,  Q,  R respectively ; and  let  them* 
meet  in  T and  V. 


Draw  PJ,  QP,  RC  perpendicular  to  the  tangents  and  in- 
versely  proportional  to  the  velocities  of  the  body  at  the 
points  P,  Q,  R,  i.e.  such  that 

PA  : QB  ::  veF.  at  Q : veF.  at  P, 

QB  i QC  ::  veF.  at  R : veF.  at  Q.  Ij 

Through  J,  P,  C draw  JD,  DBE^  CE  at  right  angles  tc 
PA,  QB,  RC  meeting  in  D and  E.  Join  TD,  VE  ; TL 
and  YE  produced  if  necessary  shall  meet  in  S the  re 
quired  center  of  force.  * 

For,  the  perpendiculars  SX^  SY,  let  fall  from  S on  the  tan 
gents  PT,  QTV,  are  inversely  proportional  to  the  velo 


PROP.  V.  PROB.  I. 


]51 


cities  at  P,  Q,  (Prop.  i.  Cor.  l)  and  are  therefore  directly 
as  the  perpendiculars  AP,  BQ,  or  as  the  perpendiculars 
DM,  DN  on  the  tangents.  Join  XY,  MN,  and  since 
SX  : SY  ::  DM  : DN  and  the  angles  XSY,  MDN  are 
equal ; therefore,  the  triangles  SXY,  DMN  are  similar  ; 
SX  : DM  ::  XY  : MN, 

::  XT  : MT, 

and  the  angles  SX T,  DMT  are  right  angles ; therefore, 
S,  D,  T are  in  the  same  straight  line. 

Similarly  S,  E,  V are  in  the  same  straight  ine,  and  there- 
fore, the  center  S is  in  the  point  of  intersection  of 
TD,  VE.  Q.  E.  D. 


XU. 

1.  If  AB,  BC,  CD  the  three  sides  of  a rectangle  be  the 
directions  of  the  motion  of  a body  at  three  points  of  a central 

» orbit,  and  the  velocities  are  proportional  to  these  sides  respec- 
tively, prove  that  the  center  of  force  is  in  the  intersection  of  the 
diagonals  of  the  rectangle. 

2.  If  the  velocities  at  three  points  of  a central  orbit  be 
respectively  proportional  to  the  opposite  sides  of  the  triangle  of 
which  they  are  the  angular  points,  the  center  of  force  is  the 
center  of  gravity  of  the  triangle. 

Prop.  VI.  Theorem  V. 

If  a body  revolve  about  a fixed  center  of  force,  in  any  orbit 
whatever,  in  a non-resisting  medium,  and  if  at  the  extremity 
of  a very  small  arc,  commencing  from  any  point  in  the  orbit, 
a subtense  of  the  angle  of  contact  at  that  point  be  drawn 
parallel  to  the  radius  from  that  point  to  the  center  of  force, 
then  the  force  at  that  point  tending  to  the  center  is  ulti- 
mately as  the  subtense  directly  and  the  square  of  the  time  of 
describing  the  arc  inversely. 
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Let  PQ  be  the  small  arc,  PS  the  radius  drawn  from  P to 
S,  the  center  of  force.  RQ  the 
subtense  of  the  angle  of  contact  at 
P parallel  to  PS.  T the  time  of 
describing  PQ.  F the  accelerating 
effect  of  the  force  at  P. 

Then,  when  the  body  leaves  P it  would, 
if  not  acted  on  by  the  central  force, 
move  in  the  direction  PR,  and  if  the 
force  F continued  constant  in  mag- 
nitude and  direction  throughout  the 
time  T,  QR  is  ultimately  the  space 
through  which  it  would  have  been 
drawn  by  F in  that  time ; 

QQR  QR 

F = oc  — , ultimately. 


J12 


Cor.  1, 


Draw  Q T perpendicular  to  SP. 
m QR 


Then,  F = 


ultimately, 


where  h = twice  the  area  described  in  an  unit  of  time. 
For  area  PSQ  = ^hT,  (Prop,  i.), 
and  since  triangle  PSQ  = ^ SP .QT; 
and  area  PSQ  = triangle  PSQ,  ultimately,  (Lemma 
VIIL); 

.*.  IiT  - SP . Q T,  ultimately ; 

QR  2/i,2 . QR 


F=2 


Cor.  2. 


T2  SP^.QT^' 

Draw  SY  perpendicular  on  PR. 


ultimately. 


Then  F = 


QR 


SY'^  PQ 


ultimately. 
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For  triangle  PSQ  - triangle  PSR  - ^ SY,  PB; 
/.  hT^  ST.PR=  SY.PQ,  ultimately ; 
QR  QR 

y 2 

Cor.  3. 


jP=  2 


ultimately. 


If  the  orbit  have  finite  curvature  at  P,  and  P F be 
the  chord  of  the  circle  of  curvature  whose  direction 
passes  through  S, 

PV.QR  = PQ^  ultimately  ; 

SY\PV 

4.  If  V be  the  velocity  at  P,  then  (Prop.  i.  Cor.  l, 


Cor 
Art.  94), 


F2  = 


Jy 


= 2P. 


PF 


or  the  velocity  at  any  point  of  a central  orbit  at  v/hich 
the  curvature  is  finite,  is  that  which  would  be  acquired 
by  a body  moving  from  rest  under  the  action  of  the 
central  force  at  that  point  continued  constant,  after 
passing  through  a space  equal  to  a quarter  of  the  chord 
of  curvature  at  that  point  drawn  in  direction  of  the 
center  of  force. 


Cor.  5.  Hence,  if  the  form  of  any  curve  be  given,  and 
the  position  of  any  point  towards  which  a centripetal 
force  is  continually  directed,  the  law  of  the  centripetal 
force  can  be  found,  by  which  a body  will  be  deflected 
from  its  direction  of  motion,  so  as  to  remain  in  the  curve. 
Examples  of  this  investigation  will  be  given  in  the  follow^- 
ing  problems. 


Ohservations  on  the  Proposition, 

107.  In  Newton's  enunciation  of  the  proposition  the  sagitta 
of  the  arc,  which  bisects  the  chord  and  is  drawn  in  the  direction 
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of  the  center  of  force,  is  employed  instead  of  the  subtense  used 
in  the  text,  but  it  is  easily  seen  that  these  are  ultimately  propor- 
tional, by  reference  to  Art.  85. 

The  variations  by  which  Newton  expresses  the  results  of  the 
corollaries,  are  replaced  by  equations,  in  order  to  facilitate  the 
comparison  of  the  motion  of  bodies  in  different  orbits  and  the 
forces  acting  upon  them. 

108.  The  figure  employed  in  proof  of  the  proposition  is 
drawn  upon  supposition  that  the  force  is  attractive,  the  orbit 
being  concave  to  the  center  of  force;  the  same  proof  applies  also 
to  the  case  of  a repulsive  force,  if  the  curve  be  drawn  in  the 
direction  of  the  dotted  line  PQ'  and  the  same  construction 
be  made. 

The  exception  however  should  be  made  that  the  method  fails 
in  the  particular  positions  in  which  the  body  is  at  the  points  of 
contact  of  tangents  drawn  from  the  center  of  force  to  the  curve ; 
in  such  cases  QR  does  not  ultimately  meet  the  tangent  at  a finite 
angle  or  is  not  a subtense,  the  result  of  the  proposition  is  there- 
fore not  demonstrated  for  these  particular  positions ; for  a further 
description  of  the  case  see  the  note  Art.  120,  on  the  next  propo- 
sition. 

109.  In  the  proof  it  is  assumed  that  the  body  moves  ulti- 
mately in  the  same  manner  as  if  the  force  P remained  constant 
in  magnitude  and  direction,  in  which  case  the  body  would  de- 
scribe a parabola  whose  axis  is  parallel  to  PS,  and  which  is 
evidently  the  parabola  which  has  at  P the  same  curvature  as 
the  curve. 

110.  Hence  the  proposition  contained  in  Cor.  4,  can  be 
more  easily  proved. 

For,  since  the  body  moves  in  a parabola  under  the  action  of 
a constant  force  in  parallel  lines,  the  velocity  at  P is  that  ac- 
quired by  falling  from  the  directrix  under  the  action  of  the  force 
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at  P,  continued  constant,  i.e.  through  a space  equal  to  the  dis- 
tance of  the  focus  of  the  parabola,  which  is  equal  to  ^ of  the 
chord  of  curvature. 

111.  The  supposition  that  the  force  at  P continued  constant 
in  magnitude  and  direction,  causes  the  body  to  move  in  a curve 
which  is  ultimately  coincident  with  the  path  of  the  body,  may  be 
justified  by  considering  that  if  PQ'  be  the  arc  of  the  parabola 
described  on  this  supposition  in  the  same  time  as  the  arc  PQ 
actually  described,  the  error  Q'Q  is  due  to  the  change  in  the 
magnitude  of  the  forces  and  the  direction  of  their  action  in  the 
two  cases ; and  the  greatest  difference  of  magnitude  varies  as  the 
difference  of  8P  and  SQ  ultimately,  and  the  ratio  of  the  error 
from  this  cause  to  Q'P  vanishes  ultimately ; also,  since  z PSQ, 
vanishes  ultimately,  the  ratio  of  the  error  arising  from  the  change 
of  direction  to  QP  vanishes ; therefore,  Q'Q  : QP  vanishes,  or 
the  curves  may  be  considered  ultimately  coincident. 

112.  It  is  evident  that  the  results  of  the  Proposition  and  of 
the  fourth  corollary  are  true  of  the  resultant  of  any  force  under 
the  action  of  which  any  plane  orbit  is  described,  for  this  resultant 
may  be  supposed  ultimately  constant  in  direction  and  magnitude, 
in  which  case  the  curve  described  is  a parabola:  and  the  velo- 
city at  P is  that  acquired  by  falling  from  the  directrix  whose 
distance  is  1 of  the  chord  of  curvature  in  direction  of  that  re- 
sultant force. 

Hence,  in  this  case  also, 

= 2P.  P = 2 limit 


Homogeneity. 

113.  Cor.  l,  2.  In  the  expressions  for  F in  these  corolla- 
ries, it  is  of  great  importance  to  observe  the  dimensions  of  the 
symbols. 
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h,  being  an  area,  is  of  two  dimensions ; 

. QR  is  of  five,  and  SP^ . QT^  of  four  dimensions ; 

2h\QR  . . . 

•••  sP^'QT^  dimension, 

and  represents  the  line  equal  to  twice  the  space  through  which  a 
force  would  draw  a body  in  an  unit  of  time,  or  the  space  which 
represents  the  velocity  generated  by  the  force  in  an  unit  of  time, 
either  of  which  may  be  taken  as  the  measure  of  the  accelerating 
effect  of  the  force. 

Hence,  if  the  actual  areas,  lines,  &c.  be  represented  by  the 
symbols,  and  not  the  number  of  units,  as  mentioned  in  Art.  103, 
every  term  of  an  equation  or  of  a sum  or  difference  must  be  ho- 
mogeneous or  of  the  same  number  of  dimensions ; for  example, 
the  addition  of  an  area  and  a line  can  have  no  interpretation. 

Tangential  and  Normal  Forces. 

114.  To  find  the  accelerating  effect  of  the  components  of 
the  forces  under  the  action  of  which  a body  describes  any  plane 
curvet  in  the  directions  of  the  normal  and  tangent  at  any 
point. 

Let  PQ  be  a small  arc  of  the  curve  described  under  the 
action  of  any  forces,  F,  G the  measures  of  the  accelerating  effect 
of  these  forces  in  the  direction  of  the  tangent  and  perpendicular 
to  it.  Then,  if  V be  the  velocity  at  P,  T the  time  of  describ- 
ing PQ,  the  forces  may  be  supposed  ultimately  to  remain  the 
same  in  magnitude  and  direction,  and  if  QR  be  perpendicular  to 
PP,  we  have  ultimately 

PR^V.  T + ^F.  T\  and  QR=^^G.  T\ 
and  the  ratio  of  P . : V . T vanishes  ultimately ; 

PR^  _ 2 

~G' 


ultimately ; 
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PR^ 

and  if  R be  the  radius  of  curvature  at  P,  — — = 2R  ultimately  ; 


QR 


V2 

~R' 


Also  if  PU - V,  T bo  measured  in  PP,  UR  is  the  space 
|i  described  under  the  action  of  the  tangential  component  ulti- 
! mately ; 


^UR  2(PP-F.  P) 
2(PQ-  F.P) 


, ultimately, 


, ultimately. 


Also,  if  V'  be  the  velocity  at  Q since  the  velocity  is  ulti- 
mately the  component  of  the  velocities  whose  squares  are 

+ 2P.  PR  parallel  to  PR  and  2 G . QR  in  QR ; 

/.  + 2P.  PP  + . QR,  ultimately, 

and  QR  ; PR  vanishes  ultimately ; 

p'2  _ Y'i 


2PQ 


, ultimately, 


Again,  PQ  = F . P = -^  ( F + F')  P,  ultimately  ; 


P = 


r 


, ultimately. 


115.  To  find  the  velocity  at  any  point  of  an  orbit  de- 
scribed under  the  action  of  any  forces  in  one  plane. 

Let  be  any  arc  of  an  orbit,  F,  v the  velocities  at  A and 
B,  and  suppose  the  arc  AB  divided  into  a large  number  of  small 
1 portions  of  which  PQ  is  one,  v,.  velocities  at  P and  Q,  F the 
accelerating  effect  of  the  tangential  component  of  the  forces  at  P, 

v.+i"*  - u/ = 2P.  PQ, 
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and  is  obtained  by  taking  the  limit  of  the  sum  of  the  ! 

magnitudes  PQ  corresponding  to  the  different  arcs  when 
their  number  is  indefinitely  increased. 

That  this  is  rigidly  correct  may  be  shewn  by  considering  | 
that  : 9.F,PQ  is  ultimately  a ratio  of  equality  ; there-  j 

fore,  by  Lemma  IV,  Art.  23,  the  limiting  ratio  of  the  sums  is  i 
also  a ratio  of  equality. 


Radial  and  Transverse  Forces. 


116.  To  find  the  accelerating  effect  of  the  components  of 
forces  under  the  action  of  which  a body  describes  any  plane 
curves  in  the  direction  of  a line  passing  through  a fixed  pointy 
and  perpendicular  to  it. 

Let  PQ  be  a small  arc  described  in  the  time  P,  P,  Q the 
measure  of  the  accelerating  effect  of  the 
components  in  PS,  and  PU  perpendicular  to 
PaS^;  PR  a tangent  at  P,  QRU,  PU  parallel 
and  perpendicular  to  SP.  V the  velocity 
at  P,  PT  -V  .T,  TN  perpendicular  to  SP, 

Qq  the  arc  of  a circle,  center  S. 

Since  the  forces  may  be  considered  ulti- 
mately constant  in  magnitude  and  direction, 

Qn^ 

Nq  4-  7777- , ultimately. 


^P.T^  = Nn 


2Sq' 


Let  = 2 X area  which  would  be  described  in  an  unit  of 
time  by  radii  from  S if  the  transverse  force  at  P ceased  to  act, , 

Qn  . SP  = TN . SP  -hT,  ultimately, 

and  if  P'  be  the  measure  of  the  accelerating  effect  of  a force: 
under  the  action  of  which  the  body  would  move  in  PS  so  that  1 
its  distance  from  S would  be  always  equal  to  that  of  the  body/ 
in  PQ  at  the  same  time,  i P'.  = Nq, 
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and 


Qn^ 

2^ 


—3,  ultimately; 


P = P' 


+ 


Again,  \ Q . = Qn  - TN, 

and  if  at  Q h!  corresponds  to  h,  K — h the  increase  of  h is 
due  to  the  increase  of  velocity  in  direction  PtT,  which  is  equal  to 

2 {PU  - TN) 

T ’ 

,,  , 2{PU-Tm 

h — ^ = — i SPf  ultimately  ; 

***  Q 


Angular  Velocity. 


117.  Def.  Angular  velocity  about  a fixed  point  is  uniform, 
when  equal  angles  are  described  in  equal  times  by  radii  drawn 
to  the  fixed  point. 

Uniform  angular  velocity  is  measured  by  the  angle  de- 
scribed in  an  unit  of  time. 


Variable  angular  velocity  is  measured  by  the  angle  which 
would  be  described  by  a radius  in  an  unit  of  time,  if  moving  with 
uniform  angular  velocity  equal  to  the  angular  velocity  at  the 
time  under  consideration  ; this  is  the  limit  of  the  angle  described 
in  a time  T divided  by  T,  when  T is  indefinitely  diminished ; 
for,  let  PSQ  be  the  angle  described  about  /S'  in  a time  T, 
then,  since  this  may  be  ultimately  supposed  to  be  described 
uniformly  with  the  angular  velocity  at  P, 

the  angular  velocity  at  P x T = L PSQ,  ultimately. 
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118.  To  find  the  angular  velocity  in  a central  orbit. 

Let  PQ  be  a small  arc  described  in  the  time  T,  draw  Qj 
perpendicular  to  SP,  and  let  h - twice  the  area  described  in  a| 
unit  of  time. 

hT  = twice  the  area  PSQ  = QT . SP  ultimately,  and  th 
angles  being  supposed  estimated  in  circular  measure, 

QT 

— angle  PSQ,  ultimately  ; 


SQ 


hT  - SP . SQ  X angle  PSQ,  ultimately  ; 

angle  PSQ 


angular  velocity  = limit  of 
h 


T 


SP^ 


119.  To  find  the  angular  velocity  o/’SY. 

Let  P F be  the  chord  of  curvature  through  S, 

The  angle  described  by  in  the  time  T 
= angle  between  the  tangents  at  P and  Q 
2QT 

= 2 angle  PVQ  = ultimately, 

QT 


and  z PSQ 


SQ 


ultimately, 


angular  vel.  o^  SY  : angular  vel.  of  SP  :: 

= 2SP  : PF; 

2k 


2qT  2QT 


QS 


ultimate! 


angular  vel.  of  /S'  F = 


PV,  SP  * 


i d th 
clinei 


Illustrations, 

1.  Find  the  force  under  the  action  of  which  a body 
describe  the  equiangular  spiral  uniformly. 

The  velocity  being  constant  there  is  only  a normal  force  measu: 

sin  a 


hicli 

irmal, 

the 


by  (vel.)®  radius  of  curvature  = 


SP 


NE 


2.  Find  the  force  tending  to  the  pole  of  the  cardioid,  under 
tf}  action  of  which  the  curve  is  described. 

\BC 
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PV=‘^SP; 


SP= 


the  accelerating  effect  of  the  force  is  ^ ^pi  • 


i 3.  Two  rings  P,  Q slide  on  a string  which  passes  round 
jo  fixed  pegs  P in  a smooth  horizontal  plane ; the  rings  are 
. Dught  together,  and  then  projected  with  equal  velocities,  so  as 
keep  the  string  stretched : shew  that  the  tension  of  the  string 
ries  inversely  as  the  distance  AP. 

Let  the  figure  represent  the  position  of  the  strings  at  any  time. 

Let  CP  bisect  AB  and  PQ,  and  let  DE  be  parallel  to  CP  so  that 
P = PA^  then  EPR  = AP  + PP  is  constant ; 


! P moves  in  a parabola  whose  focus  is  directrix  DE^ 

'd  the  tensions  of  the  string  in  PA,  PQ  being  equal  and  equally 
dined  to  the  tangent  to  P’s  path,  the  resultant  of  these  tensions, 
lich  are  the  only  forces  acting  in  the  plane  of  the  curve,  is  in  the 
rmal,  and  if  T be  the  measure  of  the  accelerating  effect  of  the  tension, 
the  normal,  P the  radius  of  curvature, 

2T  cos  APG=~, 
n P ’ 

and  2 R cos  APG  = chord  of  curvature  through  A 
= 4.  PA, 
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T = 


since  V is  constant. 


4.  A body  is  suspended  by  a string  to  a fixed  point,  and 
being  drawn  out  of  the  vertical  is  projected  horizontally  so  as  to 
describe  a horizontal  circle  with  uniform  velocity.  Find  thej 
velocity  and  tension. 

Let  A be  the  point  of  suspension,  PC  the  radius  of  the  circle 
described;  .*.  the  circle  being  described 
uniformly,  the  resultant  force  on  the  body 
tends  to  the  center  P,  and  the  measure  of 
the  accelerating  effect  of  the  resultant 
force  is 


BG 


in  direction  CP. 


Let  P,  W be  the  tension  of  the  string, 
and  the  weight  of  the  body  acting  in  CA 
and  parallel  to  ^P ; 

72 

g w CB  i AB; 


/ / 

B 

B 1 

BC 


g,BC^ 

AB 


and  if  CP  be  perpendicular  to  AC,  BC^  = AB . BD ; 

.*.  the  velocity  is  that  due  to  the  space  ^ PP, 
and  P : W ::  CA  : AB. 

5.  A body  revolves  in  a smooth  circular  tube  under  th( 
action  of  a force  tending  to  any  point  in  the  circumference,  an( 
varying  as  the  distance  from  that  point.  Find  the  pressure  oi 
the  tube  and  the  point  where  there  is  no  pressure,  the  motioi 
commencing  from  a given  point. 

Take  A the  center  of  force,  C that  of  the  circle,  P the  point  ( 
starting,  PQ  a small  arc,  PP,  PM  QN  ordinates.  Am,  Qn  perper 
dicular  on  CP,  ix  PA  the  measure  of  the  accelerating  effect  of  tf 
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force,  fx.mA,  ix.Pm  are  those  of  the 

tangential  and  normal  forces, 

= Ijl.PM  and  /jl.AM  respectively, 

(vel.)^  at  Q - (vel.)®  at  P = 2/x . PM . PQ 

j;  = 2 ju . CP . MN,  ultimately, 

I whence  (vel.)^  at  P = 2fxCP.DM^ 

- (vel.)*  at  P . lx* 

! and  = fx.  AM  accelerating 

! effect  of  the  pressure  on  the  tube  ; 
i pressure  on  the  tube  has  for  the 
' measure  of  its  accelerating  effect  A. 

I fx  {2DM ~ AM)  = fx  (2 AD  ~ SAM)  ; 

I the  pressure  is  outwards  from  B until  AM  = %AD,  at  which  point 
there  is  no  pressure,  and  inwards  from  that  point  to  the  corresponding 
one  on  the  opposite  side,  having  its  greatest  value  at  A^  and  the 
outward  pressure  at  B is  half  the  inward  pressure  at  A. 

I 6.  To  find  the  tension  of  a string,  by  which  a body  is 
attached  to  the  center  of  a vertical  circle  in  which  it  revolves. 


Let  P be  the  position  of  the  body  at  any  time,  u the  velocity  at  A 
the  lowest  point,  CP  the  radius  of  the  circle, 

(vel.)^  at  P = u^-2g . AM, 

and  the  accelerating  effect  of  the  tension  of  the  string  is  measured  by 
u^  — 2g,AM  g . CM 
CA  CP 


the  tension  of  the  string  : weight  of  the  body 
::  u^-2g . CA  + Sg  . CM  : g . CA. 

CoR.  1.  In  order  that  the  complete  circle  may  be  described,  since 
the  string  must  be  stretched  at  the  highest  point  where  — CA  must  be 
written  for  CM,  w^  = or  > 5g  .CA,  and  if  the  circle  be  just  described 
the  tension  at  the  lowest  point  = 6 x weight. 

CoR.  2.  If  the  body  oscillates  the  extent  of  the  oscillation  is  given 
by  the  consideration  that  at  the  extremity  of  the  arc  of  oscillation 


= 2g . AM, 

J and  AM  is  less  than  AC,  otherwise  the  string  would  not  be  stretched 

M 2 
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in  tills  case  the  tension  of  the  string  at  A 

2AM  + AC  . , . , , , 

X weight  of  the  body. 


AG 


7.  If  in  a smooth  elliptic  tube  a particle  be  placed  at  any 
point  and  be  acted  on  by  two  forces  which  tend  to  the  foci,  and 
vary  inversely  as  the  square  of  the  distances  from  those  points,  to 
shew  that  the  pressure  at  any  point  varies  inversely  as  the 
radius  of  curvature. 


Let  0 be  the  point  of  starting,  PQ  a small  arc  described  by  the! 
body. 


of  the  accelerating  effects  of  the  forces,  and  the  pressure  of  tube.  Then;  (i 
employing  the  usual  letters  for  the  lines  of  the  figure,  the  accelerating 
effect  of  the  tangential  component  of  force  to  S is 


^_l^iSP-SQ.) M ultimately 

SP‘ ' PQ~  SP.SQ.PQ^  PQ.  PQ.SP^  uramaieiy , 


(vel.)^  at  Q — (vel.)^  at  P 


VN^Art  1151 

i'Q  SP  \HP 


Also 


W at  P 4^-1^ 


(vel.)^atP_PP/  M 


2/  4/ 

Ho'^  HP' 


p*) 


P PH  \SP^  HP 

if  p be  the  radius  of  curvature  at  P, 

PF  CD^  SP.HP 

and2p.;^=PF=^  = -^^- 


E, 
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_ fx.HP  ix'.SP  2//  2fi  2/x' 

I •**  ^^'P~  AC.SP  '^a^hp~  sp~1Ip'^W'^TIo 

_ 2/x  2/x'  fx  }x'  /xHO  ^ fx'SO 

e 

XIII. 

1.  Two  equal  bodies  lie  on  a rough  horizontal  table,  and  are 
' connected  by  a string,  which  passes  through  a fine  ring  on  the 

table ; if  the  string  be  stretched,  find  the  greatest  velocity  with 
which  one  of  the  bodies  can  be  projected  in  a direction  perpen- 
dicular to  its  portion  of  the  string  without  moving  the  other 
body. 

2.  If  a body  be  attached  to  a point  by  a thread,  and  be 
projected  so  as  to  describe  a vertical  circle,  prove  that  if 

be  the  tensions  of  the  string  at  two  points  in  any  diameter,  the 
arithmetic  mean  between  T^,  T.  is  independent  of  the  position 
of  the  diameter  and  that  is  six  times  the  component  of 

the  weight  in  the  direction  of  the  diameter. 

3.  A string  of  given  length  I is  capable  of  sustaining  a 
f weight  W.  One  end  of  it  being  fixed  and  a given  weight 
I W'  (<  W)  being  attached  to  the  other  end,  it  revolves  with  a 
1 given  angular  velocity  on  a smooth  horizontal  plane  through  the 
! fixed  point.  Find  the  greatest  tangential  impulse  that  may  be 
i applied  to  W'  without  breaking  the  string. 

4.  In  the  case  of  Problem  3,  if  W'  oscillate  in  a vertical 
! plane,  find  the  greatest  arc  through  which  the  body  can  oscillate 

without  breaking  the  strino;. 

5.  A body  slides  down  a smooth  cycloidal  arc,  whose  axis  is 
’ vertical,  find  the  pressure  at  any  point  of  the  cycloid,  and  shew 

that  if  it  fall  from  the  highest  point,  the  pressure  at  the  lowest 
point  is  twice  the  weight  of  the  body. 
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6.  A particle  moves  in  a circular  tube,  under  the  action  of  ^ ' 
a force  which  tends  to  a point  in  the  tube,  and  whose  accelerat-  ii  ] 
ing  effect  varies  as  the  distance,  shew  that,  if  the  particle  begins  i 
to  move  from  a point  at  a distance  from  the  center  of  force  ;; 
equal  to  the  radius,  there  is  no  pressure  on  the  tube  at  an  r 
angular  distance  from  the  center  of  force  equal  to  cos“^  |- . 

7.  A ring  slides  on  a string  hanging  over  two  pegs  in  the 

same  horizontal  line,  find  the  tension  of  the  string  at  the  lowest  ^ 
point  if  the  ring  begin  to  fall  from  the  point  in  the  horizontal ! 
line  through  the  pegs,  the  string  being  stretched.  ! 

8.  In  a central  orbit,  shew  that  the  centripetal  force  is  to 

the  force  which  would  cause  it  to  approach  directly  with  its  i 
paracentric  velocity  in  the  orbit,  as  : 2SP^  — SY^ . PV, 

9.  A curve  is  described  by  a body  under  the  action  of  a 

■ I 

central  force  the  measure  of  whose  accelerating  effect  is  , 

prove  that  the  angular  velocity  of  the  perpendicular  on  the  tan- 
gent : that  of  the  radius  vector  ;;  m : ^ 

10.  Determine  the  force  under  the  action  of  which  an  equi- 
angular spiral  may  be  described  with  uniform  velocity. 

11.  A body  describes  a complete  circle  about  a fixed  point; 

C to  which  it  is  attached  by  a thread,  and  is  at  the  same  time 
attracted  to  a fixed  center  >5^  of  force  cc  (dist.)"^  in  the  plane  of 
the  circle,  find  the  least  possible  velocity  of  projection  from  the 
point  where  the  circle  meets  CS  or  CS  produced.  j 

If  S bisect  a radius,  shew  that  this  velocity  : velocity  when  8 
S is  at  C ::  28  : 9. 

12.  A particle  moves  in  a smooth  elliptic  groove,  under  the  i 
action  of  two  forces  tending  to  the  foci  and  varying  inversely  as 
the  squares  of  the  distances,  being  equal  at  equal  distances.  .' 
Prove  that,  if  the  velocity  at  the  extremity  of  the  axis  major  be  ( 
to  that  at  the  extremity  of  the  axis  minor  as  AC  to  BC,  then  the j 
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of  I velocity  at  any  point  varies  inversely  as  tlie  normal : and  find  the 
i pressure  on  the  tube. 

DS  I 

I Prop.  VII.  Problem  II. 


m 

le 

s{ 

al 

10 

is 

a 


A body  moves  in  the  circumference  of  a circle,  to  find  the 
law  af  the  centripetal  force  tending  to  any  given  point  in  the 
plane  of  the  circle. 

Let  APV  he  the  circumference  of  the  circle,  S the  given 


point  to  which  the  cen- 
tripetal force  tends,  PV 
the  chord  of  the  circle 
drawn  through  S from 
P the  position  of  the 
body  at  any  time. 

Let  aS’F  be  drawn  perpen- 
dicular to  the  tangent 
PY  at  P. 

By  Prop.  VI.  Cor.  3,  if  F 
be  the  measure  of  the 
accelerating  effect  of  the 
centripetal  force. 


sr^.pv’ 

and  since  the  angles  SPY,  YAP  are  equal  and  also  the 
right  angles  PYS,  APV,  the  triangles  SPY,  VAP  are 
similar ; 

.-.  SY  : SP  ::  PV  : VA; 

_ 2h\  VA^  ^ 

~ SP.PV^' 


.*.  F varies  inversely  as  SP^,  PV^, 
since  h and  VA  are  given. 

wGor.  1.  Hence,  if  the  given  point  S to  which  the  centri- 
petal  force  tends,  be  situated  on  the  circumference  of 
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the  circle,  V coincides  with  S,  and  F varies  inversely 
as  SPK  • 

Cor.  9.  The  force,  under  the  action  of  which  a body  P 
revolves  in  a circle  APTV,  is  to  the  force,  under  the 
action  of  which  the  same  body  P can  revolve  in  the  same 
circle  in  the  same  periodic  time  about  any  other  center 
of  force  R,  as  RP~.SP  to  SG^,  SG  being  a straight  line 
drawn  from  the  first  center  S parallel  to  the  distance 
RP  of  the  body  from  the  second  center  of  force  R,  to 
meet  PG,  tangent  to  the  circle. 

For,  by  the  construction  of  this  proposition,  since  the 
periodic  times  are  the  same,  the  areas  described  in  a 
given  time  are  the  same ; therefore,  h is  the  same  for 
both  centers,  hence,  if 
PR  T be  the  chord 
through  R,  the  force 
tending  to  S : force  tend- 
ing to  R 

::  RPKPT^  : PP; 

but,  by  similar  triangles 
TPV,  GSP, 

PT  : PV  ::  SP  : SG; 

force  tending  to  S : force  tending  to  R 
::  RP^ . SP^  : SP^^ . SG^ 

::  RPKSP  : SG\ 

Cor.  3.  The  force  under  the  action  of  which  a body  P 
revolves  in  any  orbit  about  a center  of  force  S,  is  to  thei 
force  under  the  action  of  which  the  same  body  P can 
revolve  in  the  same  orbit  in  the  same  periodic  time 
about  any  other  center  of  force  P,  as  PP^  SP  to  SG^} 
SG  being  the  straight  line  drawn  from  the  first  center 
of  force  S,  parallel  to  RP  the  distance  of  P from  the 
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second  center  of  force  R,  to  meet  SO  the  tangent  to 
the  orbit. 

For,  in  each  case,  the  body  may  be  supposed  for  a short 
time  to  be  moving  in  the  circle  of  curvature,  and  the 
forces  are  the  same  as  those  which  would  retain  the 
body  in  the  circular  orbit ; therefore,  since  the  areas 
described  in  a given  time  are  equal,  the  ratio  of  the 
forces  is  RP\  SP  : SG\ 


Repulsive  Forces. 

120.  In  the  figure  employed  in  the  proposition,  the  force 
is  supposed  to  be  attractive, 

but  the  law  of  force  is  also  ^ ^ 

given  by  the  proposition,  for 
the  case  in  which  the  center 
of  force  S is  exterior  to  the 
circle,  in  which  case  the  force 
is  repulsive  through  the  arc 
BCf  which  is  convex  to  the 
center  of  force,  and  contained 
between  the  tangents  from  S. 

It  is  important,  however, 
to  observe  that  this  problem 
is  to  find  what  would  be  the 
law  of  force  tending  to  S,  under  the  action  of  which  a body 
would  be  moving,  supposing  that  it  could  move  in  a circle  under 
the  action  of  such  a force,  but  it  does  not  assert  the  possibility 
of  such  a motion. 

In  fact,  the  complete  description  of  a circle  ABC  under  the 
sole  action  of  a central  force  tending  to  an  external  point  S is  im- 
possible, because,  as  the  body  approaches  the  point  B,  the  com- 
ponent of  the  velocity  perpendicular  to  SB  remains  finite  however 
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near  the  body  approaches  and  since  there  is  no  force  to  ij 
generate  a velocity  in  the  opposite  direction,  the  body  must  pro- 
ceed  to  describe  an  arc  BU  oxi  the  opposite  side.  SB  would  be 
a tangent  to  both  curves,  because  the  velocity  in  direction  BS  ; 
becomes  larger  than  any  finite  quantity,  as  the  body  approaches  , 
B,  and  therefore  the  angle  between  BS  and  the  direction  of 
motion  is  indefinitely  small  at  B. 

That  a finite  velocity  in  the  direction  perpendicular  to  SB  could 
remain  up  to  B^  may  be  shewn  by  producing  SB  to  T in  the  tangent : 
P F at  P : then  the  component  of  the  velocity  at  P perpendicular  to  i 
SBh 

_A  A - A 

SY'  ST~  ST~  SB^ 
when  the  body  arrives  near  B. 

121.  The  force  at  a point  indefinitely  near  to  B cannot  be 
properly  determined  by  the  method  of  Prop,  vr.,  because  the; 
lines  parallel  to  the  direction  of  the  force  from  which  the  mea-j 
sures  of  the  force  are  obtained  are  not  subtense,  or  sagitta,  being 
not  inclined  in  this  case  at  a finite  angle  to  the  tangent.  * 

But  it  can  be  seen  in  another  manner  from  the  polygon  ol 
Prop.  I.  that  the  force  is  infinitely  great 
when  the  distance  from  B becomes  in- 
finitely small. 

Thus,  if  CDEF  be  a portion  of  the 
polygon  whose  limit  touches  the  radius 
from  S between  D and  E,  the  angle 
between  DE  and  DS  or  ES  may  be 
made  as  small  as  we  please,  hence  the 
velocity  generated  by  the  impulse  in  the 
directions  DS  and  SE  becomes  infinitely 
great  compared  with  the  velocities  in  CD 
and  EF, 

In  the  figure  the  impulses  at  D and 
E are  in  the  direction  of  the  forces  which 
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are  their  limits,  being  supposed  attractive  and  repulsive  respec- 
tively. 

122.  If  a circle  he  described  by  a body  under  the  action 
offerees  tending  to  a point  in  the  circumference^  the  force  varies 
inversely  as  the  fifth  power  of  the  distance  from  that  point,  at 
all  points  at  a finite  distance  from  S. 

For,  in  this  case, 

PV=SP,  and  SY  : SP  ::  SP  : SA’, 

27^2  2h^  2MSJ\ 

**’  ^ “ SY\FV  ” ""  ~ SP^ 


We  may  also  observe  here  that  the  possibility  of  a description  of 
a circle  is  not  asserted,  but  only  the  law  of  force  required  in  case  of 
such  a description.  The  body  would  pass  to  the  other  side  of  the 
tangent  on  arriving  at  S. 


Velocity  in  the  Circular  Orhit. 


123.  To  find  the  velocity  in  the  circular  orbit  described 
under  the  action  of  a force  tending  to  any  point  in  the  plane 
of  the  orbit. 


The  velocity  at  P = 


SY 


^ ^ h VA 


1 

SP.PV' 


Cor.  If  S be  in  the  circumference  of  the  circle,  and 
be  the  measure  of  the  accelerating  effect  of  ^the  force, 
lx.  = 2]iSA^\ 


SP^ 
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velocity  at  P = 


/i.  VA 
SP^ 


fX 
2 


or,  we  may  employ  the  result  of  Cor.  4, 

PV  M SP 


F2  = P. 


/.  F=  f-V.  ^ 

\2j  Sj 


2 ’ 

1 


Absolute  Force. 


124.  If  the  force  upon  a body  placed  at  any  distance 
from  the  point  S varies  inversely  as  the  ^th  power  of  that 
distance,  the  magnitude  of  the  force  is  determined,  or  its  ratio 
to  any  given  force  as  that  of  gravity,  when  the  distance  SP  is 
given.  The  measure  of  the  accelerating  effect  of  the  force  is 


written 


_P_ 

SP^^ 


where  fx  the  constant  part  of  this  measure  is  an 


algebraical  symbol  of  + 1 dimensions,  — ^ is  the  space  which 


represents  the  velocity  generated  in  a body  in  an  unit  of  time 
by  a constant  force  equal  to  the  force  acting  on  the  body  at  P. 


If  the  unit  of  space  = a,  — - is  the  measure  of  the  accelerating 

effect  of  the  force  on  a body  at  an  unit  of  distance,  and  fx  is 
called  the  Absolute  Force,  being  the  measure  of  the  accelerating 
effect  of  the  force  at  an  unit  of  distance  x the  ^th  power  of  that 
unit.  The  absolute  force  is  not  the  measure  of  the  accelerating 
effect  of  any  force,  unless  the  symbols  be  treated  numerically, 
in  which  case  /x  is  twice  the  number  of  units  of  space  through 
which  a force  equal  to  that  at  an  unit  of  distance  would  draw 
a body  from  rest  in  an  unit  of  time. 
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Law  of  Force  in  a Circular  Orhit. 

125.  The  law  of  force  may  be  expressed  in  terms  of  the 
distances  SP,  for  SD,  Sd  being  the  greatest  and  least  distances 
Df  the  body  from  8^ 

SD.Sd^  8P,SV\  .*.  SP.PV=  SP^  ^ SD.Sd; 
2IP.AV^,SP 
*’*  ^ ""  {SP^  i SD . Sdy 
_ 2hKJS^ 

^ SP^  ' 

if  Sd  = 0,  or  /S'  be  on  the  circumference  of  the  circle. 

If  8 be  exterior  to  the  circle,  SD . Sd  = SB^y  and  the 
lower  sign  is  taken ; 

2hUV\SP 
*’*  “ {SP^  ~ spy  * 


Periodic  Time. 

126.  To  find  the  'periodic  time  in  a circular  orhit  de- 
scribed under  the  action  of  a force  tending  to  a point  in  the 
circumference. 

Let  P be  the  periodic  time,  R the  radius  of  the  circle,  the 

measure  of  the  accelerating  effect  of  the  force  at  P, 

h.P  = twice  the  area  of  the  circle  = 2 ttP^, 
and  ju  = 2 PA  S^=  8 PR^ ; 

■ • p _ 4^7rP3 

I i 127.  To  compare  the  periodic  times  in  the  same  circle 
j when  described  under  the  action  of  a force  tending  to  a point 
in  the  circumference,  and  a force  tending  to  the  center  of  the 
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same  magnitude  as  the  force  at  a distance  equal  to  the  radius 
of  the  circle. 

Let  P'  be  the  periodic  time,  and  V the  uniform  velocity  in  the 
circle  in  the  second  case^ 


-^5. XX,  ..  y 


and  P',r=27rR;  P' = 
P = 2j2.P'. 


2 ttR^ 


tot 


Plustrations. 


m 


1.  When  the  force  in  a circular  orbit  tends  to  a point 
within  the  circle,  to  find  the  point  at  which  the  true  angular 
velocity  is  equal  to  the  mean  angular  velocity. 

The  true  angular  velocity  is  measured  by  , the  mean  angular 


Stt 


velocity  by  , if  P be  the  periodic  time ; but  h.P  = 2 ttR^; 


at  the  required  point  i , and  SP  = P, 

^Ir  Ji 


or  the  point  is  in  the  perpendicular  to  the  distance  of  -S'  from  the 
center  of  the  circle,  bisecting  that  distance. 


2,  If  the  measures  of  the  accelerating  effect  of  the  force 
at  the  greatest  and  least  distances  aSZ>,  Sd^  of  a body  in  its 
circular  orbit  from  the  point  to  which  the  force  tends  be  the 
radius  and  twice  the  diameter  respectively,  the  unit  of  time 
being  a second,  to  find  the  number  of  seconds  in  passing  from 
D to  d. 

and-^^, 


If® 


Since 


SD\DP  ’ — S(P,Dd; 

SD  = 2 Sd,  and  Dd  = 3 S'x?, 
and  if  r = the  number  of  seconds  from  D to  d, 


circ 
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I 

I 


h.T=  and  ; 

h=^ZR.Sd=\R^-, 

o 


!!  XIV. 

I 1.  Compare  the  forces  by  which  a body  attracted  separately 
|,o  two  centers  of  force  may  describe  the  same  circle  in  different 
Periodic  times. 

2.  If  SB  (fig.  page  167,)  be  perpendicular  to  the  diameter 
prove  that  the  forces  at  D and  d are  as  dB^  : DB\ 

3.  If  IX  be  the  absolute  force  in  a circular  orbit  described 
inder  the  action  of  a force  tending  to  a point  in  the  circum- 
erence,  prove  that  the  time  in  a quadrant  commencing  from 
lihe  extremity  of  the  diameter  through  the  center  of  force  is 

[tt  + 2)  \/ . In  what  unit  of  time  is  the  result  expressed  ? 

4.  Prove  that  — is  finite  however  near  the  body  ap- 
proaches B if  the  circular  orbit  be  described  about  an  external 
point. 

5.  Prove  that,  if  the  law  of  force  tending  to  S,  a point 
jvithout  a circle,  be  the  law  of  force  under  which  part  of  the 
circle  can  be  described,  the  body  will  move  near  B as  if  acted 
on  by  a force  tending  to  B and  varying  inversely  as  the  cube  of 
ithe  distance  from  B. 

Also  give  reasons  for  supposing  that  no  force  acts  at  B. 

6.  OE  is  a radius  perpendicular  to  the  diameter  through 
5^  in  a circular  orbit  about  a central  force  to  S,  SB  an  ordinate. 
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perpendicular  to  OS,  shew  that  if  the  force  at  B be  an  arithmetic 
mean  between  the  forces  at  the  greatest  and  least  distances, 


OBP^SB.  SE\ 


7.  Apply  the  proposition  contained  in  Cor.  3,  to  prove  tha  j 
if  in  an  elliptic  orbit  described  under  the  action  of  a force  tend- 
ing to  the  center,  the  force  varies  as  the  distance  from  the  center,  | 
then  the  force  tending  to  the  focus  varies  inversely  as  the  square 
of  the  focal  distances. 

8.  Deduce  by  Cor.  3,  the  law  of  force  by  which  a parabola 

described  under  the  action  of  a force  tending  to  the  focus,  from: 
the  constant  force  parallel  to  the  axis  under  the  action  of  which 
the  parabola  may  be  described.  i 

Prop.  VIII.  Problem  III. 

A body  moves  in  a semicircle  PQA  under  the  action  of  a 
force  tending  to  a point  S so  distant  that  the  lines  PS, 
drawn  from  the  body  to  that  point  may  be  consider eck 
parallel;  to  find  the  law  of  force. 


Let  CA  be  a semidiameter  of  the  semicircle  drawn  frorr 
the  center  perpendicular  to 
the  direction  in  which  the 
force  acts,  cutting  PS,  QS 
in  M and  N,  and  join  CP. 

Let  PRZ  be  the  tangent  at 
P,  ZQfP  perpendicular  to 
PMS  meeting  PRZ  in  Z, 
and  let  SNQ,  meet  PRZ  in  R, 

Then  the  force  at  Po=  ^ — - 

ultimately,  if  the  arc  PQ  be  nascent  from  P,  and  Sj 


\ X 

i 

N 

M e 

S 

s 
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« may  be  considered  constant;  also  by  Euclid  iii.  36, 

I QB . (BJV  4-  QN)  = and  since  QB  is  parallel  to  PT 
and  the  triangles  PZT,  CPM  are  similar, 


■ 


BP  : QT  ::  PZ  : ZT  CP  : PM\ 


QT^  __  BP^- 
” QB  ~ ^ ^ 


PM^ 

'CP^ 


,{BN+QN) 


==  » ultimately  ; 


force  at  P cc 


QB 

QT^ 


1 

PM^' 


Aliter. 

In  fig.  Art.  119,  draw  OE  a semidiameter  perpendicular 
to  SD,  and  let  the  distance  SP  cut  the  circle  in  V,  and 
OE  in  M,  then,  by  the  preceding  proposition, 

8/i2  Z22 

d F — , 

SP\pv^ 

i and  if  S be  very  distant  the  ratio  of  PM  : SM  or  SO 
vanishes;  therefore,  SP  = SO  ultimately,  and  PV  is 
ultimately  perpendicular  to  OE  and  = ^PM ; 

“ 1 

" S0\  PM^  ^ ~PM^ ' 


SCHOLIUM. 

A body  moves  in  an  ellipse,  hyperbola  or  parabola,  under 
the  action  of  a force  tending  to  a point  so  situated  and 
so  distant  that  the  lines  drawn  from  the  body  to  that 
point  may  be  considered  parallel  and  perpendicular  to 
the  major  axis  of  the  ellipse,  the  axis  of  the  parabola  or 
the  transverse  axis  of  the  hyperbola.  To  shew  that  the 
force  varies  inversely  as  the  cube  of  the  ordinates. 

NEWT.  N 
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Let  AMG  be  the  axis  to  which  the 
direction  of  the  forces  may  be  con- 
sidered perpendicular,  PM,  PG  the 
ordinate  and  normal,  PO,  PV  the 
diameter  and  chord  of  curvature  in 
direction  PS. 

PG^ 


Then  F = 


sr^ 

since  SY 


TV^  SP\PV'  PM^ 
SP  ::  PM  : PG\ 
pa^  PG^ 


PM^ . P V PM^ . PO  PM^  ’ 
since  PO  oc  see  Art.  80. 


Observations  on  the  Proposition. 


128. 


If  S be  removed  to  an  infinite  distance  becomes 


the  ratio  of  two  infinite  quantities,  but  it  can  be  shewn  to  b( 
a finite  area;  for  if  u be  the  velocity  perpendicular  to  th^ 
direction  of  the  force,  h.T  being  twice  the  area  SPQ,  describe( 
in  the  time  T in  which  PQ  is  described,  and  area  SPQ,  - are; 
SMNf  ultimately,  = \SC  y.u.T\ 


and  F = 


h = SC.  u 


ultimately, 


2u^.QB 


Qr 


ultimately. 


u\CP^ 

~pIF~ 


in  the  semicircle. 
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Extension  of  Scholium. 


129.  When  a body  describes  any  curve  under  the  action 
If  a force  tending  to  a point  S so  distant  that  the  lines  drawn 
rom  S to  the  body  may  be  considered  parallel,  to  find  the  law 
f force. 

Using  the  figure  and  construction  for  the  Scholium,  A MG 
jieing  any  line  perpendicular  to  the  direction  of  the  force, 

; ^ 2h-  2h^  SP^  2h^  PO^ 

I sr\pv°  sp^.pv''^~  sp^.pv''pv^ 

\ PO^  PG^  1 


r,  if  u be  the  component  of  the  velocity  perpendicular  to  the 
lirection  of  the  force, 


F = 


2u^  PG^ 

¥d 

h 


Also  velocity  at  P = = u 

Si 


PM^ 

SP 


PG 


SY  PM' 


Illustrations. 


1.  In  the  cycloid,  force  acting  parallel  to  the  axis, 
2PG=PO,  andPMccP(72; 


.•.  Force  oc 


PG^  1 1 

PM^  ^ PM^  PO^  * 


Velocity 


cc 


PG  1 1 

PM"^  PG^  PO’ 


I 2.  In  the  catenary,  repulsive  force  parallel  to  the  direction  of 
gravity,  AM  being  the  directrix, 

PO^PGccPM^;  F^PM^POi. 

Also  velocity  oc  PM. 

N2 
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XV. 

1.  If  a cycloid  be  described  under  the  action  of  a force  ' 
acting  in  a direction  parallel  to  the  base,  the  force  at  any  point  ^ 
varies  inversely  as  AM,MQ\  AM,  MQ,  being  abscissae  and 
ordinates  of  the  corresponding  point  of  the  generating  circle. 

2.  A catenary  is  described  under  the  action  of  a horizontal 
force,  prove  that  the  force  varies  as  n + 1,  where  n is  a number  ^ 
which  varies  inversely  as  the  subnormal,  measured  on  the  di-  (! 
rectrix. 

Prop.  IX.  Problem  IV. 


If  a body  revolves  in  an  equiangidar  spiral,  required  the  law 
of  centripetal  force  tending  to  the  pole  of  the  spiral. 

Draw  SY  from  S the  pole  of  the  spiral  perpendicular  toMi 
the  tangent  PY,  and  let  PV  he  the  chord  of  curvature 
at  P,  whose  direction  passes  through  S\  then,  sincej^^^ 
the  angle  SPY  is  constant,  SY  varies  as  SP,  also  PY 
varies  as  SP ; therefore  the  centripetal  force  varies  in-i 
versely  as  SY^  .PV,  and  therefore  inversely  as  SP^.  ; 


Notes  on  the  Proposition. 

130.  To  shew  that  jPF  cc  SP,  and  that  the  arcs  subtending 
equal  angles  are  similar. 
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Let  PQ,  pq  be  two  arcs  of  an  equiangular  spiral  which  sub- 
tend equal  angles  at  8,  and  let  SU,  Su  be  radii  making  equal 
angles  with  SP,  Sp  respectively, 

SU  : SP  ::  Su  Sp\ 

I PQ,  pq  are  similar  arcs, 

i Also,  if  two  circles  be  described  having  the  same  tangents 
PT,  pt  as  the  curve  at  P,  p,  and  passing  respectively  through 
Q and  g,  and  PSVy  pSv,  be  chords  of  these  circles,  since 
the  angles  of  their  segments  PQV,  pqVy  viz.  QPT,  qpt  are 
equal,  the  segments  are  similar ; 

.*.  PV  : pv  ::  QP  : qp  ::  SP  : Sp; 

PV  oc  SP)  and  PV  is  ultimately  the  chord  of  curvature 
through  S when  the  angle  PSQ  is  diminished  indefinitely. 

131.  If  P be  the  measure  of  the  accelerating  effect  of  the 
force  tending  to  the  pole  of  the  equiangular  spiral,  z SPY  = a, 

fjL 

" SY^PV^  SF^  sin^  a.2SP  ^ sin^  a,SP^^ 


132.  To  find  the  velocity  in  the  equiangular  spiral,  force 
tending  to  the  pole. 


sp^—  • 

SP^  • SP^  ’ 


F = 


SP 


1 


133.  To  find  the  time  of  describing  any  arc  of  the  equi- 
angular spiral. 

Let  AL\)Q  any  arc  SA,  SL  bounding  radii,  P the  time  of 

describing  the  arc.  Then,  as  proved  in  page  30, 

area  SAL  - ^ {SA^~SL')  tan  a = ^ A . P ; 

^ SA^-Srj  SA‘^-SL‘^ 

.*.  P = ; tan  a = r • 
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Illustration, 

In  any  orbit  described  under  the  action  of  a force  tending 
to  any  point  S,  when  the  angle  between  the  tangent  PY  and  the 
radius  SP  is  a maximum  or  minimum,  the  velocity  is  equal  to 
the  velocity  in  a circle  at  the  same  distance  about  the  same  force  j 
in  the  center. 

For,  the  curve  near  this  point  may  be  considered  an  equiangular 
spiral  ultimately,  since  the  angle  is  constant  for  a short  time ; I 

the  chord  of  curvature  is  =2aS'P, 

F"  = F.*S'P. 


XVI. 

1.  In  different  equiangular  spirals,  described  under  the 
action  of  forces  tending  to  the  poles  which  are  equal  at  equal 
distances,  shew  that  the  angular  velocity  varies  at  any  point 
directly  as  the  force  and  the  perpendicular  on  the  tangent. 

2.  The  angular  velocity  of  the  perpendicular  on  the  tan- 
gent is  equal  to  that  of  radius. 

3.  The  velocity  of  approach  towards  the  focus,  called  the 
paracentric  velocity,  varies  inversely  as  the  distance. 

4.  Deduce  from  the  time  in  an  equiangular  spiral,  the  time 
of  passing  from  one  point  to  another,  when  a body  moves  along 
a straight  line  with  a velocity  which  varies  inversely  as  the 
distance  from  a fixed  point  in  that  line. 

Prop.  X.  Problem  Y. 

If  a body  is  revolving  in  an  ellipse^  to  find  the  law  of  centri- 
petal  force  tending  to  the  center  of  the  ellipse. 

Let  CA,  CB  be  the  semiaxes  of  the  ellipse,  P the  position 
of  the  body  at  any  time,  PCG,  DCD\  conjugate  diame- 
ters, Q a point  near  P,  Q P,  PF  perpendiculars  from  Q 
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and  P on  PG,  DD\  QU  din  ordinate  to  PCGy  QR  a sub- 
tense parallel  to  CP, 


B vB 


/ \ 

/p:  j 

Then  ■P’  = ^ • ^2  ultimately. 

But  by  similar  triangles  Q TU,  PFC^ 

QT"  PF^  Qir^  CD\ 

yUMG  “ ’ 

QT"  PF^ . CD^  ACKBC^ 
PU,  UG  “ ” CP'  ’ 


and  PU  - QR,  and  UG  = 9.CP  ultimately; 


QT^ 
“ 2^ 


AC\BC^ 

CP^ 


ultimately ; 


P = limit  of 


^h\QR 

CP\QT^ 


F.CP 
AC^ . PC' 


CP; 


therefore  the  force  is  proportional  to  the  distance  from 
the  center. 


Aliter. 


If  CY  be  perpendicular  on  the  tangent  at  P, 


SA'  QR 


ultimately, 
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and 


QU^ 


CD\ 

^2’ 


PU.UG 

but  QU  - PQ,  and  UG  - 2(7P,  ultimately,  also  PU  = QR  ; 

CP  W 


2CD^ 


F = 


CP 

CP 


and  Cr-  PF\ 


CY'^'2CD^ 
h? 


PF^ . CD^ 
. CP  cc  CP. 


. CP 


AC\BC^ 

Cor.  1.  And  conversely,  if  the  force  be  as  the  distance, 
a body  will  revolve  in  an  ellipse  having  its  center  in  the 
center  of  force,  or  in  a circle,  which  is  a particular  kind 
of  ellipse. 

Cor.  2.  And  the  periodic  times  will  be  the  same  in  all 
ellipses  described  by  bodies  about  the  same  center  of 
force. 

For  the  periodic  time  in  any  ellipse 

2 X area  of  ellipse  ^ttAC  . BC 


h h 

and  the  forces  at  different  distances  in  the  same  or  dif- 


ferent ellipses  vary  as  the  distance ; .*. 


or  ja  IS  % 


AC\BC^ 

the  same  in  different  ellipses,  therefore  the  periodic 

Stt 

times  in  different  ellipses  is  the  same,  and  = . 

V M 
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If  the  center  of  an  ellipse  be  supposed  at  an  infinite  dis- 
tance, the  ellipse  becomes  a parabola,  and  the  body  will 
move  in  this  parabola;  and  the  force,  now  tending  to 
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a center  at  an  infinite  distance,  will  be  constant  and 
act  in  parallel  lines.  This  theorem  is  due  to  Galileo. 
And  if  the  parabola  be  changed  into  a hyperbola,  by 
the  change  of  inclination  of  the  plane  cutting  the  cone, 
the  body  will  move  in  this  hyperbola  under  the  action 
of  a repulsive  force  tending  from  the  center. 


Velocity  in  an  Ellipse  about  the  Center. 


134.  To  find  the  velocity  in  the  elliptic  orbit  under  the 
action  of  a force  tending  to  the  center^  the  measure  of  whose 
accelerating  effect  is  p x distance. 


Velocity  at  P = 


h 


h.  CD  _ h.  CD 
CY.CD  ~ AC.^' 


and 


h^ 

AC\BC^’ 


.*.  velocity  at  P - CD. 


Aliter, 

PV  CD^^ 

(Vel.)^atP=i^.  — ; 

.*.  vel.  at  P - \/^  . CD. 

135.  To  compare  the  velocity  in  an  ellipse  about  the  center 
with  the  velocity  in  a circle  at  the  same  distance. 

(Velocity)^  in  a circle  rad.  CP  = p CP  . CP; 

.*.  vel.  at  P : vel.  at  circle  (rad.  CP)  ::  CD  : CP. 


136.  If  a hyperbolic  orbit  be  described  under  the  action  of 
a repulsive  force  tending  from  the  center,  the  force  varies  as 
the  distance,  and  the  velocity  at  any  point  as  the  diameter  of 
the  conjugate  hyperbola  parallel  to  the  tangent  at  the  point. 

This  may  be  proved  exactly  as  in  the  case  of  the  ellipse, 
employing  the  proper  figure. 
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137.  To  find  the  time  in  any  arc  of  an  elliptic  orbit  about 
a force  tending  to  the  center,  u 

Let  P be  any  point  of  the  orbit,  Q the  corresponding  point 
in  the  auxiliary  circle  to  the  ellipse,  si 


time  from  ^ to  P cc  area  ACP  oc  area  ACQ  oc  z ACQ,  ^ 

and  periodic  time  = — ; , 

V 


^TT 

time  in  AP  : ::  A ACQ  i four  right  angles; 

time  in  = circular  measure  of  ACQ  -f-  \/yu. 


ai 

tl 

ki 

fc 


Notes. 

138.  Cor.  1.  The  proposition  asserts  only  that  if  a body  ; 
revolve  in  an  ellipse  under  the  action  of  a force  tending  to  the  i ti 
center,  the  force  would  vary  as  the  distance ; but  it  does  not  prove  tl 
that  a body  can  move  in  such  an  ellipse. 

But  this  can  be  shewn  as  a particular  case  of  the  following 
general  proposition.  1” 

139.  Prop.  Let  ABODE  be  any  plane  curve,  S any  point 
in  the  plane,  to  shew  that,  generally,  the  curve  can  be  described  el 
under  the  action  of  a force  tending  to  or  from  S,  with  finite  ce 
velocity,  the  velocity  at  any  given  point  being  any  given  velocity,  ti 

For  arcs  AB,  BC,  ...  can  be  measured  from  any  points, 
along  the  curve,  such  that  the  areas 
SAB,  SBC,  ...  are  all  equal,  and  of 
any  magnitude.  Also  a body  can  be 
made,  by  some  force,  to  move  along 
the  curve  with  finite  velocity,  so  as 
to  describe  the  arcs  AB,  BC,  ...  in 
equal  times,  unless  the  tangent  to  one 
of  the  arcs,  as  DE,  pass  through  S, 
in  which  case,  if  the  arcs  be  indefi-  ^ /o 

nitely  diminished,  DE  : AP  is  not  finite  ultimately.  to 
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ji  Hence  by  Prop.  II.  a body  can  move  with  finite  velocity 
I under  the  action  of  some  force  tending  to  or  from  S,  generally, 

I And  since  in  making  the  motion  of  the  body  such  that  it 
■ shall  describe  equal  areas  in  equal  times  we  are  only  concerned 
jwith  the  ratio  of  the  velocities,  the  velocity  at  any  point  A may 
[be  any  given  velocity,  q.  e. d. 

140.  Cor.  1.  Or  if  we  please  we  may  suppose  the  force 
I at  any  point  any  given  force ; for  the  force  depends  only  upon 
I the  velocity  and  the  form  of  the  curve,  and  the  form  of  the  curve 
5 being  known  at  A,  the  velocity  may  be  chosen  so  as  to  make  the 
[force  equal  to  the  given  force. 

141.  Cor.  2.  The  ratio  of  the  velocities  is  the  same  at 
I two  given  points,  for  all  forces  tending  to  a given  center,  under 
I the  action  of  which  the  curve  can  be  described. 

142.  Cor.  3.  The  proposition  is  true  with  respect  to  a 
point  S moving  uniformly  in  a straight  line. 

i 143.  Cor.  4.  Hence  a body  can  move  throughout  any 
j ellipse  under  the  action  of  a centripetal  force  tending  to  the 
'center  or  focus,  or  any  point  within  the  ellipse,  with  a finite 
! velocity,  since  no  point  within  an  ellipse  lies  on  any  tangent. 

144.  Cor.  5.  In  the  case  of  a circle,  >8' being  an  external 
point,  a body  can  move  with  finite  velocity  under  the  action  of 
a force  tending  to  the  point  S,  in  the  portion  which  is  concave 
to  S,  or  from  S,  in  that  which  is  convex  to  S\  but  not  from 
one  portion  to  the  other. 

I 145.  If  at  a given  point  the  velocity  of  a body  he  known, 
and  the  direction  of  its  motion ; to  determine  the  curve  which 
the  body  will  describe  under  the  action  of  a given  centripetal 
force,  which  varies  as  the  distance  from  the  point  to  which  it 
tends. 
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Let  Pt  be  the  direction  of  motion  at  P,  V the  velocity  at  P, 
fi . CP  the  measure  of  the  accelerating  effect  of  the  force  tending 
to  C, 


Let  P F in  PC  produced  be  four  times  the  space  through 
which  a body  must  move  from  rest  under  the  action  of  the  force 
at  P continued  constant,  in  order  to  acquire  the  given  velocity  V; 
when  = CP.^PV, 

Draw  CD  parallel  to  P^,  a mean  proportional  to  CP  and 
■^P  V,  and  let  an  ellipse  be  constructed  with  CP,  CD  as  semi- 
conjugate diameters,  then  PF  is  the  chord  of  curvature  at  P ; 
through  C. 

In  this  ellipse  let  a body  revolving  under  the  action  of  the 
given  force  arrive  at  the  point  P,  at  this  point  it  will  be  moving 
in  the  direction  P^,  also  (vel.)^  at  P = /uCP^  = ni . CP . \P  V = V^, 
or  the  velocity  at  P,  in  the  constructed  ellipse,  is  F.  Hence 
the  body  revolving  in  this  ellipse  is  under  the  same  circumstances 
as  the  proposed  body,  in  all  respects  which  can  influence  the 
motion  of  a body ; therefore  the  proposed  body  will  describe  the 
ellipse  constructed  as  above. 


Lemmas  in  Conic  Sections* 

1.  If  TPt  be  a tangent  at  P to  an  ellipse,  CD  the  parallel 
semidiameter  CT,  Ct  in  the  direction  of  any  conjugate  diame-; 
ters,  PP.  P^  = 
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For  PT  : MT  ::  CD  : CN, 

Pt  : CM  ::  CD  : CN\ 

PT.Pt  : CM.MT  ::  ; 

and  it  is  easily  shewn  that  CN^  + GM^  = CA^ ; 
j since  CP  and  CD  are  conjugate  ; 

J CN^  CM , CT  - CM^  ^ CM  .MT; 

I PT.Pt^CD\ 

! 2.  The  converse  is  also  true,  viz.  if  PT . Pt'  ==  GD^  be  given, 

CTf  Ct'  are  in  direction  of  conjugate  diameters.  Draw  Ct  con- 
jugate to  CT; 

.\PT.Pt^CD^; 

I Pt  - Pt', 

or  Ct'  and  CT  are  conjugate. 

146.  Geometrical  construction  for  the  position  and  mag- 
nitude of  the  axes  of  the  elliptic  orbit,  described  by  a body 
about  the  center,  when  the  velocity  at  a given  point  is  known, 
i and  the  direction  of  motion. 

Produce  CP  to  R,  making  PR  a third  proportional  to  CP 
and  CD;  bisect  CB  in  U,  and  draw  UO  perpendicular  to  CR, 
meeting  tP  in  O,  and  with  center  O describe  a circle  passing 
through  C,  R,  and  cutting  tPT  m t and  T ; 

.*.  PT  .Pt^  CP  .PR^  CD^; 

therefore  CT,  Ct  are  in  direction  of  conjugate  diameters,  and 
TCt  is  a right  angle;  therefore  CT,  Ct  are  the  directions  of 
the  axes  of  the  ellipse,  and  if  PM,  Pm  be  perpendicular  to  these 
diameters,  the  semiaxes  are  respectively  mean  proportionals 
between  CM,  CT  and  Cm,  Ct.  q.  e.  f. 
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« 

147.  Equations  for  determining  the  position  and  dimen- 
sions of  the  orbit. 

Let  be  the  measure  of  the  accelerating  effect  of  the 
force  at  distance  R,  V the  velocity,  a the  angle  between  the 
direction  of  motion  at  the  given  point  P and  CP,  CP  = P, 
a,  h the  semiaxes  of  the  ellipse,  -zer  the  angle  which  the  larger 
axis  makes  with  the  distance  CP. 

Then  = IX.  CLF, 
and  CZ)'+  CP^^  = + 6^; 

+ V^  — + E‘ (1) 

iU 

Also  7i  = F.  P sin  a = \/~ix  . ah  ; 

, F . P sin  a 

•••  = 7—-  (2) 

V /X 

and  by  the  properties  of  the  ellipse, 

p2 

— cosV  + sin^  “Ztr  = 1 (3) 

The  equations  (l)  (2)  and  (3)  determine  a,  h and  •ar,  whence  the 
position  and  magnitude  of  the  ellipse  is  determined. 

Or,  instead  of  (3)  we  can  obtain  ■ar  without  previously  de- 
termining a and  h. 

For  let  PM,  DN  be  perpendicular  to  the  major  axis. 

Then  F cos  (a  - -ar)  = \/m  CD  cos  DCN  = \/ fx  CN, 

Fsin  (a  - •ar)  = v/fT CD  sin  DCN  = \/^DN; 

/.  F^  sin  (a  - w)  cos  {a  — w)  = ix  CN . DN  - jx  CM . PM 
- fxR^  cos  'ZcT  sin  -ar ; 

.*.  F^  sin  2 (a  — •ar)  = fxR^  sin  2'Z3r ; 

.*.  (sin  2a  cot  2'3r  — cos  2a)  = /uP^ ; 

lxR2 

.*.  cot  2'ar  = cosec  2a  + cot  2a (4) 


iclio 
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Thence  w is  known  immediately  from  the  initial  circumstances 
I lf  the  motion. 

148.  If  the  force  be  repulsive,  the  equations  for  determining 
6,  'ZeT  are 

(1) 


VR  sin  a 

ah  = 7=^ 

V M 


(2) 


and  — cos2  Tff  - — sin^  -sr  = 1 (3) 

a?  62 


I The  direction  and  magnitude  of  the  axes  of  the  hyperbola 
nay  be  determined  geometrically  with  ease,  by  observing  that 
he  asymptotes  are  the  diagonals  of  the  parallelograms  of  which 
he  conjugate  diameters  are  sides. 


149.  In  any  orbit  described  under  the  action  of  a force 
ending  to  a fixed  center,  a point  at  which  the  direction  of  the 
notion  is  perpendicular  to  the  central  distance  is  called  an  a'pse, 
he  distance  is  called  an  apsidal  distance,  and  the  angle  between 
lonsecutive  apsidal  distances  is  called  an  apsidal  angle. 

Thus,  in  the  ellipse  about  the  center,  the  extremities  of  the  axes 
ire  four  apses,  and  there  are  two  different  apsidal  distances,  and  every 
ipsidal  angle  is  a right  angle. 

In  the  circle  about  an  internal  point  the  apses  are  at  the  greatest 
md  least  distances,  and  the  apsidal  angle  is  two  right  angles. 

150.  In  a central  orbit  described  under  the  action  of 
wrces  tending  to  a fixed  point,  each  apsidal  distance  divides 
he  orbit  symmetrically. 

It  is  easily  shewn  that  in  any  orbit  described  under  the 
iction  of  a force  tending  to  the  center,  if  another  body  be  pro- 
ected  at  any  point  with  the  same  velocity  in  the  opposite  direc- 
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tion  it  will  proceed  to  describe  the  same  orbit  in  the  reverse 
direction,  under  the  action  of  the  same  force. 

For,  let  ABC,  fig.  Art.  139,  be  a portion  of  the  polygon 
described,  whose  limit  is  the  path  of  the  body,  produce  AB  io 
c,  and  CB  to  a,  making  Bo  = AB,  and  Ba  - CB. 

The  impulse  at  B is  measured  by  cC  when  the  body  de- 
scribes ABC,  and  if  the  motion  be  reversed,  the  same  impulse 
at  B would  cause  the  body  to  move  in  BA,  since  a A = cC. 
And  the  same  is  true  throughout  the  polygonal  path,  hence 
the  assertion  is  true  for  the  polygonal  path  under  the  action  of 
impulses  which  are  always  the  same  at  the  same  points,  and 
therefore  it  is  true  in  the  limit  as  stated  for  the  curvilinear 
motion. 

Hence  the  path  of  the  body  from  an  apse  being  similar  and 
equal  to  the  path  which  would  be  described  if  the  motion  were^ijj 
reversed  at  the  apse,  is  similar  to  the  path  described  in  approach-!  ^1, 
ing  the  apse ; whence  the  proposition  is  established. 

151.  There  are  only  two  different  apsidal  distances,  and 
all  apsidal  angles  are  equal- 

For,  after  passing  a second  apse,  the  curve  being  symme- 
trical on  both  sides,  a third  apse  will  be  in  such  a position  that 
the  apsidal  distance  is  the  same  as  for  the  first  apse,  and  all  the 
apsidal  angles  are  shewn  similarly  to  be  equal. 

152.  Cor.  Hence  a central  orbit  can  never  re-enter  unless 
the  ratio  of  the  apsidal  angle  to  a right  angle  be  commensurable 
and  if  it  be  so  the  curve  will  always  re-enter. 


TjU, 


i|  sk 


lalti 


ika 

smea 


Illustrations. 

1.  A body  revolves  in  a circular  orbit  about  a force  whicl|!tte 
varies  as  the  distance,  and  tends  to  the  center  of  the  circle ; th 
center  of  force  is  suddenly  transferred  to  a point  in  the  radius 
which  at  the  moment  of  change  passes  through  the  body  : to  fin< 
the  subsequent  motion  of  the  body. 


i 
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(1)  Since  the  force  varies  as  the  distance  and  is  attractive,  the 
rbit  is  an  ellipse. 

j (2)  And,  since  the  force  is  a finite  force,  the  body  will  move  in 
l ie  same  direction  as  before,  at  the  moment  of  the  change. 


(3)  Also,  the  velocity  will  for  the  same  reason  be  unaltered,  at 
lat  moment,  since  the  force  requires  a finite  time  to  produce  an  effect. 

Let  CA  be  the  radius  passing  through  the  body  at  the  moment  of 
bange,  fx.CA  the  force  at  distance  CA, 

^ the  velocity  in  the  circle, 
i Then  V^  = txCA.CA=!Ji  CA^ ; and, 
if  S be  the  new  point  to  which  the  force 
fends,  let  AB'  be  the  ellipse  described 
1);  is  one  of  the  semiaxes  of  the 
lipse  since  A is  an  apse  (2),  and  SB' 
eing  the  other,  if  a body  revolved  in 
lis  ellipse  round  S,  would  be  the 

vel.)^  at  A,  the  same  as  in  the  circle  (3); 
r /i . SB'^  = /.  CA\  and  SB'  = CA  = CB ; 


.*.  the  two  semiaxes,  aSA  and  CA  are  determined,  and  their  position 
1 known,  and  .'.  the  ellipse  completely  determined. 

The  ellipse  lies  without  the  circle  at  A,  because,  the  velocity  being 
naltered,  the  force  has  been  diminished  in  the  ratio  of  CA  : SA,  and 
lerefore  the  curvature  diminished  in  that  ratio. 

If  S had  been  in  AC  produced,  the  force  would  have  been  increased, 
ad  the  orbit  within  the  circle  near  A. 

The  greatest  distance  from  CA  which  the  body  reaches  is  in  all 
iises  the  same  for  this  law  of  force,  because  the  component  of  the 
irce  perpendicular  to  CA  is  the  same  at  the  same  distance  from  CA 
i whatever  curve  the  body  moves ; therefore,  the  velocity  being  the 
ime  at  A,  the  velocity  perpendicular  to  AC  is  destroyed  by  the  force 
t the  same  distance  from  AC,  in  each  orbit. 


2.  A body  is  describing  a circle  about  a force  which  varies 
3 the  distance  and  tends  to  the  center ; if  the  center  to  which 
le  force  tends  be  suddenly  transferred  to  a point  in  the  circum- 
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ference  60^^  from  the  position  of  the  particle,  to  determine  the  i 
orbit  described. 

The  orbit  is  an  ellipse,  since  the  force  is  attractive. 

€ 


F 


^ . . f”’ 

Let  P be  the  position  of  the  body  at  the  instant  the  center  of  forceipj, 

is  transferred  from  (7,  the  center  of  the  circle,  to  /S',  then  /S'OP  is  an  equi-ij|| 
lateral  triangle. 

Draw  DSD'  perpendicular  to  CP,  meeting  it  in  F,  and  take; 
SD=SD'  = SP.  Construct  an  ellipse  having /SP,  /SD  as  semiconju-i 
gate  diameters  ; SA,  SB  the  semiaxes  bisect  the  angles  PSD,  PSD’ 
the  velocity  at  P is  Jin  . SP  = Jfj.  *SD ; .*.  this  ellipse  is  the  subsequenl|Ujj., 
orbit  whose  major-axis  bisects  the  angle  PSF. 

Prove  the  following  construction  : 

On  OP  as  diameter  describe  a circle  cutting  SD'  in  B',  A^;  aS'JI',  SB 
are  the  lengths  of  the  semiaxes. 

Explain  why  the  orbit  is  exterior  to  the  circle. 

3.  Two  bodies  whose  masses  are  m,  m revolve  in  an  ellipse 
under  the  action  of  a force  tending  to  the  center;  shew  that  i j 
they  are  at  one  time  at  the  extremities  of  two  conjugate  diameter 
they  will  always  be  so,  and  in  this  case  find  the  locus  of  thei 
center  of  gravity. 

Let  P,  D be  their  positions  at  any 
time,  CP,  CD  being  semiconjugate  dia- 
meters. Let  the  ordinate  MPQ,  NDR 
meet  the  auxiliary  circle  in  Q and  R. 

Since  the  angles  ACQ,  ACR  are 
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ijilways  proportional  to  the  times,  RCQ  will  always  be  a right  angle  ; 

I*,  the  bodies  will  always  be  at  the  extremities  of  conjugate  diameters. 
Let  GH  be  the  ordinate  of  their  center  of  gravity. 

Join  jRQ  and  produce  HG  to  RQ  in  K ; 

.*.  Kli  : GH  ::  QM  : PM  a constant  ratio, 

j andi^JT  : KQ  v.  DG  : GP  

[ CK  is  constant,  or  the  locus  of  X is  a circle, 

j!  the  locus  of  G is  an  ellipse  whose  axes  are  proportional  to  those 

oiAPB. 

Shew  that  the  semimajor-axis  : CA  ::  + : (m  + m'y. 

4.  A body  is  composed  of  matter  which  attracts  with  a 
force  varying  as  the  distance ; shew  that  however  a particle  be 
projected,  unless  it  strikes  the  body,  it  will  describe  its  orbit  in 
Ithe  same  periodic  time. 

This  is  obvious  immediately  from  the  following  proposition  relating 
to  attractive  forces. 

Prop.  A body  composed  of  matter  which  attracts  with  a 
force  varying  as  the  distance  attracts  any  particle  in  the 
[same  manner  as  if  the  body  were  collected  in  the  center  of 
gravity, 

! Let  G be  the  center  of  gravity  of  the  body,  P the  attracted  par- 
ticle, m a particle  of  the  body  of 
mass  w,  and  let  AGB  be  a plane 
through  G perpendicular  to  PG; 

PGA,  PGB  two  planes  containing 
P and  perpendicular  to  each  other. 

Draw  mM,  mN  perpendicular 
I to  AGB,  PGB,  and  join  MG,  draw 
mQ  perpendicular  to  PG,  and  pa- 
I rallel  to  M G. 

The  attraction  of  /w  on  P is  mea- 
sured by  m . 7W  P and  its  component  perpendicular  to  A GB  by 
m,Pa=m.(PG-  GO); 

O 2 
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the  attraction  of  the  body  on  P in  the  direction  perpendicular  to 
A GB  is  measured  by 

2 {m  (PG  - GQ)}  = 2 (m)  . PG  - 2 (m . mM)  = 2 (m).  PG, 
since  2 (m.mM)  = 0,  the  center  of  gravity  being  in  AGB. 


The  attraction  perpendicular  to  PGB  is  measured  by 
2 {m.mN)  = 0, 


and  similarly  for  PGA  ; ^(m)  PG  measures  the  whole  attraction, 

whence  the  truth  of  the  proposition. 

5.  A body  moves  in  an  ellipse  under  the  action  of  a force' 
varying  as  the  distance : if  the  velocity  at  any  point  be  slightly 

increased  by  -th  of  itself,  find  the  consequent  changes  in  the. 

axes  of  the  ellipse. 

If  the  body  be  at  the  end  of  one  of  the  equal  conjugate 
diameters  when  the  change  takes  place,  shew  that  each  axis  is 

increased  by  ~th  of  itself,  and  that  the  apse  line  regredes 


through  a small  angle  whose  circular  measure  is  I-  — , 

When  V is  changed  to  F let  the  corresponding  changes  of 

fl,  6,  and  w be  fla,  6/?,  and  7:  a,  /?,  7,  and  i being  so  small  that  we 

71 

may  neglect  their  squares. 

Then,  by  the  equations  of  Art.  147,  and  notes  (l),  (2),  (3)  in  illus- 
tration 1, 

(1  + a)^  + 6^  (1  + /3)'  = -^  (1  + 1)’  + R\ 


= -^  + P%* 


a^a  + 6^/9  = 
¥ (l+a)“(l+/3)^  = 


F^ 


fxn 

F^P^sin^a 


(1). 


(■  n). 


and  a 
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and  fl® 


.-.  a + /3=i 

n 

imd  a and  /?  are  known  from  (1)  and  (2). 

In  the  particular  case  proposed, 

V^  = fx.CD^=lfjL(a^  + and 


.(2) 


a^-hb^ 
2 ^ 


a^a  + b^  (3  = -—  (a^  + h"^); 
9.71 

.•.a=i=/3. 

9n  ^ 


R^  . 1 

Also  —2  cos^  + t)  + “Tj  sin^  ('kj'  + 7)  = 1 + -, 


¥ 

— cos  w + To-  Sin  -nr  = 1 
a 0^ 


■■(:- 


7,  being  expressed  in  circular  measure,  = 


9a^b^ 


n {a^-  6^)  sin2'Kr^ 

and  since  the  axes  bisect  the  angles  between  equal  conjugate  diameters, 

PCD  = TT  — 2w, 

ab  = CP  . CD  sin  27r  = :J(a^  + 6®)  sin  2^ ; 

ab 


7 


n {a^  — b^) 

XVII. 


1.  Shew  that  the  velocity  in  an  ellipse  about  the  center  is 
the  same  as  that  in  a circle  at  the  same  distance  at  the  points 
whose  conjugate  diameters  are  equal. 
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2.  A body  is  revolving  in  a circle  under  the  action  of  a 
force  tending  to  the  center,  the  law  of  force  at  different  distances 
being  that  the  force  varies  as  the  distance ; find  the  orbits  de- 
scribed when  the  circumstances  are  changed  at  any  point  as 
follows : 

(1)  If  the  force  be  increased  in  the  ratio  o^  l \ n, 

(2)  If  the  velocity  be  increased  in  the  ratio  1 : n, 

(3)  If  the  force  become  repulsive  and  of  the  same  mag- 
nitude. 


tti 
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(4)  If  the  direction  be  changed  by  an  impulse  in  the 
direction  of  the  center,  measured  by  the  velocity  which  is  equal 
to  that  in  the  circle. 


to 

ml 


3.  A particle  is  revolving  in  a circle  round  a force  which 
varies  as  the  distance ; the  center  of  force  is  suddenly  trans- 1 
ferred  to  the  opposite  extremity  of  the  diameter  through  the* 
particle  and  becomes  repulsive ; shew  that  the  eccentricity  of  the  | 
hyperbolic  orbit  = 

4.  If  a body  be  projected  from  an  apse,  with  a velocity 
double  of  that  in  a circle  at  the  same  distance,  find  the  position 
and  magnitude  of  the  axes  of  its  orbit. 

0 

5.  An  elastic  ball  moving  in  an  ellipse  about  the  center,  on 
arriving  at  the  extremity  of  the  minor-axis  strikes  another  ball 
at  rest  directly ; find  the  orbits  described  by  both  bodies. 


6.  The  particles  of  which  a rectangular  parallelepiped  is 
composed  attract  with  a force  which  varies  as  the  distance,  and  J “ 
a body  is  projected  so  as  to  describe  a curve  on  one  of  the  ^ 
faces  supposed  smooth ; find  the  periodic  time. 


7.  A body  is  projected  at  an  angle  cos  with  the  dis- 

tance from  a point  to  which  the  force  tends,  varying  as  the  dis- 
tance from  it,  and  the  velocity  = \/§  x velocity  in  the  circle  at 
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Sjthe  same  distance ; prove  that  one  axis  is  double  of  the  other  and 
."that  the  inclination  of  the  major-axis  to  the  distance  is  1 cos"’i. 

8.  CX^  CY  are  straight  lines  perpendicular  to  one  another, 
land  a force  tends  to  C,  and  varies  as  the  distance  from  C.  If 
jfrom  various  points  in  CY  different  particles  are  projected  parallel 

I to  CX  at  the  same  moment,  and  with  the  same  velocity,  they  will 
all  arrive  at  CX  at  the  same  time  and  place. 

9.  Prove  the  same,  if  CX,  CYhe  inclined  at  any  angle,  and 
also  if  at  any  time  the  force  cease  to  act. 

10.  A particle  is  describing  an  ellipse  about  a force  tending 
to  the  center  C,  and  when  it  arrives  at  B,  the  extremity  of  the 
minor-axis,  the  force  is  suddenly  transferred  to  the  focus  S ; shew 
that  the  major-axis  of  the  new  orbit  bisects  the  angle  BSC. 
Shew  also  that  if  a,  b,  a,  /3  be  the  semiaxes  of  the  old  and  new 
orbits, 

a-b  : a + b ::  (a- f^y  : {a  + 

11.  From  points  in  a line  CA  between  C and  A particles 
are  projected  at  right  angles  to  CA,  with  velocities  proportional 
to  their  distances  from  A,  C being  a center  to  which  the  force 
tends,  and  the  force  varying  as  the  distance ; find  the  ellipse  of 
greatest  area  which  is  described. 

12.  A particle  is  projected  from  a point  P in  a given  ellipse 
to  the  center  C of  which  a force,  varying  as  the  distance,  tends : 
the  direction  of  projection  is  perpendicular  to  the  major-axis,  the 
velocity  is  that  in  a circle  whose  radius  is  CS  ; prove  that  the 
major-axis  of  the  orbit  is  that  of  the  given  ellipse,  and  that 
CP^  = the  sum  of  the  squares  of  the  semi  minor-axes  of  the  orbit 
and  given  ellipse. 

Alsotan^^=  (l-y  g-l). 

13.  A number  of  particles  move  in  hyperbolas,  under  the 
action  of  the  same  repulsive  force  from  their  common  center. 
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Shew  that,  if  the  transverse  axes  coincide,  and  the  particles  start 
from  the  vertex  at  the  same  instant,  they  will  always  lie  in  a 
straight  line  perpendicular  to  the  major-axis. 

14.  If  the  hyperbolas  in  the  last  problem  all  have  the  same 
asymptotes,  and  if  the  particles  start  from  their  vertices  at  the  On 
same  instant,  shew  that  they  will  always  lie  in  a straight  line 
through  the  center. 

15.  Four  equal  bodies  are  placed  in  a smooth  elliptic  groove 
at  the  extremities  of  equal  conjugate  diameters,  and  are  acted  on 
by  their  mutual  attraction,  which  varies  as  the  distance.  Shew 
that  if  they  be  projected  with  the  same  velocity  equal  to  that  with  ^ 
which  they  would  revolve  in  a circle,  passing  through  them  all, 
they  would  exert  no  pressure  on  the  groove,  the  sum  of  the  squares 

of  their  velocities  would  never  vary.  ^ 


j 


SECTION  III. 


On  the  Motion  of  Bodies  in  Conic  Sections,  under  the 
I action  of  Forces  tending  to  a Focus, 

Prop.  XI.  Problem  VI. 

■Z/*  a body  is  revolving  in  an  ellipse,  to  find  the  law  of  force 
tending  to  a focus  of  the  ellipse, 

et  S be  the  focus  to 
I which  the  force  tends, 

I P the  position  of  the 
body  at  any  time, 

PCG,  BCK  conju- 
gate diameters,  Q a 
point  near  P,  Q T, 

PF  perpendiculars 
from  Q,  P on  SP, 

DCK,  PR  a tangent 
at  P,  QR  parallel  to 
SP,  Qonv  to  PR  meet- 
ing SP  in  os  and  PC  in  v,  and  let  SP,  DCK  intersect  in 
E,  Then  PE  ^ AC, 

2^2  Q^R 

Then  F = • ~q^2  * ^Eimately,  when  QP  is  indefinitely 

diminished. 

But  by  similar  triangles,  Q Tos,  PFE, 

QT^  PF2  PF2  pc^ 
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Qv^ 


CD^ 


Pv . vG  CP^ 


by  the  properties  of  the  ellipse, 


and  ^ ^ by  similar  triangles ; 

iclK  rX  rHi 


11 


Qv^ 


CD^ 


“ QR.vG  CP.  AC' 
and  vG  = 2 CP,  Qx  - Qv,  ultimately  ; 

QT2 


= Zr,  ultimately. 


QR  AC 
if  L be  the  latus  rectum  of  the  ellipse. 


F = 


2/^2 


SP2  ^ SP^ 


Aliter. 


Since  the  force  tending  to  the  center  of  an  ellipse,  under  ; 
the  action  of  which  the  ellipse  can  be  described,  varies  ! 
directly  as  the  distance  CP  from  the  center  C ; let  GE 
be  drawn  parallel  to  the  tangent  PR  to  the  ellipse  ; then  ' 
if  S be  any  point  within  the  ellipse  and  SP,  GE  intersect 
in  E,  force  tending  to  G : force  tending  to  S 

GP . BP^ : PE^  (Prop.  vii.  Cor.  3); 

. PE^ 

force  tending  to  cc 


SP^ 


if  S be  the  focus  of  the  ellipse,  PE  = AC  is  constant 

1 

SP^' 


force  tending  to  /S'  cc 
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Prop.  XII.  Problem  VIL 

\If  a body  is  revolving  in  an  hyperbola,  to  find  the  law  of  force 
!|  tending  to  a focus  of  the  figure^ 

The  investigation  is  exactly  the  same  as  in  the  last  propo- 
sition, employing  the  subjoined  figure. 


Also,  repulsive  force  from  C oz  CP,  and  by  Prop.  vii.  Cor.  3, 
force  from  C : force  to  aS'  ::  CP  . SP‘^  : PE^,  whence 

force  to  aS^  cc  — , since  PE  is  constant. 

SP^ 

In  the  same  manner  as  in  these  propositions  it  can  be  shewn 
that  the  repulsive  force  tending  from  a focus,  under  the 
action  of  which  the  body  describes  the  opposite  branch 
of  the  hyperbola,  varies  inversely  as  the  square  of  the 
distance. 

Prop.  XIII.  Problem  VIII. 

If  a body  is  moving  in  a parabola,  to  find  the  law  of  force 
tending  to  the  focus. 
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Let  S be  the  focus  of  the  parabola,  P the  position  of  the 
body  at  any  time,  Q a point  near 
P,  PR  Y a tangent  at  P,  QR  paral- 
lel to  SP,  Qa;v  to  PR,  meeting  SP 
in  a;  and  the  diameter  through  P 
in  V,  QT,  SV  perpendicular  to  SP, 

PY  respectively. 

ultimately, 


Then  F = 


SP2  • Qp2* 

when  QP  is  indefinitely  diminished. 

Since  SP,  Pv  make  equal  angles  with  the  tangent,  Pxt)  is 


an  isosceles  triangle,  therefore  Pv  ^ Poo  = QR,  and  by 


similar  triangles 


QT2  ^1^2  js.SP 


Qx^  SP^  SP^ 
and  Qv^  = 4>SP . Pv  = 4.SP  . QR ; 
since  Q<r  = Qv,  ultimately, 


QT^ 


AS  O 

,SP.QR-W’  = Z ; 


P = 


~L 


SF  ^ 


1 


Cor.  1.  It  follows  from  the  last  three  propositions,  that 
if  any  body  move  from  the  point  P in  any  direction 
PR  with  any  velocity,  and  be  at  the  same  time  acted  on 
by  a centripetal  force,  which  is  inversely  proportional  to 
the  square  of  the  distance,  the  body  will  move  in  some 
one  of  the  conic  sections,  having  a focus  in  the  center 
of  force,  and  conversely. 

For  when  the  focus  is  given,  and  the  point  of  contact,  and 
the  position  of  the  tangent,  a conic  section  can  be  de- 


k] 


f 
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scribed  which  will  have  a given  curvature  at  that  point. 
But  when  the  force  is  given  and  the  velocity  of  the  body, 
the  curvature  is  known ; and  two  orbits  touching  one 
another  cannot  be  described  with  the  same  centripetal 
force,  and  the  same  velocity  at  the  point  of  contact. 

OR.  2.  If  the  velocity  with  which  a body  leaves  its  posi- 
tion P,  is  such  that  it  could  describe  the  small  space  PR 
in  some  very  small  time,  and  in  the  same  time  the  cen- 
tripetal force  were  able  to  move  the  same  body  through 
the  space  RQ,  this  body  will  move  in  some  conic  section 


whose  latus  rectum  is  the  limit  of 


QT^ 

QR 


when  the  lines 


PRf  QR  are  indefinitely  diminished. 

Q these  corollaries  the  circle  is  included  as  a particular 
case  of  an  ellipse  ; and  the  case  is  excepted  in  which  the 
body  moves  in  a straight  line  to  the  center  of  force. 


Notes, 

153.  If  yu  be  the  absolute  force,  in  any  conic  section  about 

2^2 

iie  focus,  whose  latus  rectum  is  Z,  ju  = — , and  fx  is  given 

rhen  the  force  at  any  point  is  given,  or  when  the  velocity  at 
ny  point  in  a given  conic  section  is  given ; for  in  that  case  L and 
^ , SY  ov  h are  given. 

154.  If  we  assume  the  chord  of  curvature  at  any  point  in 
n ellipse  or  hyperbola,  we  obtain  the  law  of  force  from  the 

xpression  F=  gy,  jTy- 

For,  PV.AC  = 2CD^  = 2SP.irF; 
and  5^2  : BC^  ::  SP  : HP-, 

SP^  : ^PV.AC; 
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BC^ . SF^ 

Similarly  for  the  parabola,  when 

PV^^SP,  and  SY^  = AS . SP, 
9.W  7i^ 


AS.SP.PV  QAS.SP^' 

155.  Cor.  l.  It  is  assumed  in  this  corollary  that  a conic 
section  can  be  described  under  the  action  of  a force  tending  to 
the  focus:  see  Art.  IS9. 


Prop.  XIV.  Theorem  VI. 


If  any  number  of  bodies  revolve  about  a common  center,  and 
the  centripetal  force  varies  inversely  as  the  square  of  the 
distance;  the  later  a recta  of  the  orbits  described  are  in  the 
duplicate  ratio  of  the  areas,  which  the  bodies  describe  in  the 
same  time  by  radii  drawn  to  the  center  of  force. 

For  in  each  orbit  the  latus  rectum  is  equal  to  the  limit 
QT^ 

(by  Cor.  2,  Prop,  xiii.)  when  the  arc  PQ,  is  made 


;;rij 


of 


QR 

indefinitely  small. 

But  QR  in  a given  time  is  ultimately  in  the  different  orbits 
as  the  centripetal  force,  that  is,  reciprocally  as  the  square 
of  the  distance  SP. 


QT^ 


Hence,  ultimately,  ——  cc  QT^.  SP^,  or  the  latus  rectum 
QR 


is  in  the  duplicate  ratio  of  QT.  SP  or  of  twice  the  area 
PSQ  described  in  a given  small  time,  and,  since  the  area 
in  each  orbit  is  proportional  to  the  time,  L varies  as  the 
area  described  in  any  given  time. 

Cor.  Hence  the  whole  area  of  the  ellipse,  and  the  rect- 
angle under  the  axes,  which  is  proportional  to  it,  varies 
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in  a ratio  compounded  of  the  subduplicate  ratio  of  the 
i latus  rectum  and  the  ratio  of  the  periodic  time. 

i^or  the  whole  area  is  as  QTx  SP  described  in  a given 
time,  multiplied  by  the  periodic  time. 


156.  We  may  prove  the  proposition  as  follows. 

« Let  h,  hb  be  the  double  areas  described  in  the  same  time  in 
nny  two  of  the  orbits ; X,  X'  the  latera  recta,  then  since  the  cen- 
tripetal forces  vary  in  the  different  orbits  inversely  as  the  square 
)f  the  distances. 


2/^2 

L.SP^ 


2/i'2 

X' . SP'^ 


::  ^P'2  : SP\ 


i 

I 


2/1^ 
• 

’*  X 


2A'2 

X^’ 


IJ  ::  : }i 


'2 


3r  the  latera  recta  are  in  the  duplicate  ratio  of  the  areas  de- 
scribed in  a given  time. 


157.  And  similarly  for  the  corollary. 

Let  P,  P'  be  the  periodic  times.  Then  the  areas  are  as 
hP  : h'P'; 

::  iJ  , P : L'^ . P. 


Prop.  XV.  Theorem  VIL 


On  the  same  supposition^  the  squares  of  the  periodic  times  in 
ellipses  are  proportional  to  the  cubes  of  the  major-axes. 

If  P be  the  periodic  time  in  any  ellipse,  P .h  oc  area  of 
ellipse  cc  AC , BC ; and,  since  the  force  is  the  same  in 
the  different  orbits,  BC^  oc  h^ , AC; 

BC^ 

P^  cc  ACK  a:  AC\ 

h^ 


Q.  E.  D. 
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Cor.  Hence  the  periodic  times  in  ellipses  are  the  same  as  aws 
in  circles  whose  diameters  are  equal  to  the  major-axes 
of  the  ellipses. 


158.  The  periodic  time  P may  be  found  in  terms  of  thei 
absolute  force 


IX, 


For  h,P  — twice  the  area  of  the  ellipse 
= 27rJC.BC; 

AC.h^ 


and 


M = 


BC^ 


^ BC  fJC 

.*.  P = 27rAC,-^ — =27rAC.l  — 

k \ fX 


’AC^^ 


27rAC^ 


159.  The  time  in  any  arc  of  an  ellipse  may  be  found  fromj 
the  area  of  the  sector  ASP,  and  shewn  to  be 

. (SC  . QM  + AG.  arc  AQ).  See  page  35. 


fxLAC 

Keplers  Laws. 

160.  The  three  laws  known  by  the  name  of  Kepler’s  Laws 


itei 


are, 


I.  That  planets  move  in  ellipses  having  the  Sun’s  center  in' 
one  focus. 

II.  That  the  areas  swept  out  by  radii  drawn  from  the 

planet  to  the  Sun’s  center  are,  in  the  same  orbit,  proportional  to 
the  time  of  describing  them.  ; 

III.  That  the  squares  of  the  periodic  times  are  propor-'|| 
tional  to  the  cubes  of  the  major-axes. 


These  laws  were  discovered  by  Kepler  from  observations 
made  on  the  planet  Mars,  and  stated  by  analogy  as  general 


itl 


:itii 
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t; 

J!iws,  which,  although  not  rigidly  true  as  stated  by  Kepler,  are 
sufficiently  near  to  the  truth  to  have  led  to  the  discovery  of  the 
ijiw  of  attraction  of  the  bodies  of  the  solar  system. 

161.  The  deviation  from  complete  accuracy  is  due  to  the 
lets  that  the  planets  are  not  of  inappreciable  mass,  that  they 
isturb  each  other’s  orbits  about  the  Sun,  and  by  their  action  on 
||be  Sun  itself  cause  the  periodic  time  of  each  to  be  shorter  than 
|i^  the  Sun  were  a fixed  body,  in  the  subduplicate  ratio  of  the 
bass  of  the  Sun  to  the  sum  of  the  masses  of  the  Sun  and  Planet ; 
jais  error  is  appreciable  although  very  small,  since  the  largest 
If  the  planets,  Jupiter,  is  less  than  yo^q-q  th  of  the  Sun’s  mass. 

Deductions  from  Keplers  Laws. 

1 162.  From  the  law  of  the  equable  description  of  areas, 

tated  as  the  second  law,  it  is  deduced,  by  Prop,  ti.,  that  the 
)rces  acting  on  the  planets  are  centripetal  forces  tending  to  the 
un’s  center. 

But  this  law  gives  no  information  regarding  the  nature  or 
itensity  of  the  forces. 

163.  From  the  elliptic  motion  of  the  planets,  as  asserted 
i the  first  law,  it  is  deduced,  by  Prop,  xi.,  that  the  force  which 
cts  upon  each  planet  varies  inversely  as  the  square  of  the  dis- 
ince  from  the  center  of  the  Sun. 

164.  From  the  relation  between  the  periodic  times  and 
>ngths  of  the  major-axes,  stated  in  the  third  law,  it  is  inferred, 
y Prop.  XV.,  that  the  planets  are  acted  on  by  the  same  centri- 
etal  force ; and  that  the  attraction,  being  the  same  for  all 
odies,  independently  of  their  form  and  substance,  is  not  of  the 
Mature  of  the  elective  action  of  chemical  or  magnetic  forces. 

165.  The  same  laws  hold  for  the  motion  of  the  satellites  of 
lupiter,  Saturn,  and  Uranus,  and  the  first  two  for  our  Moon, 

NEWT.  p 
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their  respective  primaries  taking  the  place  of  the  Sun  in  the  ^ 
statement  of  the  laws. 

Hence  it  is  inferred  that  forces  tend  to  the  centers  of  the! 
planets,  varying  according  to  the  same  law  as  the  forces  tending  ^ 
to  the  Sun.  | 

t 

166.  By  such  deductions  the  law  of  gravitation  is  rendered 
probable,  that  every  particle  attracts  every  other  particle  with  a 
force  which  varies  inversely  as  the  square  of  the  distance.  | 
The  law  thus  suggested  is  assumed  to  be  universally  trueJ^ 
and  calculations  are  made  of  the  effects  of  the  action  of  thcii 
bodies  of  the  solar  system  upon  one  another  in  disturbing  theii! 
elliptic  motion  ; and  also  of  the  disturbances  of  the  motion  of  th(i 
satellites  due  to  the  want  of  exact  sphericity  in  the  primaries.  ' 
Predictions  of  the  return  of  comets  have  been  fulfilled! 
founded  on  the  supposition  of  the  truth  of  the  law,  and  th<* 
existence  and  position  of  a planet  have  been  recognized  before  it 
discovery,  from  its  assumed  action  according  to  this  law  upoi;!^‘ 
another  planet.  I 

Thus  the  law  of  gravitation  has  satisfied  every  test  whic] 
could  be  applied  to  it,  and  it  is  therefore  proved  to  be  true  as  fa 
as  our  system  is  concerned. 

:cc 

Prop.  XVI.  Theorem  VIII.  i 


On  the  same  supposition,  the  velocities  of  the  bodies  are  in  th 
ratio  compounded  of  the  inverse  ratio  of  the  perpendicular 
from  the  focus  on  the  tangent  and  the  suhduplicate  ratio  c 
the  latera  recta. 


fo: 


For  in  any  two  orbits 

U 


h 


( 
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JoR.  1.  The  latera  recta  of  the  orbits  are  in  the  ratio 
compounded  of  the  duplicate  ratio  of  the  perpendiculars 
and  the  duplicate  ratio  of  the  velocities. 

For  L , U v, 

::  V^.SY^  : 


uOR.  2.  The  velocities  of  the  bodies,  at  their  greatest  and 
least  distances  from  their  common  focus,  are  in  the 
ratio  compounded  of  the  ratio  of  the  distances  inversely, 
and  the  subduplicate  ratio  of  latera  recta  directly. 

For  the  perpendiculars  on  the  tangents  are  these  very 
distances. 


Cor.  3.  And  therefore  the  velocity  in  a conic  section,  at 
the  greatest  or  least  distance  from  the  focus,  is  to  the 
velocity  in  a circle  at  the  same  distance  from  the  center 
in  the  subduplicate  ratio  of  the  latus  rectum  to  twice 
that  distance. 

For  the  latus  rectum  of  a circle  is  the  diameter,  therefore 
if  SA  be  the  greatest  or  least  distance,  velocity  in  the 
conic  section  : velocity  in  the  circle 


SA 


SA 


CoR.  4.  The  velocities  of  bodies  revolving  in  ellipses  are, 
at  their  mean  distances  from  the  common  focus,  the 
same  as  the  velocities  of  bodies  revolving  in  circles  at 
the  same  distances ; that  is,  (by  Cor.  6,  Prop,  iv.)  in  the 
inverse  subduplicate  ratio  of  the  distances. 

For  the  perpendiculars  are  now  the  semiaxes  minor,  or 

I SY  = BC  and  the  distance  SB  = AC,  therefore  velocity 
in  the  ellipse  at  the  mean  distance  : velocity  in  the 
circle  at  the  same  distance 
^ (2 AC)-  ^ 

i ‘‘  BC  ' AC  * * \ A^J  ' 


therefore  the  velocities  are  equal. 


p 2 
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Cor.  5.  In  the  same  figure,  or  in  different  figures  having 
their  latera  recta  equal,  the  velocity  varies  inversely  as  | 
the  perpendicular  from  the  focus  on  the  tangent.  | 


C( 


Cor.  6.  In  the  parabola,  the  velocity  varies  in  the  inverse  j 
subduplicate  ratio  of  the  distance  of  the  body  from  the 
focus,  in  the  ellipse  it  varies  in  a greater,  and  in  the 
hyperbola  in  a less  inverse  ratio.  ^ 


For  the  (velocity)^  cc 
which  in  the  parabola  cc 
in  the  ellipse  cc 


1 


1 

JP' 

HP 


2AC-SP 


SP 


in  the  hyperbola  cc  cc 


SP 

2JC  + SP 


|]oi 

Cor.  7.  In  the  parabola,  the  velocity  of  the  body  at  anyri  i 
distance  from  the  focus  is  to  the  velocity  of  a bodyli  f 
revolving  in  a circle  at  the  same  distance  from  the| 
center,  in  the  subduplicate  ratio  of  2 : 1 ; in  the  ellipse  j 
it  is  less,  in  the  hyperbola  greater  than  in  this  ratio. 

For,  velocity  in  the  conic  section  : velocity  in  the  circle ' 
at  the  same  distance  , 


fL.SP\^ 


UaS^FV 


in 


the  parabola  ::  ^ 


2AS'r^ 

. SP\  i 


v/s 


(%) 


JC.SYV 

in  the  ellipse  or  hyperbola,  and  HP  <2  AC  in  the  ellipse, 
and  > in  the  hyperbola. 

Hence  also,  in  the  parabola,  the  velocity  is  everywhere 
equal  to  the  velocity  in  a circle  at  half  the  distance,  in 
the  ellipse  less,  and  in  the  hyperbola  greater. 
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;CoR.  8.  The  velocity  of  a body  revolving  in  any  conic 
section,  is  to  the  velocity  in  a circle  at  the  distance  of 
half  the  latus  rectum,  as  that  distance  is  to  the  perpen- 
\ dicular  from  the  focus  on  the  tangent. 


For,  velocity  in  conic  section 
SY  '■  \L 


distance 


velocity  in  the  circle  at 
SV. 


Cor.  9*  Hence,  since  (Cor.  6,  Prop,  iv.)  the  velocity  of  a 
body  revolving  in  a circle  is  to  the  velocity  in  any 
other  circle  in  the  inverse  subduplicate  ratio  of  the 
distances,  the  velocity  of  a body  in  a conic  section  will 
be  to  the  velocity  in  a circle  at  the  same  distance,  as  a 
mean  proportional  between  that  common  distance  and 
the  semilatus  rectum  to  the  perpendicular  from  the 
focus  on  the  tangent. 

For  velocity  in  a circle  at  distance  ^ L : velocity  in  a circle 
at  distance  SP  i:  SP^  : therefore  velocity  in  conic 

section  : velocity  in  circle  at  distance  SP 

::  (i  L . SP)^  : SY, 


167.  To  find  the  velocity  in  a conic  section  described 
under  the  action  of  a force  tending  to  the  focus. 

In  the  central  conic  sections 


W ,xBC^  iiHP 
SY^~  AC  AC, SP' 


or,  V^  = F,\Py^ 


VL  CD'  fi,HP 

SP^'~JC~  SP,AG' 


In  the  parabola, 


fx  , 2SA  2|M, 

^ ^ S A,  SP" 
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or,  F2  = jP  iPF=: -^.25P  = 


2/x 


SF^  SF' 

HF  - 2 AC  — SP,  in  the  ellipse, 

HP  - SP  — 2AC,  in  the  hyperbola,  force  repulsive, 
= /SP  + 2ACf  in  the  hyperbola,  force  attractive ; 

SF^ 


SFV  ACV 


168.  The  expression  (2  - for  the  square  of  the  velocity  ii 


613 


taDj 


the  ellipse,  reduces  itself  to  that  for  the  hyperbola  under  an  attractivi 
force  by  changing  the  sign  of  AC^  which  corresponds  to  the  oppositi 
direction  in  which  JL  C is  measured  in  the  hyperbola ; it  reduces  to  tha 
for  the  hyperbola  under  a repulsive  force  by  changing  the  sign  of  ju 
which  corresponds  to  changing  the  direction  of  the  force ; and  to  thajf , 
for  the  parabola  by  making  AC  infinite.  ' ^ 


fn 


169.  To  compare  the  velocity  in  the  ellipse  or  hyperbole 
with  that  in  the  circle  at  the  same  distance. 

Let  U be  the  velocity  in  the  circle. 


= ~ .SP^  — 
SP 


\ ::  2=p 


SP 


AC 


h 


V=  U \/ 


*SP 


AC 


The  Hodograph. 

170.  Def.  If  from  any  point  lines  be  drawn  representin 
in  direction  and  magnitude  the  velocity  of  a particle  describin.*] 
an  orbit  under  the  action  of  a force  tending  to  a fixed  center,  th 
locus  of  the  extremities  of  these  lines  is  the  Hodograph. 
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i This  name  is  given  to  the  curve  by  Sir  William  Hamilton,  see  page 
(513  of  his  work  on  Quaternions. 

171.  Prop.  If  a conic  section  he  described  under  the 
%ction  of  a force  tending  to  a focuSy  the  Hodograph  is  a 
drcle. 

For  in  the  case  of  the  ellipse  or  hyperbola  the  velocity  varies 
inversely  as  SY^  and  therefore  directly  as  HZy  and  the  locus 
of  ^ is  a circle.  And,  in  the  case  of  a parabola,  A Y being  the 
tangent  at  the  vertex,  AU  perpendicular  to  aS'F, 

SY  : AS  ::  AS  : SU, 

therefore  SU  varies  as  the  velocity,  and  the  locus  of  is  a circle. 
Whence  the  proposition  follows. 

I Illustrations^ 

j 1.  The  hodograph  for  an  ellipse  about  the  center  is  a 
similar  ellipse. 

For  CD  is  parallel  to  the  direction  of  motion  and  proportional  to 
the  velocity. 

2.  The  hodograph  for  a hyperbola  is  a hyperbola  similar  to 
the  conjugate  hyperbola. 

3.  The  hodograph  for  a parabola  described  under  the 
action  of  a constant  force  parallel  to  the  axis  is  a straight  line 
parallel  to  the  axis. 


Prop.  XYII.  Problem  IX. 

Given  that  the  centripetal  force  is  inversely  proportional  to 
the  square  of  the  distance  from  the  center,  and  that  the 
absolute  force  of  the  center  is  known  ; it  is  required  to  find 
the  curve  which  will  be  described  by  a body  which  is  pro- 
jected from  a given  point  with  a given  velocity  in  a given 
direction. 
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Lemma  in  Conic  Sections. 


In  any  conic  section, 
if  G be  the  intersection 
of  the  axis  and  normal 
at  Pi  GL  the  perpen- 
dicular on  the  focal  dis- 
tance SPy  GU  parallel  to 
the  tangent  meeting  SP 
in  Uy  PL  is  the  semi- 
latus  rectum,  and  PU 
half  the  chord  of  curva- 
ture. 

1.  In  the  ellipse 
and  hyperbola,  let  PG 
meet  the  conjugate  dia- 
meter in  F\ 

CD,PF=  AG.BCy 

PG.PF^BC^i 

PU  PE  CD 
***  PG~~  PF^'BG' 


CD^ 


and 


PU  = — — = half  the  chord  of  curvature, 

AC 

PL  PF  BC^  , , 

— — = PL  = = half  the  latus  rectum. 

PG  PL  A C 
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2.  In  the  parabola, 


Let  F be  the  velocity,  PY  the  direction  of  projection,  S 
the  point  to  which  the  force  tends,  and  let  PU  he 
measured  on  PS  produced,  if  necessary,  equal  to  twice 
the  space  through  which  the  body  must  be  drawn  from 
rest  by  the  action  of  the  force  at  P continued  constant, 
in  order  that  the  velocity  V may  be  generated ; there- 
fore since  the  absolute  force  is  given,  PU  is  given. 
Draw  PG  perpendicular  to  PY  and  PH  so  that  the 
angles  HPG,  SPG  are  equal.  Draw  UG  perpendicular 
to  PG,  and  join  SG. 

Here  three  cases  arise  : 

1.  If  PU ~ 9.SP,  S is  the  center  of  a circle  about  PGU, 
.*.  z SGP  = z SPG  = z HPG,  .*.  SG  produced  either  way 
will  not  meet  PH, 

2.  If  PU<  2SP,  z SGP  > z SPG  or  HPG, .-.  SG  produced 
meets  PH  in  H, 

3.  If  PU>2SP,  aSGP<z.SPG  or  HPG,  .*.  GS  pro- 
duced meets  PH  in  H, 


I 
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1.  If  PU  = SaS'P  draw  GL  perpendicular  to  PS,  and  with  | 

S as  focus,  and  2 PL  as  latus  rectum  describe  a parabola  i 
whose  axis  is  in  the  direction  SG,  | 

Then  PU,  by  the  Lemma,  is  the  half  chord  of  curvature  at  I 
P through  S. 

2.  If  PU  < 2SP  with  S and  H as  foci  and  SP  + HP  as| 
major-axis,  describe  an  ellipse,  then,  by  the  Lemma,  PU  ' 
is  the  half  chord  of  curvature  at  P through  S. 

3.  If  PU>  2SP  with  and  II  as  foci  HP  — SP  as  trans- 
verse axis,  describe  a hyperbola,  PU  is  the  half  chord; 
of  curvature  through  S. 

In  all  these  cases,  a body  may  be  supposed  to  revolve  in 
the  conic  section  described,  under  the  action  of  the 
force  tending  to  S (Art.  139,  140),  and  the  velocity  at  P If 
is  that  due  to  falling  through  one-fourth  of  the  chord  of 
curvature  through  *S  or  half  PU,  under  the  action  of  I 
the  force  at  P supposed  constant,  and  is  therefore  equal 
to  V,  the  velocity  of  the  projected  body;  also,  since  the! 
angles  SPG,  HPG  are  equal,  PT  is  a tangent,  therefore  i 
the  direction  of  motion  is  that  of  the  projected  body. 

Therefore  the  circumstances  of  the  two  bodies  are  thel 
same  in  all  respects  which  can  influence  the  motion  at 
the  point  P,  and  they  will  therefore  describe  the  same  | 
orbits,  or  the  projected  body  will  describe  a conic  J 
section  of  that  kind  which  corresponds  to  the  velocity.  \ 

The  orbit  therefore  is  an  ellipse,  parabola,  or  hyperbola, : 
according  as  PU<,  = , or  > 2 SP, 

or  as  (=  P . PU)  <,  = , or  > 2P.  AP,  J 

or  as  V^<,  = , or  > 2 X (vel.)^  in  a circle  of  radius  SP.  i j i 

Ft 

Cor.  1.  Hence  if  a body  move  in  any  conic  section,  andj[| 
be  disturbed  by  any  impulse  from  its  orbit,  the  orbit  in,  I jjj 
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which  it  will  proceed  to  move  may  be  discovered.  For, 
by  compounding  the  motion  of  the  body  with  that 
motion  which  the  impulse  alone  would  generate,  the 
motion  and  direction  of  motion  will  be  found  with  which 
the  body  will  proceed  from  the  point  at  which  the  dis- 
turbance took  place. 

Cor.  2.  And  if  the  body  be  disturbed  by  any  continuous 
extraneous  force,  its  course  can  be  determined,  approxi- 
mately, by  calculating  the  changes  which  the  force  pro- 
duces at  certain  points,  and  estimating  from  analogy  the 
changes  which  take  place  at  the  intermediate  points. 


SCHOLIUM. 


If  a body  P move  in  the  perimeter  of  any  conic  section, 
whose  center  is  C,  under  the  action  of  a centripetal 
force  tending  to  any  given  point  R,  and  the  law  of  force 
be  required,  draw  CG  parallel  to  RP  and  meeting  in 
G the  tangent  PG  to  the  conie  section. 

Then,  by  Prop.  vii.  Cor.  3,  force  tending  to  R : force 
tending  to  C ::  CG^  : CP . but,  force  tending  to 
C varies  as  CPt 


force  tending  to  E 


CG^ 

oc , 

RP 


172.  An  elegant  direct  investigation  of  the  path  of  a body 
projected  at  any  angle  to  the  radius  drawn  to  a given  center,  to 
which  a force  tends  which  varies  inversely  as  the  square  of  the 
distance,  is  given  in  GoodwirCs  Course  of  Mathematics^  being 
due  to  P.  L.  Ellis,  Esq.  of  Trinity  College ; in  this  investigation 
the  properties  of  the  hodograph  are  introduced,  and  the  path  is 
shewn  to  be  the  locus  of  a point  whose  distance  from  a fixed 
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straight  line  is  in  a constant  ratio  to  its  distance  from  the  center 
of  force. 

For  the  outlines  of  the  following  demonstration,  also  depend- 
ing on  the  properties  of  the  hodograph,  I am  indebted  to  Pro- 
fessor Tait,  of  Belfast,  to  whom  1 proposed  the  problem  to  shew 
that  the  feet  of  the  perpendiculars  from  the  center  of  force  on 
the  direction  of  motion  of  the  projected  body  always  lie  in  a 
circle  or  straight  line. 


flial 


173.  General  property  of  the  motion  of  a body  in  a 
central  orbit. 

Let  ABC  be  a portion  of  a polygonal  perimeter  described 
under  the  action  of  impulses  tending  to  S as  in  Prop.  i. 


ten' 

PI 

tot 


aS^F,  SZ,  perpendicular  to  AB,  BC\  produce  YS^  ZS  to 
TZ'  making  YS . SY'  = ZS . SZ\ 


llie 

ib 

leli 


as 

S(C 


Then  SY',  SZ^  represent  the  velocities  in  AB,  BC  \n  mag- 
nitude, and  are  perpendicular  to  the  directions  of  motion ; 


SY’  : SZ' ::  Be  : BC,  i 

and  z Y'SZ'  = z YSZ  = z YBZ)  ! 

triangles  cBC,  Y'SZ'  are  similar,  1 

and  Y'Z'  is  perpendicular  to  BS  produced.  j h 
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i Also  if  F'Z'  C7''...be  the  polygon  corresponding  to  JBCD,,, 

ii  making  the  same  construction  for  each  side  successively, 

I F'Z'  : Cc  ::  Z'U'  : Dd  ;;  

L*.  the  perimeter  Y'Z'U\,.  varies  as  the  sum  of  the  velocities 
generated  by  the  impulses  in  the  corresponding  portion  of  the 
j perimeter  of  the  original  polygon. 

If  we  proceed  to  the  limit  we  obtain  the  following  results : 

1.  If  a body  describe  any  curve  under  the  action  of  a force 
'tending  to  S,  and  YS  perpendicular  to  the  tangent  on  any  point 
\ P be  produced  to  F',  so  that  ^SF'.  aS'FIs  invariable,  the  tangent 
! to  the  locus  of  F'  is  perpendicular  to  PS. 

I 2.  Any  finite  arc  of  the  locus  of  F'  varies  as  the  sum  of 
the  velocities  generated  by  the  central  force  in  the  passage 
through  the  corresponding  arc  of  the  trajectory. 

3.  The  chord  of  the  arc  represents  the  resultant  of  the 
velocities  generated  by  the  central  force,  and  is  perpendicular  to 
its  direction. 

174.  To  shew  that  if  the  central  force  vary  inversely 
as  the  square  of  the  distance,  a body  will  describe  a conic 
section. 

The  velocity  generated  in  a small  given  time  varies  ulti- 
Imately  inversely  as  the  square  of  the  distance,  also  the  angle 
described  in  the  same  time  varies  ultimately  inversely  as  the 
square  of  the  distance,  the  velocity  generated  varies  as  the 
angle  described ; hence,  by  Lemma  iv.,  the  velocity  generated 
in  a finite  time  varies  as  the  whole  angle  described. 

Now  by  result  (l)  of  the  last  proposition,  the  angle 
described  is  equal  to  the  angle  between  the  tangents  at  the 
extremities  of  the  corresponding  arc  of  the  locus  of  F',  and 
by  (2)  this  velocity  varies  as  the  arc  of  that  locus ; .*.  the  locus 
is  such  that  the  angle  between  the  tangents  at  the  extremities 
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of  any  arc  varies  as  the  arc,  which  is  a property  peculiar  to 
the  circle.  : 

Hence  the  foot  of  the  perpendiculars  from  the  center 
of  force  on  a tangent  to  the  body’s  path  is  a circle  or  straight 
line,  which  is  a property  of  a conic  section  only,  since  straight 
lines  drawn  according  to  a fixed  law  can  only  have  one  envelope,  i 


It  is  easily  seen  that  the  path  will  be  an  ellipse,  parabola, 
or  hyperbola  according  as  S lies  within,  upon,  or  without 
the  perimeter  of  the  locus  of  Y\ 


175.  Equations  for  determining  the  elements  of  the 


elliptic  orbit,  when  V‘^  < 


prc 


SP 


Let  V be  the  velocity  of  projection,  a the  angle  SPY 
between  SP  and  PY,  fig.  page  21 6,  the  direction  of  projection,! 
/UL  the  absolute  force,  \|/  the  angle  PTS  between  PY  and  the’; 
major-axis,  and  let  SP  = R,  a,  b,  e the  semiaxes  and  eccentri-|: 
city  of  the  orbit; 

uHP  ^ 

\ a 


SP.AC 


ihl 


(1) 


= h^=  V^R^sin^a; 


- =a(l  -e^) 
a 


(2) 


Draw  SY,  HZ  perpendicular  upon  the  tangent,  and  HR 
perpendicular  to  SY, 

SH  cos  SHE  =HK^  YZ  = (SP  + PH)  cos  SPY ; 

2ae  cos  xf/  = 2a  cos  a ; 

e cos  = cos  a (3) 

SH sm  SHE  = 6’Zr-  SY ^ HZ ; 

.*.  2ae  sin  \|a  = (SP  - HP)  sin  a 

*=  {R  --  (2a  - R)\  sin  a; 


(3) 
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The  equations  (l)  and  (2)  determine  a and  h or  e,  and 
(4)  determine  immediately  from  the  given  circumstances  of 
projection,  (3)  is  also  a convenient  equation  for  determining  the 
position  of  the  axes. 

Instead  of  (S)  or  (4)  we  might  employ  the  equation 


1 + e cos  A SP 

to  determine  the  angle  ^SP,  which  gives  the  direction  of  the  axes. 


176.  Equations  for  determining  the  elements  of  the  hyper- 

2 jiJL 

bolic  orbit,  when  . 


fx  — = liiaif  - 1)  “ sin^a  . . (2) 

Cb 

and  m cos  SHE  = HK  = FZ  = (HP  - SP)  cos  a ; 

.•.  e cos  \//  = cos  a (3) 

Also,  SH  sin  SHE  = SE  ^ SY  ^ YK\ 

.*.  c sin  \(/-  = { J?  + (2  a + sin  a ; 


tan 


('0 
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177.  Equations  for  determining  the  elements  of  the 

parabolic  orbits  luhen  . 

SP 

In  fig.  page  217,  SY^-  AS . SP; 

JS  = Bsm^a,  (l)  and  PTS^^a,  (2) 

(l)  and  (2)  are  equations  which  completely  determine  the  po- 
sition and  dimensions  of  the  orbit. 


178.  To  find  the  elements  of  the  orbit  described  under 
the  action  of  a repulsive  force  varying  inversely  as  the  square 
of  the  distance  from  the  point  from  which  the  force  tends. 


ont 


Let  H be  the  point  from  which  the  force  tends,  HP  = 
fxSP  H HP -2  AC  IX  iR 


V^  = 


HP.  AC  HP  AC 
The  other  equations  are  similar  to  those  in  Art.  176. 


(1) 


Illustrations. 


1.  A body  is  revolving  in  a circle  under  the  action  of  a 
force  which  tends  to  the  center  and  varies  inversely  as  the 
square  of  the  distance  from  it.  When  the  body  arrives  at  any 
point,  if  the  force  begin  to  tend  to  the  point  of  bisection  of 
the  radius  through  the  body,  to  determine  the  orbit  described 
by  the  body. 

Let  CA  be  the  radius,  S the  new  center  of  force.  Then  since  the 
force  is  finite,  the  velocity  at  A is  unaltered,  and  A is  an  apse  of  the 
new  orbit. 

2m 


Btai 

1 


i\w 


;inie 


Also  (velocity)^  in  the  circle  = ^^2  • ^ 


< ^ ; hence,  the 


body  moves  in  an  ellipse,  and  ^ = '^A^  " 


•(1) 


nlit 
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.■.a  = lsA=\cA, 

and  ix-=K‘  = -^.SA\ 
a CA 


V = \.CA.a  = ~OA\ 

4 12 

. , , 4"  3 1 1 

Also  1 — 2=1“t  = t;  •*•  ^ = 7;* 
4 4’  2 


.(2) 


Aliter, 

Instead  of  equation  (2)  we  might  determine  e from  the  considera- 
)n  that  A was  one  extremity  of  the  major-axis ; 

SA  = a{\  ; 

e = - , and  the  upper  sign  must  he  taken,  or  A is  the  greatest  focal 
stance. 

The  orbit  lies  entirely  within  the  circle,  since  the  force  at  A is  in- 
eased,  and  therefore  the  curvature  greater  than  that  in  the  circle. 

2.  If  the  new  center  of  force  be  in  the  bisection  of  the 
idius  which  if  produced  passes  through  the  body ; to  deter- 
ine  the  orbit. 

CA  SA\  a y 

for  the  orbit  must  be  elliptic  since  f ^ ’ 


aSA  ^ 3 1 

2“2’ 


and  SA  — « (1  ±e)  ; 


= 3CA; 

1 


ad  A is  the  nearest  point  to  S. 

In  this  case  the  force,  and  therefore  the  curvature,  is  diminished; 
hich  accounts  for  the  orbit  being  exterior  to  the  circle. 
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3.  A particle  is  projected  round  a center  of  force  which  \i 
varies  inversely  as  the  square  of  the  distance,  with  a velocity 
which  is  to  the  velocity  in  a circle  at  the  same  distance  as 

2 

v/5  : 2,  and  at  an  angle  whose  sine  is  ; shew  that  the  n 

eccentricity  of  the  orbit  is  1 and  that  the  major-axis  is  perpen- 
dicular to  the  distance  of  projection. 

o' 


V\R\-  = ixB. 

D 


l-e^ 


•••  = 


5-7^ 


(2) 


3 1 

4 ’ ^ ~ 2 ’ 

and  e cos  -v//  = cos  a (3)  T 


cos  -v/^  = = sin  a ; f 

tjs 

yp-y  the  angle  between  the  direction  of  projection  and  major-axis, 
= — -a,  or  the  major- axis  is  perpendicular  to  the  distance. 


4.  A body  revolves  in  a circle  under  the  action  of  a : 
force  tending  to  the  center  and  varying  inversely  as  the  square 
of  the  distance.  Find  the  orbit  described  if  the  force  suddenly 
tend  to  a point  S in  the  circumference  of  the  circle  60^  from 
the  body. 

(velocity)®  at  A = ^ ^ , and  since  the  velocity  is  unaltered  at  A. 

SA~  SA\  a)^ 

a=  SA,  or  A is  the  extremity  of  the  minor-axis ; the  major-axis 
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is  parallel  to  the  tangent  at  -4,  or  perpendicular  to  CA,  and  the  center 
is  in  the  bisection  of  CA, 

The  curvature  is  less  than  that  of  the  circle,  because  the  normal 
force  is  diminished  by  the  change. 

5.  A body  revolving  in  an  ellipse  under  the  action  of  a 
force  tending  to  a focus  S has  the  direction  of  its  motion 
altered  at  a given  point  of  its  path,  the  velocity  remaining  un- 
altered; to  determine  the  corresponding  change  in  the  position 
of  the  major-axis. 

Since  the  velocity  and  the  distance  SP  in  the  new  orbit  is  the  same 
as  in  the  old,  the  length  of  the  major-axis  is  the  same ; PH  is 
the  same  in  the  two  orbits ; the  other  focus  lies  in  a circle  whose 
center  is  P,  and  SP,  PH  make  equal  angles  with  the  new  direction. 

6.  To  find  at  what  point  of  the  orbit  a slight  alteration 
may  be  made  in  the  direction  of  motion,  the  velocity  remaining 
(Unaltered,  so  that  the  direction  of  the  major-axis  may  be  the 
same  as  before. 

The  direction  of  the  major-axis  being  unaltered,  SH  must  be  a tan- 
gent to  the  locus  of  Hj  P must  be  at  the  extremity  of  the  latus  rec- 
tum which  does  not  contain  the  center  of  force. 


7.  Prove  that  if,  when  a body  is  at  the  extremity  of  the 
latus  rectum  which  does  not  contain  the  center  of  force,  the 
direction  of  motion  is  deflected  through  a small  angle,  without 
altering  the  velocity,  the  alteration  of  the  eccentricity  is  to  the 
deflection  as  BC^  : AC^. 

For,  let  P be  the  position  of  the  body,  HH'  the  small  arc  of  the 
[circle  described  by  H,  which  nearly 
coincides  with  the  direction  of  the 
major-axis,  HPH'  is  double  the  angle 

. , „ . , HS  HS' 

of  deflection,  and 

— IS  the  change  of  eccentricity; 


jffi' a' 


Q 2 
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/.  change  of  eccentricity  : deflection  of  direction 


HH'  HH' 
2AC  ' 2 HP 


HP  : AC  ::  BC^  : AC\ 


8.  If  a body  moving  in  an  ellipse  be  acted  on  by  ai! 
impulsive  force  in  the  direction  of  the  focus,  when  it  arrives  a 
the  extremity  of  the  latus  rectum,  the  axis-major  remains  unali 
tered  in  direction.  ; 


For  if  SL  be  the  semi  latus  rectum,  the  force  being  central,  h i! 
unaltered ; .*./*.  SL  is  unaltered,  or  SL  is  the  semi  latus  rectum  of  th; 
new  orbit,  and  the  axis-major  is  perpendicular  to  SL. 

9.  The  velocity  at  any  point  of  an  ellipse  about  a force  ii 


the  focus  is  compounded  of  two  uniform  velocities,  one  = 


jUL  ^ 

perpendicular  to  the  radius  vector,  and  the  other  = — perpeh 

fl 


dicular  to  the  major-axis. 

Let  S be  the  center  of  force,  HZ  perpendicular  on  the  tangent  at  2 


join  CZ.  Then  ZC,  parallel  to  P/S', 
CH  and  HZ  are  perpendicular  to 
the  three  directions;  .*.  velocity 
represented  by  HZ  is  the  result- 
ant of  two  represented  by  CZ  and 
HC  in  magnitude ; now  the  velo- 

city  perpendicular  to  HZ  = 


— j^.HZ'y  .*.  velocity  perpendicular  to  HC  and  CZ  are  and  ^ 


ixe  ^ \x  . P 

= -r  and  y , since  a — =L 
h h a 


10.  A particle  moving  in  an  ellipse  under  the  action  of 

na 


IE 


force  tending  to  the  focus  has  a very  small  velocity 

k 

pressed  upon  it  in  the  direction  of  the  radius  vector ; sh^ 
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ilD 

at[ 

il-.. 

is' 

k 

ki 

!I1> 


P; 


that  the  corresponding  changes  of  the  eccentricity  and  angular 
distance  of  the  apse  are  given  by  the  equations 

e'  ~ c = n sin  9, 
e {9'  - 6)  - n cos  9, 

For,  since  the  impressed  velocity  is  towards  S,  ^ in  the  new  orbit 
is  still  the  velocity  perpendicular  to  the  radius  vector : and  the  remain- 
ing velocity  ^ is  compounded  of  the  two  velocities  ~ in  direction 

PM,  and  in  PS^  let  PM'  be  the  perpendicular  on  the  new  major- 

axis.  Then  / M'SM  = / M'PM  being  angles  in  the  same  arc  of  a 
circle  about  SPM,  and  the  velocity  in  PM'  and  its  components  in  PM 
and  PS  being  as  e',  e and 

e'  sin  M'PM  = n sin  SPM^ 

^ COS', M'PM  = e + n cos  SPM  ; 

since  M'PM  = 6'  - 0 is  small,  and  SPM  = - 0,  this  proposition 

is  proved. 


XVIII. 


1.  The  velocity  in  an  ellipse  at  the  greatest  distance  is 
half  that  with  which  a body  would  move  in  a parabola  at  the 
same  distance ; required  the  eccentricity  of  the  ellipse. 

I 

2.  A body,  moving  in  a parabola  about  a center  of  force 
in  the  focus,  meets  at  the  vertex  with  an  obstacle  which  dimi- 

t nishes  the  square  of  the  velocity  by  one  fourth,  without  altering 
^ the  direction  of  the  motion ; shew  that  the  body  will  afterwards 
move  in  an  ellipse  whose  axis-major  is  equal  to  the  latus  rectum 
of  the  parabola. 

3.  If  from  every  point  of  a hyperbola  described  under  the 
nil  action  of  a force  in  the  farther  focus  a particle  moved  from  rest 

under  the  action  of  the  force  at  that  point  continued  constant, 
until  it  acquired  the  velocity  of  the  particle  moving  in  the 
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hyperbola ; find  the  locus  of  the  particles.  If  r,  r be  the  radii 
vectores  for  the  hyperbola  and  locus,  ^ar  — r®. 

4.  A body  revolves  in  an  ellipse  about  a center  of  force  in  ° 
the  focus  /S'.  Shew  that  there  is  always  some  determinate  point 
at  which  the  absolute  force  may  be  supposed  to  change  suddenly  t 
from  fx  io  ntJi,  so  that  the  subsequent  path  of  the  body  may  be  c 
a parabola  about  S in  the  focus,  provided  n is  not  situated 
beyond  the  limits  l(l  + e)  and  l(l-e).  Prove  also  that  i 
the  latus  rectum  of  the  ellipse  : that  of  the  parabola  ::  n : 1.  : 

5.  Of  all  comets  moving  in  the  ecliptic  in  parabolic  orbits,:  j ( 

that  which  has  the  latus  rectum  of  its  orbit  equal  to  the  diameter^ ! s 
of  the  Earth’s  orbit  will  remain  within  the  latter  for  the  longest  1 1 
period,  the  Earth’s  orbit  being  considered  circular.  j 

6.  The  ratio  of  the  axes  of  the  Earth’s  and  Yenus’s  orbits  i 

is  18  : 13  ; find  the  periodic  time  of  Venus.  i 

7.  Force  oc  (dist.)"^;  a body  is  projected  with  a velocity  ' 
of  100  feet  per  minute  from  an  initial  distance  of  32  feet,  the 
velocity  in  a circle  at  that  distance  being  80  feet  per  minute ; ■ 
find  the  periodic  time. 

8.  Two  ellipses  are  described  by  two  particles  about  the  i 

same  center  of  force  in  the  focus : the  eccentricities  are  ^ an(^  ^ 
T -v/ 3 respectively,  and  the  major-axes  are  coincident  in  direction!  i 
and  equal  in  length.  Compare  the  times  which  each  body  spends 
within  the  orbit  of  the  other.  i 

9.  A body  is  moving  in  a given  parabola  under  the  action 

of  a force  in  the  focus : when  it  comes  to  a distance  equal  to 
the  latus  rectum,  the  force  is  suddenly  changed  into  a repulsive  | 
one ; determine  the  nature,  position,  and  dimensions  of  the  new 
orbit.  I ' 

10.  If  a body  be  projected  with  a given  velocity  about  a| 

center  of  force  which  oc  - , shew  that  the  axis-minor  of  thd 
(dist.)2 
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orbit  described  will  vary  as  the  perpendicular  from  the  center  of 
force  upon  the  direction  of  projection ; and  determine  the  locus 
of  the  center  of  the  orbit  described. 

11.  A.  body  moves  in  an  ellipse  and  is  at  the  extremity  of 
the  minor-axis  when  its  velocity  is  doubled.  Find  the  new 
orbit,  and  shew  that  the  body  will  come  to  the  vertex  after 
describing  90^  provided  the  ratio  of  the  axes  of  the  given  ellipse 
is  2 : 1. 

12.  The  velocity  in  a parabola  round  the  focus  is  suddenly 
diminished  in  the  ratio  of  \/ 2 ; 1,  shew  that  the  semimajor- 
axis  is  SP,  and  the  semiminor-axis  is  a mean  proportional 
between  SP  and  AS. 

13.  A particle  describes  an  ellipse  about  a center  of  force 
in  the  focus  S ; about  S as  center  a circle  is  described,  which  is 
cut  by  the  radius  vector  SP  in  the  point  Q ; from  Q a line  is 
drawn  perpendicular  to  the  direction  of  the  particle’s  motion, 
which  meets  the  major-axis  in  R ; prove  that  R is  constant  in 
position. 

14.  The  perihelion  distance  of  a comet  moving  in  a para- 
bolic orbit  ==  1 the  radius  of  the  Earth’s  orbit,  supposed  circular. 
The  planes  of  the  orbits  coinciding,  find  the  time  in  days  from 
perihelion  to  the  point  of  intersection  of  the  orbits. 

15.  If  PO  is  perpendicular  on  the  directrix  from  any  point 
of  an  elliptic  orbit  described  by  a particle  about  the  focus  S,  and 
when  the  particle  is  at  P,  the  force  suddenly  tends  to  O instead 
of  Si  prove  that  the  new  orbit  may  be  a parabola  if  e > J,  and 
that  in  this  case  SP  passes  through  the  intersection  of  the  two 
circles,  one  described  on  SH  as  diameter,  and  the  other  with 
center  S and  radius  SA,  the  shortest  focal  distance. 

16.  A body  revolves  in  an  ellipse  about  a center  of  force  in 
its  center  C.  When  the  body  comes  to  A the  extremity  of  the 
axis-major,  the  law  of  the  force  is  supposed  to  change  suddenly 
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and  ccZ)"®;  find  the  elements  of  the  new  orbit.  Also  if  the 
eccentricity  of  the  old  orbit  be  e,  and  that  of  the  new  orbit  e. 
then  e = e®.  I 


17.  A body  revolves  in  an  ellipse  about  the  focus  from  nearer; 
to  farther  apse  and  the  angle  which  its  direction  makes  with  the 
focal  distance  is  constantly  being  increased  without  altering  the 
velocity ; shew  that  the  motion  of  the  apse  line  will  change  from 


TT 


progression  to  regression  when  the  true  anomaly  = — + 2 tan”  ^ 

2 

e being  the  eccentricity  at  that  moment. 

18.  A body  describing  an  ellipse  about  a center  of  force  in; 
S has  a velocity  equal  to  its  own  communicated  in  the  direction 
PH^  which  causes  it  to  describe  a circle,  determine  the  eccen- 
tricity of  the  original  orbit,  and  shew  that  the  diameter  of  thej 
circle  = 4 x the  latus  rectum. 
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1.  To  find  the  time  of  motion  and  the  velocity  acquired, 
when  a body  falls  through  a given  space  from  rest,  under  the 
action  of  a force  which  varies  inversely  as  the  square  of  the 
distance  from  a fixed  point. 

Let  S be  the  center  of  force,  A the  point  from  which  the 
body  begins  to  fall. 

-^2  the  measure  of  the  accelerating  effect  ^ 

of  the  force  at  a distance  SP, 

Let  APA'  be  a semiellipse,  whose  focus  is 
S and  axis- major  ASA',  AQA'  the  auxiliary 
circle  whose  center  is  C,  MPQ  a common 
ordinate.  Let  a body  revolving  in  the  ellipse 
under  the  action  of  the  force  tending  to  S 
arrive  at  P, 

time  m AP  cc  area  ASP  oz  area  ASQ; 

time  m AP  : time  in  A PA'  ::  area  ASQ  : semicircle  AQA' 

sector  ACQ  + ASCQ  : semicircle  AQA' ; 

. . 7rA0  AC.slycAQ+SC.QM 

time  in  AP  - ^ . 

ttAC^ 

This  is  true,  whatever  be  the  magnitude  of  the  minor-axis 
BC,  and  therefore  when  it  is  indefinitely  diminished,  in  which 

case  the  diameter  of  curvature  at  J = = 0,  and  therefore 

-/i  C/ 

the  velocity  at  A = 0 ; therefore  the  elliptic  motion  ultimately 
degenerates  to  a rectilinear  motion  in  which  the  body  starts  from 
rest  at  A, 
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Also,  since  AS  . SA'  = BC^ 

SJ'  ultimately  = 0 ; SC  - AC  = ^ SA  ; 

The  velocity  in  the  ellipse  at 

'^.(2AC-  SP)\-2 


*.  time  in  = 


. (arc  AQ  + QM), 


■f 


AC.SP 


and  when  the  minor-axis  is  indefinitely  diminished 


velocity  at  Af  = 


_ f'2yi{AS  - _ /2ijl 


AM\ 


V AS ,SM  ) 


AS . SM 


It  must  not  be  supposed  that  the  motion  will  be  represented 
throughout  by  the  ultimate  motion  in  an  ellipse  whose  axis-minor  is 
indefinitely  diminished,  in  which  case  the  body  would  return  to  A ; 
for,  since  in  this  case  the  ellipse  passes  through  S,  we  are  precluded 
from  applying  the  results  of  the  second  and  third  sections  in  determining 
the  motion  of  the  body  after  arriving  at  S ; but  we  may  correctly  apply 
these  results  to  determine  the  motion  before  arriving  at  S. 

In  order  to  determine  the  motion  after  arriving  at  S,  we  must  ob- 
serve that  at  S there  is  a force  in  no  direction,  although  when  the  body 
is  at  any  point  very  near  to  S there  will  be  a very  great  force  tending 
towards  S ; on  approaching  S,  therefore,  the  velocity  will  continually 
increase  and  the  body  will  pass  through  S,  with  very  great  velocity ; 
but  the  motion  will  be  checked,  according  to  the  same  law,  as  rapidly 
as  it  was  generated,  and  the  body  will  proceed  to  a distance  aSA  on  the 
opposite  side  of  S. 


Cor.  If  a body  be  projected  directly  towards  or  from  a 
center,  to  which  a force  tends  which  varies  inversely  as  the  square 
of  the  distance,  the  time  and  velocity  acquired  in  a given  space 
may  be  determined  by  means  of  an  ellipse,  parabola,  or  hyper- 
bola, whose  latus  rectum  is  indefinitely  diminished,  so  constructed 
that  at  the  point  of  projection  the  velocity  is  properly  repre- 
sented. 
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2.  To  find  the  time  of  motion  and  the  velocity  acquired 
■when  a body  falls  through  a given  space  from  rest,  under 
the  action  of  a force  which  varies  as  the  distance  from  a fixed 
point. 

Let  S be  the  center  of  force,  A the  place  from  which  the 
body  begins  to  move  ; on  ASA!  describe  a semi-  -d.r 
ellipse  APA'  whose  semiaxis-major  is  SA,  and 
a semicircle  AQA\  let  MPQ  be  a common  JH 
ordinate. 

Suppose  a body  revolving  in  the  ellipse  to  ^ 
arrive  at  P,  then,  time  in  cc  area  ASP  oc 
sector  ASQ  oc  angle  ASQ; 

time  in  AP : time  in  ABA'  arc  AQi  tt  •AS;  Jl 


- . TT  arcJQ 

time  m AP  - — = . 

y fx  tt.AS 


= X 


arc  AQ 


JUL  AS 

and  the  same  is  true  when  the  minor-axis  is  indefinitely  dimi- 
nished, in  which  case  velocity  at  A ==  0,  since  the  diameter  of 
curvature  = 0. 

Therefore  the  elliptic  motion  is  reduced  to  the  rectilinear 
motion  of  a body  originally  at  rest  at  A^  and  the  time  in  AM 


IS 


1 arcJQ 


The  velocity  in  the  ellipse  at  P 

= \/ ju  . SD  where  SD  is  conjugate  to  SP 
^ + BS^  - SF^y^l 

therefore  the  velocity  at  M in  the  rectilinear  motion 
= - SM^)i  = MQ. 


Cor.  Time  from  A to  S = 


2\/  fx 


- > 
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or  the  time  of  reaching  S is  the  same  whatever  be  the  initiail 

O 

distance. 

For  a direct  solution,  see  Art.  page  80,  81. 

3.  If  the  velocities  of  two  bodies,  one  of  which  is  falling 
directly  towards  a center  of  force  and  the  other  describing  a 
curve  about  that  center,  be  equal  at  any  equal  distances  they 
will  always  be  equal  at  equal  distances,  if  the  force  depend 
only  on  the  distance.- 

Let  S be  the  center  of  force,  and  let  one  of  the  bodies  be 


in  the  curve  AQq.  Suppose  the  velocities 
at  P,  Q to  be  equal,  and  let  Qq  be  an  arc 
of  the  curve  described  in  a short  time. 

With  center  S and  radius  SQ,  Sq  describe 
circular  arcs  QP,  qP  and  let  SQ  meet  jpg 
in  m and  draw  mn  perpendicular  to  Qq, 

Since  the  centripetal  forces  at  equal  dis- 
tances are  equal,  they  will  be  so  at  P and 
Q,  and  Pp^  Qm  may  represent  them  ; Pp 
is  wholly  effective  in  accelerating  P,  is  the  only  effective 
part  of  Qq  on  Q,  the  component  nm  being  employed  in  re- 
taining the  body  in  the  curve. 

Also  since  the  velocities  are  equal  at  P and  Q,  the  times 
of  describing  Pp,  Qq  are  ultimately  proportional  to  Pjt>,  Qq 
when  the  time  is  indefinitely  diminished ; 

force  at  P : force  at  Q in  Qq  ::  Pp  : Qn, 
time  in  Pp  : time  in  Qq  ::  Pp  : Qq ; 
veF  acquired  at  p : veF  acquired  at  ^ Pp^  ; Qn^Qq\ 
but  Qn  . Qq  = Qm^  - Pp^ ; 

.-.  velocity  added  in  Pp  and  Qq  are  equal, 
the  velocities  at  p and  q are  equal, 

.*.  if  the  velocities,  &c. 
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CYCLOID. 

Def.  If,  in  the  same  plane,  a circle  be  conceived  to  roll 
along  a straight  line,  any  point  on  its  circumference  will  describe 
a curve  called  a Cycloid. 

Let  C,  D be  the  points  where  the  tracing  point  meets  the 
straight  line,  A the  point  where  the  tracing  point  P is  furthest 
from  CD,  AB  the  corresponding  diameter  of  the  circle. 

The  revolving  circle  is  called  the  generating  circle,  AB  is 
called  the  axis,  A the  vertex,  CD  the  base, 

1.  If  BPS  be  the  generating  circle  in  any  position,  then, 
since  the  points  of  the  base  and  circle  come  successively  in 
contact  CS  = arc  PS,  CB  and  BD  are  each  half  of  the  circum- 
ference of  the  circle,  and  BS  = arc  BP, 

2.  To  draw  a tangent  to  a cycloid. 

Let  the  generating  circle  be  in  the  position  BPS,  then  con- 
sidering a circle  as  the  limit  of  a regular  polygon  of  a large 
number  of  sides,  it  will  roll  by  turning  about  the  point  of  con- 
tact, which  is  at  rest  for  an  instant,  being  the  angular  point  of 
the  polygon. 

P moves  perpendicular  to  SP,  for  an  instant,  or  in  the 
direction  PB  of  the  supplemental  chord,  which  is  therefore  the 
tangent  at  P. 

Cor.  If  AQB  be  the  circle  on  AB  as  diameter,  PQM  an 
ordinate  perpendicular  to  AB  the  tangent  at  P is  parallel  to 
the  chord  QA. 

3.  To  find  the  length  of  the  arc  of  a cycloid. 

Let  BPS  be  the  position  of  the  generating  circle  corre- 
sponding to  the  point  P in  the  cycloid,  let  P'  be  the  position 
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of  P,  when  the  circle  has  turned  through  a small  angle  POp, 
so  that  P'p  is  parallel  to  the  base,  and  ultimately  PP'  is  per- 
pendicular to  SP,  andpP  to  OP  ; 


. . the  triangles  PpP'  and  OPS  are  similar; 

the  triangle  Pp  P'  is  isosceles,  and  if  p n be  drawn  per- 
pendicular to  RP,  PP'  - 2Pn  = 2 (PP  - Rp)  ultimately; 

the  cycloidal  arc  from  the  vertex  increases  twice  as  fast 
as  the  supplemental  chord,  and  they  commence  together, 

arc  AP  = %RP  = 2 JQ. 

4.  To  find  the  relation  between  the  arc  and  abscissa. 

Let  AM  be  the  abscissa  of  the  point  P, 

AM  : AQ  ::  AQ  : AB; 

^P'  = ^ 4 JP . AM. 

5.  To  find  the  area  of  the  cycloid. 

Let  P'  (fig.  Art.  7)  be  any  point  in  the  cycloid  CP'C\ 
P'S  the  chord  of  the  generating  circle  which  touches  the  cy- 
cloid, then  Q'  a point  in  the  cycloid  near  P'  ultimately  coincides 
with  P'P.  Let  Q'iV",  (fN  be  the  complements  of  the  parallelo- 
gram whose  diagonal  is  P'S,  and  sides  parallel  and  perpendi- 
cular to  the  base,  these  are  equal  ultimately ; 

.•.  by  the  fourth  Lemma,  the  cycloidal  area  CNP'  = circular 
segment  SP'N'. 
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6.  Cor.  The  exterior  portion  CBC  is  equal  to  the  area 
of  the  semicircle,  and  the  whole  parallelogram  BCB'C'  is  the 
rectangle  under  the  diameter  and  circumference  of  the  generating 
circle,  and  is  equal  to  twice  the  area  of  the  whole  circle ; there- 
fore the  cycloidal  area  CC'B'  is  three  times  the  area  of  the 
semicircle. 

7.  To  shew  that  the  evolute  of  a given  cycloid  is  an  equal 
cycloid. 

Let  A PC  be  half  the  given  cycloid,  AB  the  axis,  A the 
vertex,  and  BC  the  base. 

Produce  AB  to  C\  making  ^ 

BC'  ==  AB,  and  complete  the 
rectangle  BCB'C',  and  let 
the  semicycloid  C'P'C  be 
generated  by  a circle  whose 
diameter  is  equal  to  that  of 
the  generating  circle  of  the 
given  cycloid  ; C the  vertex, 
and  B G'  the  base  of  this 
cycloid. 

Let  SPR,  SP'R'  be  two 
positions  of  the  respective 
generating  circles,  having 
their  diameters  BS,  SR'  in 
the  same  straight  line,  P, 

P'  the  corresponding  points  of  the  cycloids. 

Join  SP,  PR  and  SP',  P'R'. 

By  the  mode  of  generation, 

arc  SP  = SC,  and  arc  SPR  = BC ; 

.*.  arc  PR  = BS=  C'R'  = arc  P'R' ; 
angle  PSR  = angle  P SR' ; 

PSP'  is  a straight  line. 
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Also,  arc  F'S  - arc  PS ; did.  P'S  - did.  PS ; 

P'SP  = 2 P'S  = P'C  the  cycloidal  arc  ; 
and  P'SP  touches  the  cycloid  C' PC  at  P' ; 
therefore,  a string  fixed  to  the  cycloid  at  C',  and  wrapped  over 
the  arc  of  the  semicycloid,  will  when  unwrapped  have  its  ex- 
tremity in  the  arc  of  the  given  cycloid ; and  if  another  equal 
semicycloid  be  described  by  the  circle  rolling  on  B'C'  produced, 
the  extremity  of  the  string  wrapped  on  this  curve  will  trace  out 
the  remainder  of  the  given  cycloid. 

Thus  a pendulum  may  be  made  to  oscillate  in  a given 
cycloid. 

8.  To  find  the  time  of  oscillation  of  a heavy  particle 
moving  in  a smooth  cycloidal  arc,  whose  axis  is  vertical, 

A direct  method  of  solving  this  problem  is  given  in  page  85, 
but  it  can  be  solved  by  means  of  the  proposition  given  in  Ap- 
pendix I.  Art.  2. 

For  the  particle  being  in  any  position  P is  acted  on  by  a 
force  the  measure  of  the  accelerating  effect  of  whose  component 
in  direction  of  the  motion  is 

RP  g . g g 

^ RS 


2RS 


. AP,  and 


2RS' 


or 


2AB 


is  constant. 


The  acceleration  at  every  point  is  the  same  as  if  the  particle 
moved  in  a straight  line  under  the  action  of  a force  varying  as 
the  distance  tending  to  a point  in  the  line. 

g 


TT 


.*.  the  time  of  falling  from  any  point  to  J is 
and  the  time  of  an  oscillation  from  rest  to  rest  = tt  , 


being  the  same  for  all  arcs  of  vibration. 

9.  Cor.  The  length  of  the  string  which  by  the  contri- 
vance of  the  last  Article  makes  a particle  oscillate  in  this  cycloid 
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is  9.AB  = I suppose ; therefore  the  time  of  the  oscillation  of  a 


pendulum  of  length  Z = tt 


10.  To  find  the  time  of  a very  small  oscillation  of  a sim- 
j pie  pendulum  suspended  from  a point. 

A simple  pendulum  is  an  imaginary  pendulum  consisting  of  a 
I heavy  particle  called  the  hob,  suspended  from  a point  by  means 
of  a rod  or  string  without  weight. 

In  this  case  the  pendulum  describes  the  small  arc  of  a circle 
which  may  be  considered  the  same  as  a cycloidal  arc  the  axis 
of  which  is  half  the  distance  of  the  bob  from  the  point  of  sus- 
’ pension. 


The  time  of  oscillation  from  rest  to  rest  is  tt 


111.  To  count  the  number  of  oscillations  made  by  a given 
pendulum  in  any  long  time. 

ij  In  consequence  of  the  liability  to  error  in  counting  a very 
great  number  of  oscillations,  since  in  the  case  of  a seconds  pen- 
dulum for  each  hour  there  would  be  3600  oscillations,  it  becomes 
necessary  to  adopt  some  contrivance  for  diminishing  the  labour. 
For  this  purpose  a pendulum  is  made  which  oscillates  nearly  in 
the  same  time  as  the  given  pendulum.  These  pendulums  are 
then  placed  one  before  the  other,  so  that  two  points  near  their 
I lowest  positions  shall  be  in  the  field  of  view  of  a fixed  micro- 
scope at  the  same  time,  and  the  time  of  exact  coincidence  in  a 
L certain  position  can  be  observed. 

I Suppose  that  after  n oscillations  of  the  given  pendulum 
they  are  again  in  exact  coincidence  close  to  the  same  position : 
if  there  be  m such  coincidences  in  the  whole  time  of  observation, 
the  number  of  oscillations  in  that  time  is  mn,  and  the  only 
labour  has  been  to  count  the  n oscillations,  and  to  estimate  the 
number  of  the  coincidences  before  the  last  one  observed. 
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12.  To  measure  the  accelerating  effect  of  gravity  hy  means 
of  a pendulum. 

Let  g be  the  measure  of  this  effect  or  the  velocity  generatec 
by  the  force  of  gravity  in  a second. 

Let  I be  the  length  of  a simple  pendulum  which  makes 

Ml  • • 3600m 

oscillations  m m hours,  then  = number  of  seconds  in  one 


oscillation 


TT 


length  I is  estimated. 


9 = 


irHn^ 


(3600/ m"  ’ 


in  whatever  unit  o1 


This  w’ould  be  a very  exact  method  of  determining  g,  if  we  could 
form  a simple  pendulum ; but  it  is  impossible  to  do  this,  and  it  is  only 
by  calculations  of  a nature  too  difficult  to  be  explained  here  that  it  can 
be  shewn  how  to  deduce  the  length  of  the  simple  pendulum,  which 
would  oscillate  in  the  same  time  as  a pendulum  of  a more  complicated 
structure. 

13.  The  seconds  pendulum  at  any  place  is  the  simple  pen-j 
dulum  which  at  the  mean  level  of  the  sea  at  that  place  woulc 
oscillate  in  one  second. 


14.  To  determine  the  height  of  a.  mountain  hy  means  oj 
a seconds  pendulum. 

Let  X be  the  height  of  the  mountain  above  the  mean  level  of  the  sea, 
L the  length  of  the  seconds  pendulum  for  that  place,  a the  Earth ’i 
radius,  all  expressed  in  feet ; n the  number  of  oscillations  lost  by  the 
pendulum  in  24  hours. 

g the  accelerating  effect  of  gravity  at  the  mean  level  of  the  sea. 


g<2 


= that  at  the  top  of  the  mountain,  supposing  the  eartli 


' ‘ {a -v  xy 

composed  of  spherical  layers ; the  time  of  oscillation  at  the  top  is 

a-^  X 


V 


L {a  + xf 


since 


g 


in  seconds, 


m 
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(24  X 60  X 60-  n)  = 24  X 60  X 60, 
'a 

id  I ^ _ 24  X 60  X 60 

^ a 24  X 60  X 60  — ’ 

I a 24  X 60  X 60  ***  (24  x 60  x 60)^  nearly , 

le  I 

! if  a = 4000  X 1760  X 3, 

J 4000x  1760  x3 

)l  I a — — — — TT- — — n+ 

24  X 60  X 60 


Id 

y 


= 245w  + 


245  w" 

24  X 60  X 60 


= 245^  + -0027. 


nearly ; 


[j  If  w = 1 0, 

d the  height  = 2450’27  feet. 


15.  To  find  the  number 
consequence  of  a slight  error 
pendulum;  and  conversely. 


of  seconds  lost  in  a day,  in 
in  the  length  of  the  seconds 


Let  N he  the  number  of  seconds  in  a day,  L the  length  of  the 
/ seconds  pendulum ; L-vX  that  of  the  incorrect  pendulum;  N-  n the 
number  of  oscillations  in  a day. 


L~ 

\ _ 9-nN—n^ 
*’•  L ^ {N-nf  ' 

and  n - nearly ; 


whence  n can  be  found  from  A,  or  A from  n. 


r2 
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EQUIANGULAR  SPIRAL. 


Def.  1.  If  a series  of  radii  SJ,  SB,  SC,  ...  be  drawn 
inclined  at  equal  angles,  and  AB,  BC,  CD,  ...  be  drawn 
making  equal  angles  SAB,  SBC,,.,  with  these  radii  respectively, 
the  curvilinear  limit  of  the  polygon  ABGD ...,  when  the  equal 
angles  A SB,  BSC,  ...  are  indefinitely  diminished,  is  i)\Q  Equian- 
gular Spiral. 

Def.  2.  If  an  indefinite  line  SP  revolve  uniformly  about 
a fixed  point  S,  while  another  point  P advances  or  recedes  on 
that  line  with  a velocity  which  varies  as  the  distance  from  S,  it 
will  trace  out  the  Equiangular  or  Logarithmic  Spiral. 

The  second  definition  follows  immediately  from  the  first,  since, 
fig.  page  30,  /S'A  — SB  : SB  — SC  ::  SA  : SB^  the  triangles  SAB, 
SBC,  ...being  similar. 

Since  the  limiting  positions  of  the  sides  of  the  polygon  are  those  of 
tangents  to  the  curve,  the  inclination  of  the  tangents  to  the  radii  at  any 
point  is  a constant  angle ; whence  the  equiangular  spiral  is  the  spiral 
which  cuts  all  the  radii  drawn  from  a fixed  point  at  a constant  angle, 


tlie 


To  find  the  length  of  an  arc  of  an  equiangular  spiral 
contained  between  two  radii. 


Let  a be  the  angle  SAB, 

and  let  SB  : SA  ::  X : 1 a constant  ratio,  X < 1 ; 
BC  : AB  ::  CD  : BC  ::  ...  ::  X : 1 ; 

.-.  AB  + BC  + ...  : AB  ::  1 + X + X^+  ...  : 1, 

::  1 - X”  : 1 - X 
::  SA{\  -X”)  : SA^SB; 
.*.  proceeding  to  the  limit,  since  SL  = X”.  SA, 

arc  AL  : SA  — SL  ::  AB  : S A — SB  ultimately ; 
arc  AL  - {SA  - SL)  sec  a. 
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Obs.  ::  SA^-SL^  : 

ultimately,  1-A^”  : 1 - ::  SA^-STJ  : 2 /SA  . AB  cos  a; 

inpageSO,  + : SA^-BL^  ::  : 2SAcosa. 


CATENARY. 

Def.  The  catenary  is  the  curve  in  which  a uniform  and 
perfectly  flexible  string,  of  which  the  extremities  are  suspended  at 
two  points,  would  hang  under  the  action  of  gravity,  supposed  to 
be  a constant  force  acting  in  parallel  lines. 

The  directrix  is  a horizontal  straight  line  whose  depth  below 
the  lowest  point  is  equal  to  the  length  of  string  whose  weight 
is  equal  to  the  tension  at  the  lowest  point. 

The  axis  is  the  vertical  through  the  lowest  point. 

1.  The  tension  at  any  point  of  the  catenary  is  equal  to 
the  weight  of  the  string  which  if  suspended  from  that  point 
would  extend  to  the  directrix. 

Let  A be  the  lowest  point  of  a uniform  and  perfectly  flexible 
string  hanging  from  two  points  under  the  action  of  gravity, 


P any  other  point,  AO  the  length  of  string  whose  weight  is 
equal  to  the  tension  of  the  string  at  A, 
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Take  a point  B in  OA,  and  let  Oikf,  BC  drawn  horizontally 
meet  a vertical  PM  in  M and  (7. 


If  a string  pass  round  pegs  at  APCB,  it  is  evident  that  it 
will  rest  in  any  position,  and  this  will  be  the  case  whatever  be 
the  size  of  BDC,  and  therefore  if  BDC  be  such  that  the  tension 
at  B equal  the  weight  of  BO,  therefore  replacing  the  portion 
BDC  by  strings  BO  and  CM,  OAPM  is  in  equilibrium,  but 
AO  has  weight  equal  to  the  tension  in  the  proposed  case, 
therefore  the  shape  of  AP  in  both  cases  is  the  same  and  the 
tension  at  P is  the  weight  at  PM. 


0^ 

kl 


2.  If  Gb  circle  he  drawn  on  the  ordinate  perpendicular  to 
the  directrix  as  diameter,  it  will  meet  the  tangent  at  a point 
whose  distance  from  the  point  of  contact  is  equal  to  the  arc  of 
the  catenary. 

Let  PT  be  the  tangent,  TOM  the  directrix,  then  since  the 
arc  AP  supposed  to  become  rigid  is  kept  at  rest  by  the  tensions 
at  A and  P,  parallel  to  MT,  TP  and  the  weight  parallel  to 
PM,  TPM  is  a triangle  of  forces  ; 

weight  of  AP  : tension  at  P 
AP  : PM  ::  PM 
and  if  MU  be  perpendicular  to  PT, 

MU  : PM  ::  PU  : 

PU=^  AP. 

Cor.  Tension  at  A : weight  of  AP  ::  MT  : PM; 

AO  : PU  ::  MT  : PM  ::  MU  : PU ; 

AO  = MU. 


PM 

PT, 


PT, 


PM; 


3.  To  draw  a tangent  to  a catenary  at  any  point. 

With  center  O,  and  radius  OA,  describe  a circle  A V,  draw  ^ 
PN  horizontal  meeting  the  axis  in  N,  and  NV  touching  the 
circle  in  V,  PT  parallel  to  NV  is  a tangent  to  the  catenary 
at  P. 
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For,  join  OF,  and  draw  MU  perpendicular  to  PT,  therefore 
OF  is  equal  and  parallel  to  MU ; 

MU  = OF  - JO;  PU  is  a tangent. 

4.  If  an  equilateral  hyperbola  he  described,  having  center 
0 and  OA  the  semi  transverse  axis,  the  ordinate  of  the  hyper- 
bola is  equal  to  the  arc  of  the  catenary. 

For,  let  AR  be  the  hyperbola, 

then,  FN^=  {NO  + OA)  AN  = RN^; 

RN^  FN=  PU:=^AP. 


LEMNISCATE. 

Def.  The  lemniscate  is  the  locus  of  the  feet  of  the  perpen- 
diculars drawn  from  the  center  of  a rectangular  hyperbola  upon 
the  tangent. 

1.  To  find  the  inclination  of  the  radius  from  the  center 
of  the  lemniscate  to  the  tangent  at  any  point. 

Let  CF  be  perpendicular 
on  PT  the  tangent  at  the  point 
P in  the  hyperbola. 

CY^  PF; 

CY.CP^PF.CD^  AC\  ^ 

*.•  CP  = CD  in  the  rectangular 
hyperbola. 

Draw  the  ordinate  PM, 

CT.CM=AC^=CY.CP; 

CY  : CT  ::  CM  : CP; 
and  CMP,  CYP  are  right  angles;  lPCM^  z ACY. 

Draw  CZ  perpendicular  on  the  tangent  at  F to  the  lemniscate. 

ZGY  and  YCP  are  similar  triangles,  (page  58,  S) ; 
lZYC  = z CPY  = complement  of  twice  z YCA. 
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2.  To  find  the  perpendicular  on  the  tangent  at  any  point 
of  the  lemniscate, 

CZ.CF^CY\  and  CY  ,CP 

CZ  : CY  CY^  : AC\ 

/.  CZ ,AC^^CY\ 


3,  To  find  the  chord  of  curvature  through  the  center. 

Let  F F be  the  chord  of  curvature  ; 

YV  : 2CZ  ::  CY  - CY'  : CZ  - CZ',  ultimately,  (Art.  80), 
and  (CZ  - CZ')  AC^  = CY^  - CF'^; 

.*.  CY  - CY'  : CZ  - CZ'  ::  AC^  : SCY^; 

YV  : 2CZ  CY  : SCZ; 

.-.  FF  = |CF. 


4.  To  find  the  radius  of  curvature. 
The  radius  of  curvature 


2 ^ * CZ 


9J1 

3CZ 


AC^ 

JCY 


= iCF 


= i of  the  radius  of  curvature  at  the  corresponding  point  of  the 
hyperbola. 


5.  To  find  the  area  of  the  lemniscate. 

The  sectorial  area  ACQ  may  be  shewn  by  Lemma  iv.  to  be 
equal  to  the  triangle  CRN  where  CQ  meets  the  auxiliary  circle 
in  R and  RN  is  perpendicular  to  CA, 

6.  To  find  the  law  of  force  tending  to  the  center,  under 
the  action  of  which  the  lemniscate  is  described. 

Qh^  8h^  ShUC^  1 

” CZ\  YV  "■  CZ\CY~~  CY^ 

7.  The  velocity  varies  inversely  as  the  cube  of  the 
distance. 
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8.  To  find  the  time  in  any  arc  of  the  lemniscate. 


9.  To  find  the  poles  of  the  lemniscate. 


Let  S,  H be  the  foci  of 
the  hyperbola, 

s,  h the  middle  points  of  CS 


and  GH, 


Draw  SY'Z'  perpen-  mIjv 


dicular  to  the  tangent,  meet- 
ing the  auxiliary  circle  in 
F',  Z\ 


Join  sT,  sZ\  sY,  hY;  ^ 

*.*  Cs  - sS,  sY'  = sY,  and  similarly  hY  hZ  = sZ\ 

The  altitude  of  the  triangle  Y'CZ'  is  double  that  of  Y'sZ\ 
upon  the  same  base ; 

^TCZ'  ^2.^Y'sZ\ 
and  CS.  Ss  = JC^  = SY' . SZ' ; 

a circle  may  be  drawn  circumscribing  CsY'Z' ; 


aY'CZ'  = zTsZ'; 

Since  the  triangle  Y'  CZ'  is  double  of  sY'C, 
sY',sZ'=:l  CY\  OZ'=:^CJ^; 
sY,hZ=:^CA\ 


which  is  the  property  of  the  poles  of  the  lemniscate. 
For  this  proof  I am  obliged  to  Professor  Tait. 


UD 


GENEEAL  PEOBLEMS. 

XIX. 


1.  Find  the  limit  of 
is  indefinitely  increased. 


1.2  + 2.3  -f + 1) 


, when  n 


2.  Prove,  without  finding  the  actual  values,  that  the  chords 
of  curvature  through  the  focus  and  center,  and  the  diameter  of 

1 1 ^ 

curvature  at  any  point  oi  an  ellipse,  are  as 

How  does  it  appear  that  the  chords  of  curvature  through 
the  two  foci  are  equal  ? 
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3.  A body  describes  an  ellipse  about  one  focus ; prove  that 
it  always  moves  as  fast  towards  one  focus  as  from  the  other. 

4.  A particle  describes  a parabola  round  a force  in  the 
focus.  A is  the  vertex,  L the  extremity  of  the  latus  rectum, 
P a point  whose  distance  from  the  axis  is  the  length  of  the 
latus  rectum.  Prove  that  the  time  in  AL  : time  in  LP  ::  2 : 5. 
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5.  A body  is  revolving  in  an  ellipse  round  a force  in  the 
center,  and  when  the  body  arrives  at  the  extremity  of  the 


major-axis,  the  center  of  force  is  transferred  to  the  further  i 

2 & 

focus ; shew  that  the  (eccentricity)^  of  the  new  orbit  = 


for 


1 + e 


e being  that  of  the  old  orbit. 


Tel 


6.  A body  perfectly  elastic,  revolving  in  an  ellipse  about 
the  focus,  strikes  a hard  plane ; if  <p,  6 be  the  angles  which  f of 
the  direction  of  its  motion  makes  respectively  with  the  focal  I axi 
distance  and  the  plane,  shew  that  the  periodic  time  will  bo  itk 
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unaffected,  and  that  the  new  minor-axis  will  equal  the  former 

. . sin  (d)  + 2 0) 

mmor-axis  x r — ^ . 

sin  <p 

7.  In  question  6,  find  what  would  be  the  eccentricity  of  the 
new  orbit  if  the  old  orbit  were  a circle.  And  if  the  old  orbit 
were  a parabola  find  what  would  be  the  inclination  of  the  axis 
of  the  new  orbit  to  the  axis  of  the  old  one. 

8.  A balloon  was  found  to  be  sailing  steadily  before  the 
wind  at  an  invariable  elevation  above  the  earth.  A seconds 
pendulum  suspended  in  the  car  was  observed  in  50  minutes  to 
make  2997  oscillations ; at  what  height  was  the  balloon  ? 

(radius  of  earth  = 4000  miles,  nearly.) 

9.  Shew  how  to  find  the  weights  of  equal  bodies  on  planets 
which  have  secondaries. 


XX, 

1.  If  the  sides  of  a right-angled  triangle  vary,  while  its  area 
remains  constant,  determine  the  ultimate  ratio  of  the  changes  in 
the  sides  adjacent  to  the  right  angle.  Also  shew  that  in  the 
limit  the  increment  of  the  hypothenuse  is  to  the  increment  of 
the  sum  of  the  other  two  sides  as  the  sum  of  these  sides  is  to 
the  hypothenuse. 

2.  The  curvatures  at  the  extremities  of  the  major  and 
minor  axes  of  an  ellipse  are  as  8 to  1 ; find  the  eccentricity. 

3.  If  a particle  describe  an  ellipse  under  the  action  of  a 
force  tending  to  the  focus,  and  v,  v be  the  velocities  at  two 
points  equally  distant  from  the  axis  on  the  same  side,  V the 
velocity  at  the  extremity  of  the  minor-axis ; prove  that  vv  = V^. 

4.  Shew  that,  an  ellipse  being  described  under  the  action 
of  a force  tending  in  a direction  perpendicular  to  the  major- 
axis,  the  velocity  varies  as  the  secant  of  the  angle  which 
the  direction  of  motion  makes  with  the  major-axis. 
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5.  A body  describes  a circle  about  a force  F tending  to 
the  center  (7,  shew  that  the  arc  ADE  — 2 AC  is  described  in 
the  same  time  as  a body  would  describe  the  chord  AE  under  the 
action  of  the  force  F acting  constantly  parallel  to  AC, 

6.  A hyperbola  and  its  conjugate  are  described  by  particles 
round  a force  in  the  center.  They  are  at  an  apse  at  the  same 
instant;  shew  that  they  will  always  be  at  the  extremities  of 
conjugate  diameters.  Also  if  r,  v'  be  their  velocities, 

^ fi  {a^—  h^). 

7.  A body  is  projected  with  a velocity  equal  to  that  in  a 
circle  at  the  same  distance  at  an  angle  of  SO®,  and  acted  on  by 
a central  force  varying  as  the  distance ; determine  the  position, 
form,  and  magnitude  of  the  orbit. 

8.  When  force  cc  (dist.)"^  shew  that  however  the  absolute 
force  {fx)  be  altered  so  that  similar  ellipses  are  described,  the 
alterations  of  the  absolute  force  and  mean  distance  a are  in 
the  ratio  oi  jm  i a, 

9.  Find  the  time  of  oscillation  in  a cycloid ; and  the 
height  of  a mountain  to  the  top  of  which  if  a seconds  pendulum 
be  carried,  4S  oscillations  are  lost  in  a day ; prove  that  it  is 
about  two  miles  high. 

10.  Shew  that  in  the  elliptic  orbit  described  under  the 
action  of  a force  tending  to  a focus,  the  angular  velocity  round 
the  other  focus  varies  inversely  as  the  square  of  the  diameter 
parallel  to  the  direction  of  motion. 

XXL 

1.  AB  is  an  arc  of  finite  curvature  in  any  curve  ; the  tan- 
gents at  A and  B intersect  each  other  in  T\  and  around  the 
triangle  ABT  a,  circle  is  described;  when  B moves  up  to  A,  this 
circle  ultimately  bisects  the  diameter  of  curvature  and  all  the 
chords  of  curvature. 
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j;  2.  Deduce  the  expression  for  the  diameter  of  curvature  at 
I any  point  of  a plane  curve  from  the  definition,  that  the  circle  of 
I curvature  is  the  limiting  position  of  the  circle  passing  through 
I three  consecutive  points  of  a curve. 

I 3.  A body  describes  an  ellipse  about  one  focus  ; prove 
[ that  (vel.  at  extremity  of  one  latus  rectum)  x (vel.  at  extremity 
I of  other  latus  rectum)  = (vel.  at  extremity  of  axis-minor)^. 

I 4.  If  the  eccentricity  of  an  ellipse  be  1,  the  time  of  moving 
I under  the  action  of  a force  tending  to  the  center  from  one  extre- 

mity  of  the  latus  rectum  to  the  other  is (S  ± l). 

3\//u 

5.  Given  the  velocity  and  direction  at  two  points  of  a 
central  orbit,  find  the  locus  of  the  center  of  force. 

6.  A body  describes  an  ellipse  about  a center  of  force  in 
the  center ; prove  that  if  r,  r be  two  radii  vectores  and  a the 
angle  between  them,  the  time  of  describing  the  intercepted  arc 

1 . (rr  sin  a\ 

V )■ 

What  is  this  time  when  rr  sin  a = 1 ah^  and  the  periodic 
time  in  the  ellipse  = 12  days  ? 

7.  If  a closed  string,  lying  on  a smooth  horizontal  plane, 
pass  loosely  round  three  vertical  pegs  in  the  angles  of  an  equi- 
lateral triangle,  and  if  a bead  be  projected  along  the  string  so  as 
to  keep  it  stretched  tightly,  shew  that  the  tension  of  the  string 
will  have  two  minimum  values,  and  that  they  will  be  inversely 
proportional  to  the  free  lengths  of  the  string  in  the  two  cases. 


8.  If  the  earth’s  orbit  be  taken  an  exact  circle,  and  a 
comet  be  supposed  to  describe  round  the  sun  a parabolic  orbit 
in  the  plane  of  the  ecliptic ; shew  that  this  comet  cannot 
possibly  continue  within  the  earth’s  orbit  longer  than  the 


(?) 


th 


part  of  a year. 
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9.  A body  describes  a hyperbola,  under  a repulsive  force 
tending  from  the  farther  focus,  and  when  the  body  arrives  at 
the  vertex,  the  force  suddenly  becomes  attractive ; shew  that,  if 
the  new  orbit  be  a parabola,  e the  eccentricity  of  the  hyperbola 
= 3 ; if  the  new  orbit  be  an  ellipse  of  eccentricity  6,  e'  ± e = 2. 

10.  A particle  slides  down  the  arc  of  a vertical  circle, 
starting  from  rest  at  a given  point ; find  the  point  where  it  will 
leave  the  curve. 


XXII. 

1.  Find  the  ultimate  ratio  of  the  area  of  a segment  of  a 
circle  to  the  area  of  a triangle  on  the  same  base,  and  whose 
vertex  divides  the  arc  in  a given  ratio  when  the  arc  is  dimi- 
nished without  limit. 

2.  From  a point  in  the  circumference  of  a vertical  circle 
a chord  and  tangent  are  drawn,  the  one  terminating  at  the 
lowest  point  and  the  other  in  the  vertical  diameter  produced ; 
compare  the  velocities  acquired  by  a heavy  body  in  falling  down 
the  chord  and  tangent  when  they  are  indefinitely  diminished. 

3.  A flat  ring  is  revolving  about  its  center  with  a given 
angular  velocity ; find  the  law  of  force  under  the  action  of 
which  it  would  continue  to  revolve  exactly  as  before  if  cohesion 
were  destroyed. 

4.  A hollow  cylinder  consists  of  particles  attracting  as  the 
distance;  shew  that  if  a particle  be  projected  along  the  inte- 
rior, with  any  velocity,  in  a plane  perpendicular  to  the  axis, 
it  will  continue  to  make  isochronous  oscillations  between  points 
at  equal  distances  above  and  below  the  middle  section. 

5.  If  a body  be  projected  with  a velocity  = \/ 2 x velocity 
in  a circle  at  the  same  distance  at  an  angle  of  45®,  determine 
the  orbit  completely.  Force  o:  (dist.)"^ 
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6.  Supposing  the  major-axis  of  an  ellipse  = 200  feet,  the 
leccentricity  = and  the  periodic  time  10  days;  find  the 
I!  number  of  square  inches  in  the  area  swept  out  by  the  radius 
I vector  in  l". 

I 7.  Two  parabolas  have  the  same  axis,  and  the  vertex  of 
lone  of  them  lies  half-way  between  the  focus  and  vertex  of  the 
(other,  which  is  intersected  by  the  first  at  the  extremities  LL' 
I of  the  latus  rectum  of  the  other.  Particles  being  in  motion  in 
I these  parabolas  under  the  action  of  forces  to  the  respective  foci, 

I compare  the  times  of  moving  from  L to  L\ 

8.  A particle  describes  an  ellipse,  the  center  of  force 
being  situated  at  any  point  within  the  figure.  Shew  that  at 
the  point  where  the  true  angular  velocity  is  equal  to  the  mean 
angular  velocity,  the  radius  vector  is  a mean  proportional  be- 
tween the  semiaxes. 

9.  A body  describes  a circle  to  the  center  of  which  it  is 
connected  by  a string;  it  is  attracted  to  a point  in  the  circum- 
ference by  a force  varying  as  the  distance ; shew  that  if  the 
string  be  always  kept  stretched,  the  greatest  and  least  velocities 
are  in  a ratio  less  than 's/ S : I, 


10.  A particle  moves  from  any  point  in  the  directrix  of 
a conic  section,  in  a straight  line  towards  a center  of  force 

cc  — in  the  nearer  focus.  Prove  that,  when  it  arrives  at 



the  conic  section,  its  velocity  = 's/j 


latus  rectum 


XXIII. 

1.  ACB  is  an  arc  of  a curve  of  continued  curvature;  find 
the  ultimate  ratio  of  the  area  of  the  triangle  formed  by  joining 
the  points  A,  C,  to  that  of  the  triangle  included  between  the 
tangents  at  those  points. 
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2.  Apply  Lemma  iv.  to  prove  that  the  area  included 
between  a hyperbola  and  the  tangents  at  the  vertices  of  the 
conjugate  hyperbola  is  equal  to  the  area  included  between  the 
conjugate  hyperbola  and  the  tangents  at  the  vertices  of  the 
hyperbola. 

3.  A body  describes  an  ellipse  about  a center  of  force  in 
the  focus  S,  and  PP'  is  a chord  parallel  to  the  major-axis; 
shew  that  the  time  of  describing  the  arc  PP'  : time  of  describing 

the  whole  ellipse  ::  sin“^ . : tt. 

SC 

4.  Having  given  rad.  of  earth  = 4000  miles  nearly,  shew 

(cos^  X.\ 

1 28^]’  earth  being 

considered  spherical,  and  G gravity  at  the  pole. 

5.  The  sides  a,  6,  c of  a triangle  are  composed  of  matter 
attracting  directly  as  the  distance,  with  an  intensity  which 
would  equal  fxa)  at  the  distance  w if  the  whole  matter  were 
collected  at  a point:  from  Z),  E,  F,  the  middle  points  of  the 
sides,  three  particles  are  projected  in  the  directions  DE,  EF, 
FD^  with  velocities  \/ imc,  \/ fxa,  \/ fib:  now  if  S be  the  sum 
of  the  areas  of  the  three  orbits,  and  A be  the  area  of  the  triangle, 
shew  that  S = tt  A. 

6.  A particle  is  attached  by  an  elastic  string  to  a center  of 
force  of  constant  intensity,  and  of  such  magnitude  that  it  would 
exactly  double  the  length  of  the  elastic  string.  The  string  is 
now  stretched  and  the  particle  projected  at  right  angles  to  it. 
Shew  that  the  particle  will  begin  to  move  in  an  ellipse ; but  if 
the  velocity  of  projection  be  less  than  the  velocity  in  a circle  at 
the  same  distance,  the  ellipse  will  be  deserted  after  a certain 
interval  of  time. 

In  the  latter  case  find  the  velocity  and  direction  of  motion  at 
the  moment  of  leaving  the  ellipse. 
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7.  The  latus  rectum  of  a comet’s  parabolic  orbit  is  equal  to 
; the  diameter  of  the  earth’s  orbit  supposed  circular ; if  the  earth 
describe  an  arc  of  its  orbit  equal  to  the  radius  in  58^  days,  find 
how  long  the  comet  takes  to  move  from  one  extremity  of  the 
latus  rectum  to  the  other. 

8.  Shew  that  if  a body  describe  an  ellipse  of  very  small 
eccentricity  under  the  action  of  a force  tending  to  a focus,  the 
angular  velocity  about  the  other  focus  is  very  nearly  uniform. 

9.  If  any  number  of  bodies  describe  parabolas  about  a 
common  center  of  force  in  the  focus,  the  square  of  the  time  of 
passing  from  one  extremity  of  the  latus  rectum  to  the  other 
varies  as  the  cube  of  the  latus  rectum. 

10.  The  angular  velocity  of  a body  describing  an  ellipse 

whose  eccentricity  - is  lo"  an  hour  at  the  extremity  of  the 
V 2 

latus  rectum ; find  the  periodic  time. 

11.  A perfectly  elastic  body  falls  from  rest  towards  a center 
of  force  varying  inversely  as  the  square  of  the  distance,  and 
when  it  has  fallen  half  the  distance  it  is  reflected  by  a plane  so 
as  to  move  in  a direction  making  an  angle  a with  its  former 
direction;  shew  that  the  eccentricity  of  the  ellipse  described  is 
cos  a. 

12.  Shew  that  the  intersection  of  the  string  of  a cycloidal 
pendulum,  which  makes  complete  oscillations  with  the  base  of 
the  cycloid,  moves  uniformly  along  the  latter. 

XXIV. 

1.  JQ  is  an  arc  of  continued  curvature,  AR  a tangent 
at  A,  and  of  length  equal  AQ;  shew  that  QK  is  ultimately 
perpendicular  to  the  tangent. 

NEWT.  s 
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2.  If  AB,  A' B\  two  chords  of  a curve  of  equal  length,  cut  ] 
each  other  in  T,  shew  that  if  A'B'  approach  to  and  coincide  ' 
with  aB,  then^T  : BT  = t2iUa  : tan /3,  ultimately,  where  a,  ‘ 
/3,  are  the  angles  that  AB  makes  with  the  tangents  at  A and  B.  < 

S.  A constant  force  f acts  upon  a particle  P in  the  direc- 
tion SP,  P is  also  at  the  same  time  attracted  towards  aS'  with  . 


a force 


M 

SP^' 


shew  that  if  a be  the  distance  PS  at  the  com- 


mencement of  motion  from  rest  under  these  forces,  the  particle 
will  move  off  to  infinity,  or  not,  according  as  a is  > or  < /i/"  i 


4.  When  a body  describes  a parabola  about  the  focus,  the 
intersection  of  its  direction  with  the  axis  of  the  parabola  moves  ® 
most  rapidly  when  the  body  is  at  the  extremity  of  the  latus  ^ 
rectum.  c 


5.  A particle  is  describing  an  ellipse  round  a force  in  the 
center,  and  when  it  arrives  at  the  extremity  of  the  minor-axis, 
the  force  is  replaced  by  one  which  is  equal  in  magnitude  at  that 
point,  but  varies  inversely  as  the  square  of  the  distance ; shew 


that  the  eccentricity  of  the  new  orbit  is 


CS^ 

~BC^' 


d 

yi 

a 

Cf 

ej 


6.  A body  moves  in  elliptic  arcs  about  a center  of  force 


varying  as 


situated  in  a perfectly  elastic  plane  perpen- 


(dist.)^ 

dicular  to  the  plane  of  the  orbits;  shew  that  those  arcs  are 
portions  of  similar  ellipses  whose  major-axes  are  equally  inclined 
to  the  elastic  plane,  and  that  the  time  between  the  first  and  third 
impact  is  equal  to  that  between  the  second  and  fourth. 


7.  The  angular  velocities  of  a body  moving  in  an  ellipse 
about  a force  in  the  center  are  4^  and  9^  per  hour  at  the  extre- 
mities of  the  major  and  minor-axes  respectively;  find  the  periodic 
time. 

8.  Sir  John  Herschel  states  that  the  great  comet  of  1843 


liiii 

kg 

Dea 
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passed  within  a distance  equal  to  1th  of  the  sun’s  radius  from 
the  sun’s  surface.  Taking  the  sun’s  diameter  as  882,000  miles, 
and  the  earth’s  distance  from  the  sun  as  95,000,000  miles,  find 
the  velocity  of  the  comet  at  perihelion. 


9.  AB  is  the  vertical  axis  of  a cycloid,  A the  highest  point, 
AM,  AN  are  the  abscissae  of  points  at  which  a body  begins  to 
slide  down  the  arc  of  the  cycloid,  and  at  which  it  leaves  the 
curve  ; prove  that  N is  the  middle  point  of  MB. 

10.  A particle  moves  in  a smooth  elliptic  tube,  at  the  foci 
of  which  are  situated  two  centers  of  force  of  unequal  intensity, 
the  one  attracting  and  the  other  repelling,  according  to  the  law 
of  the  inverse  square ; find  the  pressure.  Shew  that  there  exists 
a certain  circle,  such  that  a particle  placed  anywhere  on  its  cir- 
cumference, and  abandoned  to  the  free  action  of  the  forces,  will 
describe  an  ellipse  having  those  centers  of  force  for  the  foci. 

11.  A body  acted  on  by  a central  force  which  varies  in- 
versely as  the  square  of  the  distance,  is  constrained  to  move  in 
a circle  whose  radius  is  a,  and  center  is  at  distance  h from  the 
center  of  force ; it  is  projected  with  velocity  V from  the  nearer 
extremity  of  the  diameter  which  passes  through  the  center  of 
force;  shew  that,  in  order  that  it  may  complete  the  circuit. 


F2  must  at  least  = 


9.fj. 
a — h 


2/x 


I XXY. 

' 1.  In  a curve  are  placed  two  chords  AB,  AC;  and  BC  h 

parallel  to  the  tangent  at  A ; prove  that  when  B,  C move  up  to 
A,  AB  and  AC  are  ultimately  in  a ratio  of  equality. 

2.  If  a line  move  parallel  to  the  base  of  a cycloid,  find  the 
limiting  ratio  of  the  segment  of  the  cycloid  to  the  correspond- 
ing segment  of  the  generating  circle,  as  the  line  becomes  infinitely 
near  to  the  vertex. 


260 


NEWTON. 


3.  If  V and  v'  be  the  velocities  at  extremities  of  chord 
PSP'  in  parabola  = cot  ~~~  • 

4.  A heavy  particle  is  projected  horizontally  from  any 
point  in  the  interior  of  a surface  of  revolution,  whose  axis  is 
vertical ; the  velocity  being  that  due  to  the  height,  above  a given 
horizontal  plane,  of  the  point  of  projection,  find  the  form  of  the 
surface  so  that  the  particle  may  always  remain  in  the  horizontal 
plane  of  projection. 


P' 

SI 

ti' 

di 


ai 


5.  A planet  and  a comet  moving  in  the  same  plane  have 
the  same  periodic  time ; shew  that  if  the  planet’s  orbit  be  a ^ 
circle  the  ratio  of  the  time  during  which  the  comet  is  beyond 
the  orbit  of  the  planet  : the  time  during  which  it  is  within  the 
same  must  be  > 1 and  < 4.50388.  ® 


6.  The  velocity  generated  by  gravity  in  a free  body  at  the 
earth’s  surface  being  32  feet  per  second,  the  earth’s  radius 
being  4000  miles,  and  the  moon’s  mean  distance  from  the  earth 
60  X the  earth’s  radius,  find  approximately  the  number  of  days 
in  the  moon’s  period. 


P' 


P‘ 


7.  Different  bodies  are  projected  about  a center  of  force 
cc  (dist.)"^  with  the  velocity  acquired  in  falling  from  an  infinite 
distance  to  the  common  point  of  projection;  shew  that  the  envelope  | pt 
of  all  the  orbits  is  a sphere.  ! to 


8.  A body  falls  from  a distance  and  towards  a center  of  i 
force  C,  force  varying  as  the  distance.  When  it  has  described  a ' 
space  ^ a it  impinges  at  an  angle  of  45®  on  a perfectly  elastic  ! 
plane  and  is  reflected.  Shew  that  the  semiaxis  of  the  orbit  i cc 
subsequently  described  will  be  acos^Tr  and  asin^Tr.  Sup-  i|  tt 
pose  that  the  body  again  impinges  on  the  same  fixed  reflecting  ji 
plane,  shew  that  it  will  be  reflected  to  the  center,  and  that  time  | 
of  arriving  at  the  center  : time  of  falling  directly  to  it  3 : 1.  : of 
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9.  Suppose  e to  be  the  elasticity  of  the  plane  in  the  last 
problem,  prove  that,  if  the  angle  of  incidence  = tan“^\/ e,  the 
subsequent  orbit  will  have  its  axis  major  or  minor  in  the  direc- 
tion in  which  the  body  was  originally  falling,  according  as  the 
distance  from  the  center  C to  the  point  of  impact  is 

> or  < a ^ . 

1 + e 

10.  A body  revolves  in  an  ellipse  about  the  focus;  its 
angular  velocities  at  the  further  and  nearer  apse  are  respectively 
1°  and  16*^  per  hour;  find  the  eccentricity  of  the  ellipse  and  the 
periodic  time. 

11.  A particle  describes  an  ellipse  round  a force  in  one 
focus ; at  what  point  of  the  orbit  may  a given  Jinite  change  be 
made  in  the  direction  of  the  motion  without  changing  the 
position  of  the  apse  line  ? 

12.  A body  describes  a parabola  about  the  focus;  if  the 
segments  PS,  Sp  of  the  focal  chord  PSp  be  in  the  ratio  n : l, 
prove  that  the  time  of  describing  pAP 


13.  If  P be  a point  in  a cycloid  and  O the  corresponding 
position  of  the  center  of  the  generating  circle,  shew  that  PO 
touches  another  cycloid  of  half  the  dimensions. 

XXVI. 

1.  ABC  is  a right-angled  triangle,  whose  hypothenuse  is 
constant ; prove  that  if  AB,  a 6 be  two  portions  of  the  hypo- 
thenuse, intersecting  at  P, 

triangle  PAa  : triangle  PBh  ::  CB^  : CA\  ultimately. 

2.  -Apply  the  fourth  Lemma  to  shew  that  the  attraction 
of  a point  S,  by  a uniform  straight  rod  JP  is  the  same  as  that 
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of  a circular  arc  of  the  same  substance  whose  center  is  S and 
which  touches  AB  and  has  its  bounding  radii  in  SA  and  SB» 


3.  If  PQ  be  an  arc  of  a plane  orbit  described  by  a body 
in  time  T,  and  any  two  lines  Pm,  Qm  be  drawn  at  right 
angles  to  each  other,  then  the  measure  of  the  accelerating 
effect  of  the  forces  at  P parallel  to  these  two  lines  are  respec- 
tively 


. Pm  f 
2 X limit  ^ 


and  2 X limit 


Qm 


when  PQ  and  T are  diminished  indefinitely,  V being  the  velo- 
city at  P. 
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4.  An  ellipse  and  a hyperbola  have  the  same  center  and 

foci.  They  are  described  by  particles,  under  the  action  of 
forces  in  the  center  of  equal  intensity.  If  a,  a be  their  semi-  at 
transverse  axes,  the  square  of  the  velocity  of  each  body  at  a 
point  where  the  curves  cut  ^ a‘^),  if 

5.  A particle  describes  an  ellipse  about  a center  of  force  i 

in  the  focus,  and  another  particle  describes  the  circle  upon  the 
axis-major  about  another  force  in  the  same  point  in  the  same  : 
periodic  time.  If  the  particles  start  simultaneously  from  the  |j  fc 
vertex,  prove  that  the  line  joining  them  is  always  perpendicular  jl  n 
to  the  axis.  I'  1 


Also  shew  that  the  velocity  at  any  point  in  the  circle  is  ' 
inversely  proportional  to  the  corresponding  focal  distance  in  the  Ij  ti 
ellipse.  j a 

6.  Find  the  law  of  force  tending  to  the  pole  of  the  car-  ; 
dioid. 


7.  Bodies  describing  ellipses  about  a given  center  of  force 
which  oc  (dist.)“®  pass  through  a given  point  with  the  velocity 
in  a circle  at  that  distance : the  locus  of  the  vertices  of  the 
ellipses  is  the  cardioid,  the  center  of  force  being  pole. 
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8.  Two  particles  move  in  different  planes  about  a center 
which  attracts  with  a force  varying  inversely  as  the  square  of 
the  distance,  the  one  in  a circle,  the  other  in  an  ellipse ; the 
orbits  have  two  points  in  common,  and  at  either  of  these  points 
the  velocity  of  one  particle  is  to  that  of  the  other  as  w to  1. 
Determine  the  eccentricity  of  the  ellipse. 

9.  A perfectly  elastic  particle  is  moving  in  a circle,  under 
the  action  of  a force  to  the  center  varying  as  (dist.)”^,  and 
impinges  on  a plane  perpendicular  to  the  plane  of  motion  and 
making  an  angle  of  60^  with  the  radius  from  the  point  of  im- 
pact. Find  the  new  orbit  and  the  time  during  which  the 
particle  is  within  its  former  orbit. 


10.  Find  the  axis  of  the  new  parabola  described  if  the 
body,  supposed  perfectly  elastic,  strike  a hard  plane  interposed 
at  any  point  in  its  path. 

1 ] . Define  angular  velocity  and  mean  angular  velocity : 
if  V be  the  angular  velocities  at  the  extremities  of  the  major- 
axis  of  an  ellipse,  the  center  of  force  being  in  the  focus,  find 
the  angular  velocity  at  the  extremity  of  the  minor-axis. 

12.  An  ellipse  is  described  about  a center  of  force  in  the 
focus.  A parabola  is  described  with  its  axis  coincident  in  di- 
rection with  the  minor-axis,  so  as  to  pass  through  the  points 
AT,  AT',  where  the  axis-major  produced  meets  the  directrices, 
the  latus  rectum  being  2ae~^.  If  we  draw  any  line  parallel 
to  the  axis-minor  cutting  the  ellipse  in  P,  the  parabola  in  Q, 
and  the  axis-major  in  N,  then  will  QN  be  the  space  due  to  the 
velocity  at  the  point  P. 


13.  A body  is  attached  to  the  end  of  a string,  which  just 
winds  round  the  circumference  of  a circle,  in  whose  center  there 
is  a repulsive  force  = yu  (disk).  Prove  that  the  time  of  unwinding 


27r 
'S/  M 


Also,  find  the  tension  of  the  string  at  any  time. 
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XXYII. 


1.  Shew  that  the  limit  of  the  whole  length  of  the  hypo- 
cycloid  or  epicycloid  corresponding  to  a complete  revolution  of 
the  generating  circle  is  eight  times  the  radius  of  the  fundamental 
circle,  when  that  of  the  generating  circle  is  indefinitely  di- 
minished. 


2.  If  a,  be  the  greatest  and  least  angular  velocities  in  an 
ellipse  described  about  the  focus,  the  mean  angular  velocity  is 
, ^ 2 

equal  to  —7^= 

x/a  + s/l^ 


3.  A particle  describes  with  uniform  velocity  an  equiangular 
spiral  whose  constant  angle  is  45® ; shew  that  its  motion  may 
result  from  the  attraction  of  a center  of  force  varying  as 

, which  itself  moves  with  the  same  uniform  velocity  in  a 
dist.  ^ 

certain  other  similar  and  equal  spiral. 


4.  A body  is  describing  a circle  with  a uniform  velocity  v, 
and  in  a periodic  time  P ; if  a velocity  nv  be  communicated  to 
it  in  direction  of  the  center,  shew  that  a diameter  of  the  circle  is 
the  latus  rectum  of  the  new  orbit,  and  the  periodic  time  in  the 
new  orbit  is  = P (l  — 


5.  Two  bodies  describing  the  same  ellipse  about  the  same 
center  of  force  in  the  focus  start  together  from  the  two  ex- 
tremities of  the  major-axis.  The  angles  which  they  have  de- 
scribed will  have  the  greatest  difference,  when  the  area  included 
between  their  distances  from  the  focus  is  half  the  area  of  the 
ellipse. 

6.  The  velocity  of  a body  describing  a hyperbola  by  the 
action  of  a repulsive  force  in  the  center  is  at  any  point  the  same 
as  if  it  had  been  repelled  to  that  point  in  a straight  line  from 
rest  when  at  a distance  from  the  center  - \/ o?  — lf\ 
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7.  A given  quantity  of  matter,  consisting  of  particles 
which  attract  with  forces  varying  as  the  distance,  is  formed 
into  a thin  hemispherical  shell.  Shew  that,  whatever  be  the 
size  of  the  hemisphere,  a particle  placed  at  a given  angular 
distance  from  the  vertex  will  always  reach  that  point  in  the 
same  time. 

8.  A particle  moves  in  an  elliptic  tube  under  the  attraction 
of  a material  line  joining  the  foci,  each  element  of  which  attracts 
with  a force  varying  inversely  as  the  square  of  the  distance. 
Shew  that  the  velocity  is  constant ; and  find  the  pressure  on  the 
tube  when  the  particle  is  at  the  extremity  of  the  minor-axis. 

XXVIII. 

1.  If  any  number  of  particles  be  moving  in  an  ellipse 
about  a force  in  the  center,  and  the  force  suddenly  cease  to 

act,  shew  that  after  the  lapse  of  (^- — ^ part  of  the  period  of 

a complete  revolution  all  the  particles  will  be  in  a similar,  con- 
centric, and  similarly  situated  ellipse. 


2.  Find  by  Newton’s  method  the  law  of  force  parallel  to 
one  of  the  asymptotes,  by  which  a body  may  describe  an  equi- 
angular hyperbola. 


3.  If  a particle  in  a smooth  elliptic  groove,  under  the 
action  of  two  centers  of  force  in  the  foci,  each  varying  inversely 
as  the  square  of  the  distance,  the  absolute  forces  being  the  same, 
be  placed  at  the  extremity  of  the  axis-minor,  prove  that  the 
equilibrium  will  be  unstable;  but  if  at  the  extremity  of  the 
axis-major  it  will  be  stable,  and  in  this  latter  case,  shew  that 


the  time  of  a small  oscillation  is  tt 
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4.  Two  bodies  of  equal  mass  and  whose  coefficient  of  elas- 
ticity is  1,  are  revolving  in  the  same  ellipse  (eccentricity  = f), 
but  in  opposite  directions  round  a center  of  force  in  the  focus : 
they  impinge  upon  one  another  at  the  nearest  apse : determine 
the  distances  at  which  they  will  afterwards  impinge  on  each 
other : and  shew  that  the  whole  time  from  the  first  impact  to 

TT 

their  falling  into  the  center  of  force  is  — . — y=, 

14  ^y2|Ui 


where  p is  the  least  distance  at  first,  and  fx  the  absolute  force. 

5.  A body  is  projected  about  a center  of  force  cc  (dist,)'^ 

perpendicularly  to  the  distance:  shew  that  as  the  velocity  of 
projection  is  increased  the  center  of  the  curve  moves  through 
the  center  of  force  to  infinity,  it  then  suddenly  starts  back  to 
the  other  side  of  the  point  of  projection  and  goes  off  to  infinity  : 
in  that  direction.  But  when  the  force  oc  dist.  the  nearer  focus  I 
moves  to  a given  point  and  then  suddenly  starts  at  right  angles  j: 
to  its  previous  direction.  j 

6.  Two  perfectly  elastic  balls  are  moving  in  concentric  | 
circular  tubes  in  opposite  directions  and  with  velocities  proper-  ' 
tional  to  the  radii : at  an  instant  when  they  are  in  the  same  ' 
diameter  and  on  opposite  sides  of  the  center  the  tubes  are  re-  ^ 
moved  and  the  balls  move  in  ellipses  under  the  action  of  a force  ! 
of  attraction  in  the  common  center  of  the  circles  varying  in- 
versely as  the  square  of  the  distance.  After  one  has  performed 
in  its  orbit  a complete  revolution  and  the  other  a revolution 
and  a half,  a direct  collision  takes  place  between  the  balls  and 
they  interchange  orbits ; find  the  relation  between  the  radii  of 
the  circles  and  between  the  masses  of  the  balls. 


fill 

tb 

Id 

Tfl 


fo( 

eD 

en 

a, 


7.  A body  describes  an  ellipse  in  a free  medium  under  the 
attraction  of  two  equal  forces,  one  in  each  focus,  varying  at 

any  point  as  , c being  the  semiconjugate  diameter  at  that 
c 

point : if  the  medium  were  to  resist  with  a force  varying  as  any 
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function  of  the  velocity,  the  body  might  be  made  to  describe 
the  same  ellipse  in  the  same  manner  by  increasing  the  force 
in  one  focus  and  diminishing  that  in  the  other  by  a quantity 

c . ... 

which  varies  as  — r h being  the  semiaxis-minor. 


8.  An  attractive  force  equal  to 


(dist.)^ 


resides  in  each 


focus  of  a smooth  elliptic  groove ; if  a particle  start  from  the 

T .1  • • -.1  1 ^ a/m  a ....  . . 

end  of  the  major-axis  with  a velocity  — - — , it  will  reach  the 


end  of  the  minor-axis  in  a time  _ 
ct,  h,  e being  the  semiaxes  and  eccentricity. 


(-?)■ 


RESULTS  OF  PROBLEMS. 


I. 


1.  In  (l)  and  (3)  the  limit  is  a,  in  (2)  the  ratio  decreases 
indefinitely. 


2.  (1)  3 (2)  i 


3.  a : 6. 


Ill 

14.  1 + 1 + + + 

1.2  1.2.3  1 .2.3.4 


ad  inf. 


15.  1. 


11. 


6.  The  distance  from  the  base  is  Jth  of  the  height. 


san 


9.  The  mass  is 


2 


m + 2 


of  the  homogeneous  circle  whose 


density  is  equal  to  that  of  the  given  circle  at  the  circumference. 

7r¥ 


10,  is  the  volume  generated  by  the  closed  portion. 


III. 


5.  -^rd  of  the  mass  of  an  equal  homogeneous  rod  of  density 
the  same  as  at  the  extremity  of  the  given  one. 


6.  ^th  of  the  cylinder  of  equal  height  on  the  same  base. 


IV. 


7.  The  angle  between  the  curve  and  radius  must  be  the 
same  in  both. 


2. 


YU. 

Where  the  curve  is  made  to  pass  through  A. 
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6.  The  curve  is  a parabola  passing  through  A,  vertex  at 
a distance  a belovsr  AK,  and  its  axis  at  an  unit  of  distance  from 
A meeting  KA  produced,  latus  rectum  is  space  is 

7.  The  relation  between  the  abscissa  and  ordinate  is  the 
same  as  between  the  arc  and  sine  of  the  arc  of  a circle. 

8.  (vel.)^  at  M=ju  - SA^). 

TT 


10. 


IX 


+ M 


VIII. 


6.  AD  passes  through  the  center  of  curvature  ultimately. 

IX. 

1.  The  fixed  point  is  in  UA  produced  at  a distance  from 
A equal  to  AU. 

2.  If  through  the  point  of  the  circle  a chord  of  a quadrant 
be  drawn,  the  directrix  is  parallel  to  this  chord,  the  focus  in  the 
point  of  quadrisection,  and  the  latus  rectum  is  half  the  chord. 

The  focus  of  the  parabola  is  in  the  base  of  the  cycloid. 

4.  1:2.  5.  See  Art.  88. 


X. 

2.  The  direction  is  not  changed,  but  the  curvature  is 
changed  in  the  ratio  of  new  force  to  the  old. 

3.  At  the’  extremities  of  the  minor  and  major  axes. 

10.  87r  + 3\/3  : 4,7r-3\/3.  11.  

I + m 2 

12.  See  page  64.  16.  Employ  the  auxiliary  circle. 
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XL 


iqa^P\^  1 

2.  f— j . 3.  areas  cc  (dist.)“%  4.  108  tt^  : g. 


6.  The  day  is  shortened  in  the  ratio  of  17  : 1 nearly. 

7.  V^=:3FR. 


XIII. 


and 


Wgl\ 


1.  {f.gl)k 

3.  The  velocity  generated  by  the  impulse  = 

(w  being  the  angular  velocity  before  the  impulse). 
fV  \ 

"j’ 


Cos' 


.2  2JV 

5.  AM,  AN  abscissae  of  point  from  which  the  body  falls 
and  the  point  at  which  the  pressure  is  required,  NQ  ordinate  of 
generating  circle ; pressure  : weight  BN  + MN  : BQ, 

7.  2 a = length,  b = greatest  depth, 

tension  : weight  ::  : 2 ab, 

9.  See  Art.  119. 

sin  a 

10.  Normal  force  whose  accelerating  effect  = 


SP 


1.  p; . sp^^ . pr; 


XIV. 

P\SPKPV^. 


3.  The  unit  of  time  is  that  which  is  employed  in  fixing  the 
measure  of  the  accelerating  effect  of  the  force. 


XVII. 


2.  Let  the  change  take  place  at  ^4,  C the  center. 
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(1)  The  semiaxes  are  CA  and  —y=. . CA. 

V n 

(2)  The  semiaxes  are  CA  and  n . CA. 

(3)  The  orbit  is  a rectangular  hyperbola,  vertex  at  A. 

(4)  The  axes  are  (v^ 5 + 1)  CA,  and  {s/ 5 - 1)  CA, 
and  the  inclination  of  the  major-axis  to  CA  = lsec“^  \/ 5. 

4.  The  new  axes  are  CA  and  2CA. 

5.  BC  be  the  semiminor-axis,  this  is  one  of  the  axes  of 

, , . , - , m - em  ^ ^ m (l  + e)  ^ ^ 

each  orbit,  and  the  others  are ^ . AC,  7-  .AC. 

m + m 

6.  If  fxmD  be  the  measure  of  the  accelerating  effect  of  the 

27r 

attraction  of  a mass  m at  a distance  I),  time  = — -= . 

V yum 

11.  The  point  of  projection  corresponding  to  the  greatest 
ellipse  is  the  point  of  bisection  of  CA. 

XVIIL 

1.  I.  5.  G - perihelion  distance  of  comet,  a - radius 
of  earth’s  orbit,  time  cc  (a  + 2c)  (a  — 0)2  =\/2cfc^,  if  2c  = a, 
and  2a^  - (a  + 2c)^  («  — c)  = (a  + c)  {a  - 2c)^  > 0. 

6.  About  225  days.  7.  About  an  hour. 

8.  The  angles  of  the  auxiliary  circles  corresponding  to  the 
point  of  intersection  of  the  two  orbits  are  SO®  and  60°,  whence  it 
is  easily  shewn  that  the  ratio  required  is  '\/s(S  + 27r)  : Stt  - 9. 

9.  The  transverse  axis  is  the  semi  latus  rectum,  and  is  per- 
pendicular to  the  axis  of  the  parabola,  and  eccentricity  = v/s. 

10.  The  locus  is  a circle,  whose  center  is  the  middle  point 
of  the  distance. 
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11.  The  new  orbit  is  a hyperbola,  transverse  axis  = semi-  jl 
major-axis  of  the  ellipse,  eccentricity  = \/9  - With  the  i; 
given  relation  the  point  at  which  the  change  takes  place  is  thellj^ 


extremity  of  the  latus  rectum 
14.  39  days  nearly. 


1 6 . semimaj  or-axis 


CJ 


1 +e^ 


1.  i 


7. 


XIX. 
sin  2 0,  4)0. 


8.  4 miles  7 yards. 


XX. 


1.  The  required  ratio  is  that  of  the  sides. 
«'= -^(-v/s  + l)  c,  6 = ^(\/s-l)c, 


2.  iv'l 


TeT 


= 150. 


XXL 


5.  A straight  line  passing  through  the  intersection  of  thej 
tangents  and  making  with  them  angles  whose  sines  are  inversely 
proportional  to  the  velocities.  6.  One  day.  10.  The  body 
starting  from  a given  distance  from  the  horizontal  diameter, 
leaves  the  curve  at  two-thirds- of  that  distance. 


XXII. 

1.  m : n the  given  ratio,  the  required  ratio  is  (m  + ny 
: Smn.  2.  1:2.  3.  x distance.  5.  Latus  rectum  = 

twice  the  distance,  and  the  axis  is  perpendicular  to  the  distance. 

6.  7.  2\/2  : i. 


XXIII. 

1.  2:1.  6.  c the  initial,  a the  natural  length,  f the 

force,  u the  velocity  of  projection  in  the  latter  case,  v,  « the 

,2  _ 


required  velocity  and  angle. 

7.  78  days.  10.  10800  v/2  days. 


f cu 

- (c^  - a^)  + u^.  Sin  a = — 
a av 
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XXIV. 

! 1.  Let  QT  tangent  at  Q meet  AR  in  T,  on  AR  measure 

Aq  equal  to  chord  AQ  and  Tr  = TQ,\  now  arc  AQ  > chord  AQ 
and  <AT+  TQ,  AR  > Aq  and  < Ar,  .*.  QR  is  between  Qq, 
Qr  each  of  which  is  ultimately  perpendicular  to  the  tangent, 
.*.  QR  is  so.  7.  6o  hours.  8.  366  miles  per  second.  10.  In 
page  l65,  writing  - //  for  /a',  the  reaction  R vanishes  if 
juHO'  ~ locus  of  O is  a circle. 

xxv. 

2.  2:1.  4.  A paraboloid  of  revolution.  6.  ~ ^ no, 

10.  1^.  112.5  hours.  11.  If  /3  be  the  finite  change,  and 

a (l  — e^) 

PM  perpendicular  to  the  axis,  HPM  = HP  ==  : — rr  . 

1 - e sm  p 


XXVL 

6.  Force  cc  (dist.)^  8.  — — 

9.  a - radius,  axis-major  -2a  and  isFinclined  at  to  the 

y-  . . at  - 

radius,  eccentricity  = 1 v 3,  time  required  = -^  (tt  ~ \/3). 

fx  - 

10.  The  angle  between  the  axes  is  four  times  that  between 

- , - 4^uv 

the  plane  and  tangent.  11. 


(v/  U -h  >/  vf 


13.  T = m , 2aiu3t. 


XXVII. 

3.  The  path  of  the  center  of  force  is  the  evolute  of  the 
given  spiral. 

7.  Shew  that  the  accelerating  effect  of  the  force  on  the 
angular  motion  is  the  same  at  the  same  angular  distance. 

NEWT.  T 
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8. 


If  — be  the  accelerating  effect  of  the  attraction  of  an 


unit  of  mass  collected  in  a point  upon  a body  at  a distance  D, 
n the  number  of  units  of  mass  in  the  material  line,  W the  weight 
of  the  body,  v its  velocity,  the  pressure  on  the  tube 

fxn\ 

‘'9  * 


= W 


Wt 


i? 


XXVIII. 

1.  The  ellipse  is  the  locus  of  the  angular  points  of  the 
circumscribing  parallelogram  whose  sides  are  parallel  to  conjugate 
diameters : the  semi-axes  are  av/2,  h\/ 2. 

2.  The  force  varies  as  the  cube  of  the  distance  from  the 
asymptote  to  which  the  force  acts  perpendicular. 

3.  If  (p  be  the  inclination  of  the  normal  at  a point  P near 

A,  shew  that  the  force  in  the  tangent  has  an  accelerating  effect 

4/xea^  . ^ ^ a.AP  ^ . A . 

— — — . sin  0,  and  0 = — , then  proceed  as  in  Art.  8 of 
0^  * ' 


Appendix  II. 

4.  Shew  that  at  every  impact  the  major-axis  is  diminished 
to  ^th,  that  the  eccentricity  is  unaltered,  and  that  the  greatest 
distance  in  each  orbit  is  the  least  in  the  preceding.  The  dis- 
tances at  which  they  impinge  are  p,  ^p,  "eVP’ 

6.  The  masses  are  equal,  and  if  r,  s be  the  radii  of  the 

. . s (2\i 

circles  — = 1 — - . 

r \3l 

7.  The  motion  being  the  same  in  both  cases,  the  velocity 
in  the  resisting  medium  is  constant,  and  therefore  the  resistance 


constant  also.  Hence,  shew  that  =^/  being  the  two  new  focal 


forces,  / cos  a is  constant,  and  thence  deduce  the  result. 
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8.  If  PP'  be  an  arc  described  in  a small  time,  PMQ, 
QiP'M*  common  ordinates  for  the  ellipse  and  auxiliary  circle, 
DN  that  of  the  extremity  of  the  conjugate  diameter  to  CP ; 
shew  that  velocity  at 


2\/ fxa  2\/ fia  CN  2\/ nxa  QM 

P - , or 


CD 

time  in  PP'  = 


CD  CD 
MM'  CD^^ 


CD^ 

MM' 


^'\/  fid  Q,M  ^\/  fxd 

and  making  the  summation  from  A to  P, 


parallel  to  AG. 

e^QM^  + 

QM 


time  from  A to  B- 


V 


iua 


~ 2 = — , ultimately  ; 
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ticus, 1 vol.  10s.  6d.;  Numbers  and  Deuteronomy,  1 vol.  10s. 

HUMPHEY.— The  Human  Skeleton  (including  the  Joints). 

By  GEORGE  MURRAY  HUMPHRY,  Esq.  M.B.  Cantab.  F.R.C.S.,  Surgeon 
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KINGSLEY.-Two  Years  Ago. 

By  CHARLES  KINGSLEY,  F.S.A.  Author  of  “ Hypatia.”  Second 
Edition.  3 vols.  crown  8vo.  cloth,  IL  11s.  6d. 

KINGSLEY.—"  Westward  Ho  or,  the  Voyages  and  Adven- 
tures of  Sir  Amyas  Leigh,  Knight  of  Burrough,  im  the  County  of  Devon,  in 
the  Reign  of  Her  Most  Glorious  Majesty  Queen  Elizabeth.  Third  Edition. 
Crown  8vo.  cloth,  7s.  6d. 

KINGSLEY.— The  Heroes:  or,  Greek  Fairy  Tales  for  my 

Children.  With  Eight  Illustrations  by  the  Author.  In  8vo.  beautifully 
printed  on  tinted  paper,  and  elegantly  bound  in  cloth,  with  gilt  leaves,  7s.  6d, 

KINGSLEY.— Glaucus ; or,  the  Wonders  of  the  Shore. 

Third  Edition,  corrected  and  enlarged.  With  a Frontispiece.  Fcap.  8vo. 
elegantly  bound  in  cloth,  with  gilt  leaves,  3s.  6d. 

Illustrated  Companion  to  Glaucus : 

Containing  Coloured  Plates  of  the  Objects  mentioned  in  the  Work,  accom 
panied  by  Descriptions.  ByG.  B.SOWERBY,  F.L.S.  Fcap.  8vo.  cloth,  3s.  6d. 
The  Companion  may  also  be  had  bound  up  with  Glaucus.  Price  6s.  6d. 
cloth,  with  gilt  leaves. 

KINGSLEY.— Alexandria  and  Her  Schools:  being  Four  Lec- 
tures delivered  at  the  Philosophical  Institution,  Edinburgh.  With  a Preface. 
Crown  8vo.  cloth,  5s. 
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KINGSLEY.— Phaethon;  or  Loose  Thoughts  for  Loose 

Thinkers.  Second  Edition.  Crown  8vo.  boards,  2s. 

LECTURES  TO  LADIES  ON  PRACTICAL  SUBJECTS. 

Third  Edition^  revised.  Crown  8vo.  cloth,  7s.  6d.  By  Reverends  F.  D. 
MAURICE,  CHARLES  KINGSLEY,  J.  Ll.  DAVIES,  ARCHDEACON 
ALLEN,  DEAN  TRENCH,  PROFESSOR  BREWER,  DR.  GEORGE 
JOHNSON,  DR.  SIEVEKING,  DR.  CHAMBERS,  F.  J.  STEPHEN,  Esq,, 
and  TOM  TAYLOR,  Esq. 

Contents  ; — Plan  of  Female  Colleges — The  College  and  the  Hospital — The 
Country  Parish  — Over  Work  and  Anxiety  — Dispensaries  — District 
Visiting — Influence  of  Occupation  on  Health — Law  as  it  affects  the  Poor — 
Everyday  Work  of  Ladies— Teaching  by  Words — Sanitary  Law — Work- 
house  Visiting. 

LUDLOW.— British  India;  its  Races,  and  its  History,  con- 
sidered with  reference  to  the  Mutinies  of  1857.  By  JOHN  MALCOLM 
LUDLOW,  Barrister-at-Law.  2 vols.  fcap.  8vo.  cloth,  9^. 

LUSHINGTON.— La  Nation  Boutiqui^re : and  other  Poems, 

chiefly  Political.  With  a Preface.  By  the  late  HENRY  LUSHINGTON, 
^Chief  Secretary  to  the  Governor  of  Malta.  Points  Of  War.  By 
FRANKLIN  LUSHINGTON,  Judge  in  the  Supreme  Courts  of  the  Ionian 
Isles,  In  1 vol.  fcap.  8vo.  cloth,  3s. 

MACKENZIE.-The  Christian  Clergy  of  the  first  Ten  Cen- 
turies, and  their  Influence  on  European  Civilization.  By  HENRY 
MACKENZIE,  B.A.  Scholar  of  Trinity  College,  Cambridge.  Crown  8vo. 
cloth,  6s.  6d. 

MACLEAR.— Incentives  to  Virtue,  Natural  and  Revealed. 

By  G.  F.  MACLEAR,  B.A.  Scholar  of  Trinity  College,  Cambridge.  Crown 
8vo.  sewed.  Is.  6d. 

MANSFIELD.— Paraguay,  Brazil,  and  the  Plate. 

With  a Map,  and  numerous  Woodcuts.  By  CHARLES  MANSFIELD,  M.A. 
of  Clare  College,  Cambridge.  With  a Sketch  of  his  Life.  By  the  Rev. 
CHARLES  KINGSLEY.  Crown  8vo.  cloth,  12s.  6d. 

M'COY.— Contributions  to  British  Palaeontology;  or.  First  De- 
scriptions of  several  hundred  fossii  Radiata,  Articulata,  Mollusca,  and  Pisces, 
from  the  Tertiary,  Cretaceous,  Oolitic,  and  Palaeozoic  Strata  of  Great  Britain. 
With  numerous  Woodcuts.  By  Frederick  McCoy,  F.G.S,,  Professor  of 
Natural  History  in  the  University  of  Melbourne.  8vo.  cloth,  9s. 

MASSON— Essays,  Biographical  and  Critical;  chiefly  on  the 

English  Poets.  By  DAVID  MASSON,  M.A.  Professor  of  English 
Literature  in  University  College,  London.  8vo.  cloth,  12s,  6d. 

Contents: — I.  Shakespeare  and  Goethe. — II.  Milton’s  Youth. — III.  The 
Three  Devils : Luther’s,  Milton’s,  and  Goethe’s. — IV.  Dryden,  and  the 
Literature  of  the  Restoration.' — V.  Dean  Swift. — VI,  Chatterton : a 
Story  of  the  Year  1770. — VII,  Wordsworth. — VIII.  Scottish  Influence 
on  British  Literature. — IX.  Theories  of  Poetry.— X.  Prose  and  Verse: 
De  Quincey. 
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MAURICE.— Expository  Works  on  the  Holy  Scriptures. 

By  FREDERICK  DENISON  MAURICE,  M.A.,  Chaplain  of  Lincoln’s  Inn. 

I.— The  Patriarchs  and  Lawgivers  of  the  Old  Testament. 

Second  Edition.  Crown  8vo.  cloth,  6s. 

This  volume  contains  Discourses  on  the  Pentateuch,  Joshua,  Judges, 
and  the  beginning  of  the  First  Book  of  Samuel. 

II. — The  Prophets  and  Kings  of  the  Old  Testament. 

Second  Edition.  Crown  8vo.  cloth,  10s.  6d. 

This  volume  contains  Discourses  on  Samuel  I.  and  IT.,  Kings  I.  and  II., 
Amos,  Joel,  Hosea,  Isaiah,  Micah,  Nahum,  Habakkuk,  Jeremiah, 
and  Ezekiel. 

III. — The  Unity  of  the  New  Testament. 

8vo.  cloth,  145. 

This  Volume  contains  Discourses  on  the  Gospels  of  St.  Matthew, 
St.  Mark,  and  St.  Luke;  the  Acts  of  the  Apostles;  the  Epistles  of 
St.  James,  St.  Jude,  St.  Peter,  and  St.  Paul. 

IV. — The  Gospel  of  St.John;  a Series  of  Discourses. 

Second  Edition.  Crown  8vo.  cloth,  lOs.  6d. 

V.— The  Epistles  of  St.  John ; a Series  of  Lectures  on 

Christian  Ethics.  Crown  8vo.  cloth,  7s.  6d. 

MAURICE.— Expository  Works  on  the  Prayer-Book. 

I.— The  Ordinary  Services. 

Second  Edition.  Fcap.  8vo.  cloth,  5s.  6d. 

II.— The  Church  a Family.  Twelve  Sermons  on  the 

Occasional  Services.  Fcap.  8vo.  cloth,  45.  6d. 

MAURICE.— Lectures  on  Ecclesiastical  History. 

8vo.  cloth,  105.  6d. 

MAURICE.— Theological  Essays. 

Second  Edition,  with  a new  Preface  and  other  additions.  Crown  8vo. 
cloth,  105.  6d. 

MAURICE.— The  Doctrine  of  Sacrifice  deduced  from  the 

Scriptures.  With  a Dedicatory  Letter  to  the  Young  Men’s  Christian  Associa- 
tion. Crown  8vo.  cloth,  7s.  6d. 

MAURICE.— Christmas  Day,  and  other  Sermons. 

8vo.  cloth,  IO5.  6d. 

MAURICE.— The  Religions  of  the  World,  and  their  Relations 

to  Christianity.  Third  Edition.  Fcap.  8vo.  cloth,  55. 

MAURICE.— On  the  Lord’s  Prayer. 

Third  Edition.  Fcap.  8vo.  cloth,  2s.  6d. 

MAURICE.— On  the  Sabbath  Day:  the  Character  of  the 

Warrior;  and  on  the  Interpretation  of  History.  Fcap.  8vo.  cloth,  2s.  6d. 

MAURICE.— Learning  and  Working.— Six  Lectures  on  the 

Foundation  of  Colleges  for  Working  Men,  delivered  in  Willis’s  Rooms, 
London,  in  June  and  July,  1854.  Crown  8vo.  cloth,  5s. 
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PHEAR.— Elementary  Hydrostatics. 

Second  Edition.  Accompanied  by  numerous  Examples,  with  the  Solu- 
tions. Crown  8vo.  cloth,  5s.  6d. 

PHILLIPS.— Elegiac  Translations. 

By  J.  S.  PHILLIPS,  M.A.,  Trinity  College,  Cambridge.  8vo.  sewed.  Is. 

PLAIN  RULES  ON  REGISTRATION  OF  BIRTHS  AND 

DEATHS.  Crown  8vo.  sewed.  Id. ; 9d.  per  dozen ; 5s.  per  100. 

PLATO.— The  Republic  of  Plato. 

Translated  into  English,  with  Notes.  By  Two  Fellows  of  Trinity  College, 
Cambridge,  (J.  LI.  Davies  M.A.,  and  D.  J.  Vaughan,  M.A.)  Second 
Edition.  8vo.  cloth. 

PRINCIPLES  of  ETHICS  according  to  the  NEW  TESTA- 

MENT.  Crown  8vo.  sewed,  2s. 

PROCTER.— A History  of  the  Book  of  Common  Prayer:  with 

a Rationale  of  its  Offices.  By  FRANCIS  PROCTER,  M.A.,  Vicar  of  Witton, 
Norfolk,  and  late  Fellow  of  St.  Catherine’s  College.  Third  Edition^ 
revised  and  enlarged.  Crown  8vo.  cloth,  10s.  6d. 

***  This  forms  part  of  the  Series  of  Theological  Manuals. 

PUCKLE.— An  Elementary  Treatise  on  Conic  Sections  and 

Algebraic  Geometry.  With  a numerous  collection  of  Easy  Examples  pro- 
gressively arranged,  especially  designed  for  the  use  of  Schools  and  Beginners. 
By  G.  HALE  PUCKLE,  M.A.,  Principal  of  Windermere  College.  Second 
Edition,  enlarged  and  improved.  Crown  8vo.  cloth,  7s.  6d, 

PURCHAS.— The  Priest’s  Dream, 

By  JOHN  PURCHAS,  M.A.  of  Christ’s  College,  Cambridge.  8vo.  sewed.  Is. 

PURT ON.— Corporate  Life. 

A Sermon  Preached  before  the  University  of  Cambridge.  By  J.  S.  PURTON, 
B.D.  Fellow  and  Tutor  of  St.  Catherine’s  College.  8vo.  sewed.  Is, 

RAMSAY.— The  Catechiser’s  Manual;  or,  the  Church  Cate- 
chism illustrated  and  explained,  for  the  use  of  Clergymen,  Schoolmasters, 
and  Teachers.  By  ARTHUR  RAMSAY,  M.A.  of  Trinity  College, 
Cambridge.  i8mo.  cloth,  3s.  6ii. 

REICHEL.— The  Lord’s  Prayer  and  other  Sermons. 

By  C.  P.  REICHEL,  B.D.,  Professor  of  Latin  in  the  Queen’s  University; 
Chaplain  to  his  Excellency  the  Lord-Lieutenant  of  Ireland;  and  late  Don- 
nellan  Lecturer  in  the  University  of  Dublin.  Crown  8vo.  cloth,  7s.  6d. 

ROBINSON.— Missions  urged  upon  the  State,  on  Grounds 

both  of  Duty  and  Policy.  By  C.  K.  ROBINSON,  M.A.  Fellow  and  Assistant 
Tutor  of  St.  Catherine’s  College.  Fcap.  8vo.  cloth,  3s. 

RUTH  AND  HER  FRIENDS.  A Story  for  Girls. 

With  a Frontispiece.  Second  Edition.  Fcap.  8vo.  cloth,  5s. 
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SALLUST.-Sallust  for  Schools. 

With  English  Notes.  Second  Edition.  By  CHARLES  MERIVALE, 
B.D.;  late  Fellow  and  Tutor  of  St.  John’s  College,  Cambridge,  &c.,  Author 
of  the  “History  of  Rome,”  &c.  Fcap.  8vo.  cloth,  4s.  6d. 

“ The  Jugurtha”  and  “ The  Catiline  ” may  be  had  separately,  price  2s.  Qd. 

EACH  IN  CLOTH. 

SELWYN.-The  Work  of  Christ  in  the  World. 

Sermons  preached  before  the  University  of  Cambridge.  By  the  Right  Rev. 
GEORGE  AUGUSTUS  SELWYN,  D.D.  Bishop  of  New  Zealand,  formerly 
Fellow  of  St  John’s  College.  Third  Edition.  Crown  Svo.  2s. 

SELWYN.-A  Verbal  Analysis  of  the  Holy  Bible. 

Intended  to  facilitate  the  translation  of  the  Holy  Scriptures  into  Foreign 
Languages.  Compiled  for  the  use  of  the  Melanesian  Mission.  Small  folio, 
cloth,  14s. 

SIMPSON.— An  Epitome  of  the  History  of  the  Christian 

Church  during  the  first  Three  Centuries  and  during  the  Reformation.  With 
Examination  Papers.  By  WILLIAM  SIMPSON,  M. A.  Third  Edition, 
Fcp.  Svo.  cloth,  5s. 

SMITH.-City  Poems. 

By  ALEXANDER  SMITH,  Author  of  “A  Life  Drama,”  and  other  Poems. 
Fcap.  Svo.  cloth.  5s. 

SMITH.— Arithmetic  and  Algebra,  in  their  Principles  and 

Application:  with  numerous  systematically  arranged  Examples,  taken  from 
the  Cambridge  Examination  Papers.  By  BARNARD  SMITH,  M.A.,  Fellow 
of  St.  Peter’s  College,  Cambridge.  Fifth  Edition.  Crown  Svo.  cloth, 
10s.  &d. 

SMITH.— Arithmetic  for  the  use  of  Schools. 

New  Edition.  Crown  Svo.  cloth,  4s.  6d. 

SMITH.— A Key  to  the  Arithmetic  for  Schools. 

Crown  Svo.  cloth,  8s.  6d. 

SNOWBALL.— The  Elements  of  Plane  and  Spherical 

Trigonometry.  By  J.  C.  SNOWBALL,  M.A.  Fellow  of  St.John’s  College, 
Cambridge.  Ninth  Edition.  Crown  Svo.  cloth,  7s.  6d. 

SNOWBALL.— Introduction  to  the  Elements  of  Plane  Trigo- 

nometry for  the  use  of  Schools.  Second  Edition.  Svo.  sewed,  5s. 

SNOWBALL.  — The  Cambridge  Course  of  Elementary 

Mechanics 'hnd  Hydrostatics.  Adapted  for  the  use  of  Colleges  and  Schools. 
With  numerous  Examples  and  Problems.  Fourth  Edition.  Crown  Svo. 
cloth,  5s. 

SWAINSON.— A Handbook  to  Butler’s  Analogy. 

By  C.  A.  SWAINSON,  M.A.  Principal  of  the  Theological  College,  and 
Prebendary  of  Chichester.  Crown  Svo.  sewed,  2s. 
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SWAINSON.— The  Creeds  of  the  Church  in  their  Relations  ^ 

to  Holy  Scripture  and  the  Conscience  of  the  Christian.  8vo.  cloth,  9s. 

Contents: — I.  Faith  in  God. — II.  Exercise  of  our  Reason. — III.  Origin  and 

Authority  of  Creeds.— IV.  Inductive  Proof  of  the  Creeds. — V.  Continual  j 

Guidance  of  the  Spirit. — VI.  Test  and  Application  of  Scripture. — V 

VII.  Private  Judgment. — VIII.  Strengthening  of  the  Judgment  and  the  ’k] 

Preparation  for  Controversy.  With  an  Appendix. 


TAIT  and  STEELE.— A Treatise  on  Dynamics,  with  nume- 
rous Examples.  By  P.  G.  TAIT,  Fellow  of  St.  Peter’s  College,  Cambridge, 
and  Professorof  Mathematics  in  Queen’s  College,  Belfast,  and  W.  J.  STEELE, 
late  Fellow  of  St.  Peter’s  College.  Crown  8vo.  cloth,  lOs.  6d. 

TAYLOR.— The  Restoration  of  Belief. 

By  ISAAC  TAYLOR,  Esq.,  Author  of  “The  Natural  History  of  Enthu- 
siasm.” Crown  8vo.  cloth,  8s.  6d, 

THEOLOGICAL  Manuals. 

CHURCH  HISTORY:  FROM  GREGORY  THE  GREAT  TO  THE 
REFORMATION  (a.d.  590—1600).  By  CHARLES  HARDWICK.  With 
Four  Maps,  2 vols.  Crown  8vo.  cloth,  price  \ l.  Is. 

THE  COMMON  PRAYER:  ITS  HISTORY  AND  RATIONALE.  By 
FRANCIS  PROCTER.  Third  Udition.  Crown  8vo.  cloth,  10s.  Gd. 

A HISTORY  OF  THE  CANON  OF  THE  NEW  TESTAMENT.  By 
B.  F.  WESTCOTT.  Crown  8vo.  cloth,  12s.  6^^. 

***  Others  are  in  progress,  and  will  be  announced  in  due  time. 

THRING.— A Construing  Book. 

Compiled  by  the  Rev.  EDWARD  THRING,  M.A.  Head  Master  of  Up- 
pingham Grammar  School,  late  Fellow  of  King’s  College,  Cambridge.  Fcap. 
8vo.  cloth,  2s,  Gd. 

THRING.— The  Elements  of  Grammar  taught  in  English. 

Second  Edition.  18mo.  hound  in  cloth,  2s. 

THRING.— The  Child’s  Grammar. 

Being  the  substance  of  the  above,  with  Examples  for  Practice.  Adapted  for 
Junior  Classes.  A New  Edition.  18mo,  limp  cloth.  Is. 

THRING.— Sermons  delivered  at  Uppingham  School. 

Crown  8vo.  cloth,  5s. 

THRING.-School  Songs. 

A Collection  of  Songs  for  Schools.  The  Words  by  EDWARD  THRING,  M.  A., 
Head  Master  of  Uppingham  School.  The  Music  by  H.  RICCIUS.  Music  size. 

THRUPP.— Antient  Jerusalem:  a New  Investigation  into  the 

History,  Topography,  and  Plan  of  the  City,  Environs,  and  Temple.  Designed 
principally  to  illustrate  the  records  and  prophecies  of  Scripture.  With  Map 
and  Plans.  By  JOSEPH  FRANCIS  THRUPP,  M.A.  Vicar  of  Barrington, 
Cambridge,  late  Fellow  of  Trinity  College.  8vo.  cloth,  15s. 

THRUPP.— Psalms  and  Hymns  for  Public  Worship. 

18mo.  cloth,  2s. ; limp  cloth.  Is.  Id. 
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THUCYDIDES,  BOOK  VI.  With  English  Notes,  and  a Map. 

By  PERCIVAL  FROST,  Jun.  M.A.  late  Fellow  of  St.  John’s  College, 
Cambridge.  8vo.  7s.  6d. 

TODHUNTER.— A Treatise  on  the  Differential  Calculus. 

With  numerous  Examples.  By  I.  TODHUNTER,  M.A.,  Fellow  and 
Assistant  Tutor  of  St.  John’s  College,  Cambridge.  Second  Edition. 
Crown  8vo.  cloth,  10s.  6d. 

TODHUNTER.— A Treatise  on  the  Integral  Calculus. 

With  numerous  Examples.  Crown  8vo.  cloth,  10s.  6d. 

TODHUNTER. — A Treatise  on  Analytical  Statics,  with 

numerous  Examples.  Second  Edition.  Crown  8vo.  cloth,  10s.  6d. 

TODHUNTER.— A Treatise  on  Conic  Sections,  with 

numerous  Examples.  Crown  8vo.  cloth,  10s.  6cf. 

TODHUNTER.— Algebra  for  the  use  of  Colleges  and  Schools. 

Crown  8vo.  cloth,  7s.  6d. 

TODHUNTER.— Examples  of  Analytical  Geometry  of  Three 

Dimensions.  Crown  8vo.  cloth,  4s. 

TOM  BROWN’S  SCHOOL  DAYS. 

By  AN  OLD  BOY.  Sixtli  Edition.  Crown  8vo.  cloth,  10s.  6i7. 

TRENCH.— Synonyms  of  the  New  Testament. 

By  The  Very  Rev.  RICHARD  CHENEVIX  TRENCH,  D.D.  Dean  of  West- 
minster.  Fourtli  Edition.  Fcap.  8vo.  cloth,  5s. 

TRENCH.— Hulsean  Lectures  for  184:5—46. 

Contents.  1. — The  Fitness  of  Holy  Scripture  for  unfolding  the  Spiritual  Life 
of  Man.  2.— Christ  the  Desire  of  all  Nations;  or  the  Unconscious  Pro- 
phecies of  Heathendom.  TMrd  Edition.  Foolscap  8vo.  cloth,  5s. 

TRENCH.— Sermons  Preached  before  the  University  of  Cam- 

bridge. Fcap.  8vo.  cloth,  2s.  6d. 

VAUGHAN.— Sermons  preached  in  St.  John’s  Church, 

Leicester,  during  the  years  1855  and  1856.  By  DAVID  J.  VAUGHAN,  M.A. 
Fellow  of  Trinity  College,  Cambridge,  and  Incumbent  of  St.  Mark’s,  White- 
chapel. Crown  8vo.  cloth,  5s.  6d. 

WAGNER.— Memoir  of  the  Rev.  George  Wagner,  late  of  St. 

Stephen’s,  Brighton.  By  J.  N.  SI.MPKINSON,  M.A.  Rector  of  Brington, 
Northampton.  Second  Edition.  Crown  8 vo.  cloth,  9s. 

WATERS  OF  COMFORT.-A  Small  Volume  of  Devotional 

Poetry  of  a Practical  Character.  By  the  Author  of  “ Visiting  my  Relations.” 
Fcap.  8vo.  cloth,  4s. 

WESTCOTT.— History  of  the  Canon  of  the  New  Testament 

during  the  First  Four  Centuries.  By  BROOKE  FOSS  WESTCOTT,  M.A., 
Assistant  Master  of  Harrow  School;  late  Fellow  of  Trinity  College,  Cam- 
bridge. Crown  8vo.  cloth,  12s.  6rf. 

***  This  forms  part  of  the  Series  of  Theological  Manuals. 
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WILSON.— The  Five  Gateways  of  Knowledge. 


By  GEORGE  WILSON,  M.D.,  F.R.S.E.,  Regius  Professor  of  Technology  in 
the  University  of  Edinburgh.  Second  Edition,  Fcap.  8vo.  cloth,  2s.  6d. 
or  in  Paper  Covers,  Is. 

WILSON.— A Treakse  on  Dynamics. 

By  W.  P.  WILSON,  M.A.,  Fellow  of  St.  John’s,  Cambridge,  and  Professor  of 
Mathematics  in  the  University  of  Melbourne.  8vo.  bds.  9s.  6d. 


WORSHIP  OF  GOD  AND  FELLOWSHIP  AMONG  MEN. 


A Series  of  Sermons  on  Public  Worship.  Fcap.  8vo.  cloth,  3s.  6d. 

Contents  I.  Preaching  : a Call  to  Worship.  By  F.  D.  Maurice,  M.A. — 
II.  Common  Prayer:  the  Method  of  Worship.  By  T.  J.  Rowsele,  M.A. 
— III.  Baptism  : an  Admission  to  the  Privilege  of  Worship.  By  J.  Ll. 
Davies,  M.A.— IV.  The  Lord’s  Supper:  the  Most  Sacred  Bond  of 
Worship.  By  D.  J.  Vaughan,  M.A.— V.  The  Sabbath  Day:  the 
Refreshment  of  Worship.  By  J.  Ll.  Davies,  M.A. — VI.  The  Bible: 
a Revelation  of  the  Beginning  and  End  of  Worship.  By  F.  D. 
Maurice,  M.A. 


WRIGHT.— Hellenica ; or,  a History  of  Greece  in  Greek, 


as  related  by  Diodorus  and  Thucydides,  being  a First  Greek  Construing 
Book,  with  Explanatory  Notes,  Critical  and  Historical.  By  J.  WRIGHT, 
M.A.,  of  Trinity  College,  Cambridge,  and  Head-Master  of  Sutton  Coldfield 
Grammar  School.  Second  Edition^  with  a Vocabulary.  12mo. 
cloth,  3s.  6d. 


WRIGHT.— A Help  to  Latin  Grammar; 


or,  the  Form  and  Use  of  Words  in  Latin.  With  Progressive  Exercises. 
Crown  8vo.  cloth,  4s.  6d. 


WRIGHT.— The  Seven  Kings  of  Rome : 


An  easy  Narrative,  abridged  from  the  First  Book  of  Livy  by  the  omission  of 
difficult  passages,  being  a First  Latin  Construing  Book,  with  Grammatical 
Notes.  Fcap.  8vo.  cloth,  3s. 


WRIGHT.— A Vocabulary  and  Exercises  on  the  “ Seven 

TCincrs  nf  TJ  nmp  ” Ppan.  Svn.  olnth.  Os.  dd. 


Kings  of  Rome.”  Fcap.  8vo.  cloth,  2s.  6d. 

The  Vocabulary  and  Exercises  may  also  be  had  bound  up  with  “The  Seven 
Kings  of  Rome.”  Price  5s.  cloth. 
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Vols.  I.  to  III.  are  now  ready,  12s.  &d.  each,  cloth  lettered, 
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***  Three  Numbers  published  annually,  at  4s.  each. 


R.  CLAY,  PRINTER,  BREAD  STREET  HILL. 


mayiJiPlla  i . MAK  V 


PLEASE  DO  NOT  REMOVE 
CARDS  OR  SUPS  FROM  THIS  POCKET 


UNIVERSITY  OF  TORONTO  LIBRARY 


Qa 

Frost,  Percival 

803 

F7 

Newton’s  Principia 

